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Foreword 


The National Curriculum Framework (NCF), 2005, recommends that children's life 
at school must be linked to their life outside the school. This principle marks a 
departure from the legacy of bookish learning which continues to shape our system 
and causes a gap between the school, home and community. The syllabi and textbooks 
developed on the basis of NCF signify an attempt to implement this basic idea. They 
also attempt to discourage rote learning and the maintenance of sharp boundaries 
between different subject areas. We hope these measures will take us significantly 
further in the direction of a child-centred system of education outlined in the National 
Policy on Education (1986). 

The success of this effort depends on the steps that school principals and 
teachers will take to encourage children to reflect on their own learning and to 
pursue imaginative activities and questions. We must recognise that given space, 
time and freedom, children generate new knowledge by engaging with the information 
passed on to them by adults. Treating the prescribed textbook as the sole basis of 
examination is one of the key reasons why other resources and sites of learning are 
ignored. Inculcating creativity and initiative is possible if we perceive and treat 
children as participants in learning, not as receivers of a fixed body of knowledge. 

These aims imply considerable change in school routines and mode of 
functioning. Flexibility in the daily time-table is as necessary as rigour in implementing 
the annual calendar so that the required number of teaching days are actually devoted 
to teaching. The methods used for teaching and evaluation will also determine how 
effective this textbook proves for making children's life at school a happy experience, 
rather than a source of stress or boredom. Syllabus designers have tried to address 
the problem of curricular burden by restructuring and reorienting knowledge at 
different stages with greater consideration for child psychology and the time available 
for teaching. The textbook attempts to enhance this endeavour by giving higher 
priority and space to opportunities for contemplation and wondering, discussion in 
small groups, and activities requiring hands-on experience. 

The National Council of Educational Research and Training (NCERT) appreciates 

. the hard work done by the Textbook Development Committee responsible for this 


book. We wish to thank the Chairperson of the advisory group in Science and 
Mathematics, Professor J.V. Narlikar and the Chief Advisor for this book 
Professor P.K. Jain for guiding the work of this committee. Several teachers 
contributed to the development of this textbook; we are grateful to their principals 
for making this possible. We are indebted to the institutions and organisations which 
have generously permitted us to draw upon their resources, material and personnel. 
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Chapter 


In these days of conflict between ancient and modern studies; there 
must surely be something to be said for a study which did not 
begin with Pythagoras and will not end with Einstein; but 
is the oldest and the youngest. — С.Н. HARDY % 


1.1 Introduction 


The concept of set serves as a fundamental part of the 
present day mathematics. Today this concept is being used 
in almost every branch of mathematics. Sets are used to 
define the concepts of relations and functions. The study of 
geometry, sequences, probability, etc. requires the knowledge 
of sets. 

The theory of sets was developed by German 
mathematician Georg Cantor (1845-1918). He first 
encountered sets while working on “problems on trigonometric 
series”. In this Chapter, we discuss some basic definitions 


КЕШЕ 8-52 Georg Cantor 
and operations involving sets. (1845-1918) 


1.2 Sets and their Representations 


In everyday life, we often speak of collections of objects of a particular kind, such as, 
a pack of cards, a crowd of people, a cricket team, etc. In mathematics also, we come 
across collections, for example, of natural numbers, points, prime numbers, etc. More 
specially, we examine the following collections: 
(i) Odd natural numbers less than 10, i.e., 1, 3, 5, 7,9 
Gi) The rivers of India 
(ii) The vowels in the English alphabet, namely, а, e, i, о, и 
(iv) Various kinds of triangles 
(v) Prime factors of 210, namely, 2,3,5 and 7 
(vi) The solution of the equation: х2- 5x + 6 = 0, viz, 2 and 3. 
We note that each of the above example is a well-defined collection of objects in 
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the sense that we can definitely decide whether a given particular object belongs to a 
given collection or not. For example, we can say that the river Nile does not belong to 
the collection of rivers of India. On the other hand, the river Ganga does belong to this 
colleciton. 


We give below a few more examples of sets used particularly in mathematics, viz. 

N : the set of all natural numbers 

Z : the set of all integers 

О : the set of all rational numbers 

К : the set of real numbers 

Z+ : the set of positive integers 

О" : the set of positive rational numbers, and 

R* : the set of positive real numbers. 

The symbols for the special sets given above will be referred to throughout 
this text. 

Again the collection of five most renowned mathematicians of the world is not 
well-defined, because the criterion for determining a mathematician as most renowned 
may vary from person to person. Thus, it is not a well-defined collection. 

We shall say that a set is a well-defined collection of objects. 

The following points may be noted : 

(i) Objects, elements and members of a set are synonymous terms. 

(ii) Sets are usually denoted by capital letters A, B, C, X, Y, Z, etc. 

(ii) The elements of a set are represented by small letters а, В, c, x, y, 2, etc. 

If a is an element of a set A, we say that “ a belongs to A" the Greek symbol € 
(epsilon) is used to denote the phrase ‘belongs to’. Thus, we write a € A. If ‘b’ is not 
an element of a set A, we write b ¢ A and read “b does not belong to A”. 

Thus, іп the set V of vowels іп the English alphabet, ав V but b ¢ V. In the set 
P of prime factors of 30, 3 є P but 15 € P. 
There are two methods of representing a set : 
(i) Roster or tabular form 
(й) Set-builder form. 


(i) Inroster form, all the elements of a set are listed, the elements are being separated 
by commas and are enclosed within braces { }. For example, the set of all even 
positive integers less than 7 is described in roster form as (2, 4, 6). Some more 
examples of representing a set in roster form are given below : 


(a) The set of all natural numbers which divide 42 is (1,2, 3, 6, 7, 14, 21, 42}. 
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In roster form, the order in which the elements are listed is immaterial. 
Thus, the above set can also be represented as (1, 3, 7, 21, 2, 6, 14, 42]. 
(b) The set of all vowels in the English alphabet is (a, e, i, о, и). 
(c) Тһе set of odd natural numbers is represented by (1, 3, 5, . . .}. The dots 
tell us that the list of odd numbers continue indefinitely. 
It may be noted that while writing the set in roster form an element is not 


generally repeated, i.e., all the elements are taken as distinct. For example, the set 
of letters forming the word ‘SCHOOL’ is { S, C, H, О, L} or (H, О, L, C, S). Неге, 
the order of listing elements has no relevance. 


(ii) Іп set-builder form, all the elements of a set possess a single common property 

which is not possessed by any element outside the set. For example, in the set 

(a, e, i, o, и}, all the elements possess a common property, namely, each of them 

isa vowel in the English alphabet, and no other letter possess this property. Denoting 

this set by V, we write 

У = {х: xis a vowel in English alphabet} 

It may be observed that we describe the element of the set by using a symbol x 
(any other symbol like the letters y, z, etc. could be used) which is followed by a colon 
* : ". After the sign of colon, we write the characteristic property possessed by the 
elements of the set and then enclose the whole description within braces. The above 
description of the set V is read as “the set of all x such that x is a vowel of the English 
alphabet". In this description the braces stand for “the set of all”, the colon stands for 
“such that”. For example, the set 

А = (x : xis a natural number and 3 < x < 10} is read as “the set of all x such that 

xis a natural number and x lies between 3 and 10. Hence, the numbers 4, 5, 6, 7, 

8 and 9 are the elements of the set A. 

If we denote the sets described in (a), (Р) and (c) above in roster form by А, В, 
C, respectively, then A, B, C can also be represented in set-builder form as follows: 

A= [x : x is a natural number which divides 42} 

B= (y: y is a vowel in the English alphabet} 

C= {z : zis an odd natural number] 


Example 1 Write the solution set of the equation 22+ x — 2 = 0 in roster form. 


Solution The given equation can be written as 
(x-1) @+2)=0,ie, x=1,-2 
Therefore, the solution set of the given equation can be written in roster form as (1, 2). 


Example 2 Write the set {x : x is a positive integer and x^ < 40} in the roster form. 
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Solution The resjsired numbers are 1, 2, 3, 4, 5, 6. So, the given set in the roster form 
is (1, 2, 3, 4, 5, 6}. 


Example 3 Write the set A= (1, 4, 9, 16,25, . . . Jin set-builder form. 


Solution We may write the set A as 

А = (x : x is the square of a natural number] 
Alternatively, we can write 

A= {x:x= n, where ne М) 


р fee 3t. 562» Р 
Example 4 Write the set (5 — in the set-builder form. 


Solution We see that each member in the given set has the numerator one less than 
the denominator. Also, the numerator begin from 1 and do not exceed 6. Hence, in the 
set-builder form the given set is 


t x- E where n is а natural number and 1 < n < e 
n 
Example 5 Match each of the set on the left described in the roster form with the 
same set on the right described in the set-builder form : 
(i) (BR,LN,C,A,L] (a) ( x:xis a positive integer and is a divisor of 18] 


G) (0) (b) { x: x is an integer and x? — 9 = 0) 
(i) {1,2,3,6,9, 18) (с) (x : xis an integer and x + I= 1] 
(iv) {3,-3} (d) (x : x is a letter of the word PRINCIPAL] 


Solution Since in (d), there are 9 letters in the word PRINCIPAL and two letters P and I 
are repeated, so (i) matches (d). Similarly, (ii) matches (c) as x + 1 = ] implies 
х= 0. Also, 1, 2,3, 6, 9, 18 are all divisors of 18 and so (iii) matches (a). Finally, 32-9 2 0 
implies x = 3, -3 and so (iv) matches (b). 


à EXERCISE 1.1 


1.., Which of the following are sets ? Justify your answer. 
(i) The collection of all the months of a year beginning with the letter J 
Gi) The collection of ten most talented writers of India. 
(iii) A team of eleven best-cricket batsmen of the world. 
(iv) The collection of all boys in your class. 
(v) The collection of all natural numbers less than 100. 
(vi) A collection of novels written by the writer Munshi Prem Chand. 
(уй) The collection of all even integers. 
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(viii) The collection of questions in this Chapter. 
(ix) A collection of most dangerous animals of the world. 
Let A = (1, 2, 3, 4, 5, 6}. Insert the appropriate symbol є or 6 in the blank 
spaces: 
yee. A (1) 8...А (ш) 0...А 
(іу) 4...А (у) 2...А (vi) 10...А 
Write the following sets іп roster form: 
(i) А = {x: xis an integer and -3 < x < 7) 
(i В = {х: xis a natural number less than 6) 
(ш) С-(х:хів atwo-digit natural number such that the sum of its digits is 8) 
(iv) D= (x:xisa prime number which is divisor of 60} 
(v) E = The set of all letters in the word TRIGONOMETRY 
(vi) Е = The set of all letters in the word BETTER 
Write the following sets in the set-builder form : 
(1) (3,6,9,12) (i) {2,4,8,16,32} (іі) (5,25,125,625) 
(iv) (2,4,6,...) (у) (1,4,9,...,100) 
List all the elements of the following sets : 
(i) А = {х: xis an odd natural чш 


: 
(1) B-(x:xisaninteger, -- «x« 5) 


(iii) С = {x : xis an integer, энн 
(iv) D = {х : xis a letter іп ће word “LOYAL”} 
(у) Е = (x:xis a month of a year not having 31 days} 
(vi) F= (x:xis a consonant in the English alphabet which precedes k }. 
Match each of the set on the left in the roster form with the same set on the right 
described in set-builder form: 
(1) 11, 2, 3,6) (a) {x:x is a prime number and a divisor of 6} 
(i) {2,3} (b) {x : xis an odd natural number less than 10} 
(іі) {M,A,T,H,E,I,C,S} (c) (x:xis natural number and divisor of 6} 
(іу) (1,3,5,7,9] (d) (x:xis a letter of the word MATHEMATICS). - 


1:3 The Empty Set 
Consider the set 


А = { х: x is a student of Class XI presently studying in a school } 
We can go to the school and count the number of students presently studying in 


Class XI in the school. Thus, the set A contains a finite number of elements. 


We now write another set B as follows: 
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В = { x : x is a student presently studying in both Classes X and XI } 
We observe that a student cannot study simultaneously in both Classes X and XI. 
‚ Thus, the set B contains no element at all. 


Definition 1 A set which does not contain any element is called the empty set ог the 
null set or the void set. 
According to this definition, B is an empty set while A is not an empty set. The 
empty set is denoted by the symbol фог { }. 
We give below a few examples of empty sets. 
() LetA={x:1<x<2,xisa natural number}. Then A is the empty set, 
because there is no natural number between 1 and 2. 
G) В= {х:2-2=0апіх is rational number). Then B is the empty set because 
the equation 22— 2 = 0 is not satisfied by any rational value of x. 
(ii) C= (x:xisaneven prime number greater than 2). Then C is the empty set, 
because 2 is the only even prime number. 
Gv) р= (x :x 24, xis odd }. Then D is the empty set, because the equation 
2-4 is not satisfied by any odd value of x. 
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Let A=({1,2,3,4, 5}, В = (a, b, c, d, e, 8} 

and C - ( men living presently in different parts of the world] 

We observe that A contains 5 elements and B contains 6 elements. How many elements 
does C contain? As it is, we do not know the number of elements in C, but it is some 
natural number which may be quite a big number. By number of elements of a set S, 
we mean the number of distinct elements of the set and we-denote it by л (S). If n (S) 
is a natural number, then S is non-empty finite set. 

Consider the set of natural numbers. We see that the number of elements of this 
set is not finite since there are infinite number of natural numbers. We say that the set 
of natural numbers is an infinite set. The sets A, B and C given above are finite sets 
and n(A) = 5, n(B) = 6 and n(C) = some finite number. 


Definition 2 A set which is empty or consists of a definite number of elements is 
called finite otherwise, the set is called infinite. 
Consider some examples : 
(i) Let W be the set of the days of the week. Then W is finite. 
(ii) Let S be the set of solutions of the equation х2-16 = 0. Then S is finite. 
(iii) Let С be the set of points on a line. Then G is infinite. 
When we represent a set in the roster form, we write all the elements of the set 
within braces {  }. It is not possible to write all the elements of an infinite set within 
braces { } because the numbers of elements of such a set is not finite. So, we represent 
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some infinite set in the roster form by writing a few elements which clearly indicate the 
structure of the set followed ( or preceded ) by three: dots. 

For example, {1, 2, 3 . . .} is the set of natural numbers, (1, 3, 5, 7, . . .} is the set 
of odd natural numbers, (. . .,-3, -2, —1, 0,1, 2,3, . . .) is the set of integers. All these 
sets are infinite. 


Example 6 State which of the following sets are finite or infinite : 
(i) (х:хе Nand (x- 1) (x 2) 2 0) 
(і) (х:хе Nand =4} 
(i) (х:хе Nand2x-1 = 0} 
(v) (х:хе N and xis prime} 
(v) (x:xe N and x is odd} 
Solution (i) Given set = (1, 2}. Hence, it is finite. 
(ii) Given set = {2}. Hence, it is finite. 
(iii) Given set = à. Hence, it is finite. 
(iv) The given set is the set of all prime numbers and since set of prime 
numbers is infinite. Hence the given set is infinite 
(V) Since there are infinite number of odd numbers, hence, ће given set is 
infinite. 
15 Equal Sets 
Given two sets A and B, if every ‘element of A is also an element of B and if every 
element of B is also an element of A, then the sets A and B are said to be equal. 
EUM the two sets have exactly the same elements. 


| 3 Two sets A and B are said to be equal if they have exactly the same 
elements and we write A = B. Otherwise, the sets are said to be unequal and we write 
A s B. 

We consider the following examples : 

(i) Let A (1, 2, 3, 4} and B = (3,1, 4, 2). Then A = B. 

Gi) Let A be the set of prime numbers less than 6 and P the set of prime factors 
of 30. Then A and P are equal, since 2, 3 and 5 are the only prime factors of 
30 and also these are less than 6. 
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Eso T 


generally do not repeat any 


Example 7 Find the pairs of equal sets, if any, give reasons: 
А = {0}, В = {х:х> 15 апіх< 5}, 
C={x:x-5=0}, DH (x= 25}; 
Е = {x : xis an integral positive root of the equation x? — 2x -15 = 0). 


Solution Since 0 € A and 0 does not belong to any of the sets B, C, D and E, it 
follows that, A + B, A +C, A +D, A #E. 

Since B = ф but none of the other sets are empty. Therefore В 4 C, B + р 
and B + E. Also С = {5} but —5 є D, hence С # D. 

Since E = (5), C - E. Further, D = (-5, 5) and E = {5}, we find that, D # E. 
Thus, the only pair of equal sets is C and E. 


Example 8 Which of the following pairs of sets are equal? Justify your answer. 
(i) X, the set of letters in “ALLOY” and B, the set of letters in “LOYAL”. 
äi) A= (n:ne Zand i? X4] and B = (x:x € R and i? —3x +2 = 0). 


Solution (i) We have, X = (A, L, L, O, Y), B = (L, O, Y, A, L}. Then X and B are 
equal sets as repetition of elements in a set do not change a set. Thus, 

X={A,L, 0, Y) -B 
(ii) = (-2, 1,0, 1,2), B= (1,2). Since 0 е Aand0 € B, A and B are not equal sets. 


= 4 


1. Which of the following are examples of the null set 
(i) Set of odd natural numbers divisible by 2 
(ii) Set of even prime numbers 
(іі) { х: x is a natural numbers, x < 5 and x >7 } 
(iv) { угу is a point common to any two parallel lines} 
2. Which of the following sets are finite or infinite 
(i) The set of months of a year 
s 205m) 
(іі) (1,2,3,...99, 100} 
(iv) The set of positive integers greater than 100 
(v) The set of prime numbers less than 99 
3. State whether each of the following set is finite or infinite: 
(i) The set of lines which are parallel to the x-axis 
(ii) The set of letters in the English alphabet 
(iii) The set of numbers which are multiple of 5 
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(iv) The set of animals living on the earth 
(v) The set of circles passing through the origin (0,0) 
4. In the following, state whether A = B or not: 
() A={a,b,c,d} В = {d,c,b,a} 
(і) A={4,8,12,16} В = { 8,4, 16, 18} 
(ii) A={2,4,6,8,10} В = { x: xis positive even integer and x X10] 
(iv) A-[x:x isa multiple of 10}, В - {°10, 15; 20, 25, 30,.. .:} 
5. Are the following pair of sets equal ? Give reasons. 
(i) A={2,3}, B= {x: xis solution of 3 + 5x + 6 = 0} 
Gi) A = { x : x is a letter in the word FOLLOW} 
B = { y : y is a letter in the word WOLF} 
6. From the sets given below, select equal sets : 
A={2,4,8,12}, B={1,2,3,4}, C={4,8,12,14}, D= 
E={-1, 1), F={ 0,2}, б-(1,-1), H 


1:6 Subsets 
Consider the sets : X = set of all students in your school, Y = set of all students in your 
class. 

We note that every element of Y is also an element of X; we say that Y is a subset 
of X. The fact that Y is subset of X is expressed in symbols as Y c X. The symbol c 
stands for ‘is a subset of” or ‘is contained in’. 


Definition 4 A set A is said to be a subset of a set B if every element of A is also an 
element of B. 

In other words, А c B if whenever a є A, then a € B. It is often convenient to 
use the symbol “=” which means implies. Using this symbol, we can write the definiton 
of subset as follows: 

AcBifae A-ae B 

We read the above statement as “A is a subset of B if a is an element of A 
implies that a is also an element of B". If A is not a subset of B, we write A z B. 

We may note that for A to be a subset of B, all that is needed is that every 
element of A is in B. It is possible that every element of B may or may not be in A. If 
it so happens that every element of B is also in A, then we shall also have B с. A. In this 
case, A and B are the same sets so that we have Ас B and Вс А €»A = B, where 
"€" is a symbol for two way implications, and is usually read as if and only if (briefly 
written as "iff"). 

It follows from the above definition that every set A is a subset of itself, i.e., 
Ас A. Since the empty set ф has no elements, we agree to say that ф is a subset of 
every set. We now consider some examples : 


10 MATHEMATICS 


(i) The set Q of rational numbers is a subset of the set R of real numbes, and 
we write Q c R. 
(i) If Ais the set of all divisors of 56 and B the set of all prime divisors of 56, 
then B is a subset of A and we write B c A. 
(ii) Let A= (1,3, 5) and B = |х: xis an odd natural number less than 6}. Then 
A c B and B c A and hence = B. 
(iv) Let A= ( a, e, i, o, u} and B = { a, b, c, d). Then A is not a subset of В, 
also B is not a subset of A. 
Let A and B be two sets. If AC B and + В , then A is called a proper subset 
of B and B is called superset of A. For example, 
А = (1, 2, 3} is a proper subset of B = (1, 2, 3, 4}. 
If a set A has only one element, we call it a singleton set. Thus,{ a } is a 
singleton set. 


Example 9 Consider the sets 
$,A-(1,3), B={1,5,9}, C={1,3,5, 7, 9}. 
Insert the symbol с or z between each of the following pair of sets: 
G) ф...В (ii) A...B (іі) А...С (м)В...С 
Solution (i) $c В as ф is а subset of every set. 
üi) AcBas3eAand3e B 


(ш) AcC as 1,3 е A also belongs to C 
(iv) B cC as each element of B is also an element of C. 


Example 10 Let A= ( a, e, i, o, и} and B = { a, b, c, d). Is A a subset of B ? No. 
(Why?). Is B a subset of A? No. (Why?) 


Example 11 Let A, B and С be three sets. If A є B and B CC, is it true that 
A c C?. If not, give an example. 


Solution No. Let A= (1), B = {{1}, 2} апас = {{1}, 2, 3). Here Ae ВаѕА = {1} 
and Bc C. ВшА с Cas 1 є Aand 1 e C. 
Note that an element of a set can never be a subset of itself. 


1.6.1 Subsets of set of real numbers 
As noted in Section 1.6, there are many important subsets of R. We give below the 
names of some of these subsets. 

The set of natural numbers М-11,2,3,4,5,...) 

The set of integers 20035322 — 10/1528, ..] 


4 .p4€ Zand q#0} 


The set of rational numbers Q = ( x: x= z 
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эш Ы р 
which is read “ О is the set of all numbers x such that x equals the quotient A , where 


p and 4 are integers and 4 is not zero". Members of Q include —5 (which can be 


expressed as ор 2 ad hich can be d | d M 
s Boe Б) ша — Ps 
presses 1^7 73 (which can be expressed as 2) ап 3: 
The set of irrational numbers, denoted by Т, is composed of all other real numbers. 


Thus T= {x: хє Rand x ¢ QJ, i.e., all real numbers that аге not rational. 


Members of T include ,/2, ,/5 and л. 


Some of the obvious relations among these subsets are: 
Nc ZcQ,QcR, TcR, Nc T. 


1.6.2 Intervals as subsets of R Let a, b € Randa < b. Then the set of real numbers 
{ у: а € y < b) is called an open interval and is denoted by (a, b). All the points 
between a and b belong to the open interval (a, b) but a, b themselves do not belong to 
this interval. 

The interval which contains the end points also is called closed interval and is 
denoted by [ а, b |. Thus 

[a,b]={x:asx<b} 
We can also have intervals closed at one end and open at the other, i.e., 

[a, b) (x: aS x « b] is an open interval from a to b, including a but excluding b. 

(a b]- (x:a«x& b} isan open interval from a to b including b but excluding a. 

These notations provide an alternative way of designating the subsets of set of 
real numbers. For example , if A = (3, 5) and B = [-7, 9], then A c B. The set [ 0, >) 
defines the set of non-negative real numbers, while set ( — о, 0 ) defines the set of 
negative real numbers. The set ( — о, оо ) describes the set of real numbers in relation 
to a line extending from — «o to co. 

On real number line, various types of intervals described above as subsets of R, 
are shown in the Fig 1.1. 


(a,b) [a,b] [a,b) (a,b] 
—O—À—— ee ---<----о- 
a b a b a b a b 
Fig 1.1 


Here, we note that an interval contains infinitely many points. 

For example, the set (x :x e К, —5 < x <7}, written in set-builder form, can be 
written in the form of interval as (—5, 7] and the interval [3, 5) can be written in set- 
builder form as (x : -3 €x < 5}. 
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The number (b — a) is called the length of any of the intervals (a, b), Та, b], 
(а, b) or (a, b]. 
1.7 Power Set 
Consider the set (1, 2). Let us write down all the subsets of the set |1, 2}. We 
know that ф is a subset of every set . So, dis a subset of (1,2). We see that {1} 
and { 2 }are also subsets of {1, 2}. Also, we know that every set is a subset of 
itself. So, { 1, 2 } is a subset of {1, 2}. Thus, the set { 1, 2 } has, in all, four 
subsets, viz. 6, {1}, (2) and 11,2). The set of all these subsets is called the 
power set of { 1, 2 }. 


Definition 5 The collection of all subsets of a set A is called the power set of A. It is 
denoted by P(A). In P(A), every element is a-set. 
Thus, as in above, if A = | 1, 2 }, then 
РКА) = {1911.42 012) 

Also, note that n [ P (A) ] 2 4 2 2? 

In general, if A is a set with n(A) — m, then it can be shown that 
n [ P(A)] = 2". 
1.8 Universal Set 
Usually, in a particular context, we have to deal with the elements and subsets of a 
basic set which is relevant to that particular context... For example, while studying the 
system of numbers, we are interested in the set of natural numbers and its subsets such 
as the set of all prime numbers, the set of all even numbers, and so forth. This basic set 
is called the “Universal Set’. The universal set is usually denoted by U, and all its 
subsets by the letters A, B, C, etc. 

For example, for the set of all integers, the universal set can be the set of rational 
numbers or, for that matter, the set R of real numbers. For another example, in human 
population studies, the universal set consists of all the people in the world. 


EXERCISE 1.: 
1. Make correct statements by filling in the symbols c or ¢ in the blank spaces : 
OARA 71172722557) (ii) {a,b,c}... {bcd} 
(й) {x : xis a student of Class XI of your school). . .{ : x student of your school] 
(іу) (x:xisa circle in the plane] . . {x : x is a circle in the same plane with 
radius 1 unit] 
(v) (x:xisa triangle in a plane] . . . (x :x is a rectangle in the plane] 
(vi) {x:xis an equilateral triangle in a plane] .. . (x :xisatriangle in the same plane] 
(уй) (x:xis an even natural number]... {x : xis an integer} 


19 Venn Diagrams 

Most of the relationships between sets can be 
represented by means of diagrams which are known 
as Venn diagrams. Venn diagrams are named after 
the English logician, John Venn (1834-1883). These 
diagrams consist of rectangles and closed curves 
usually circles. The universal set is represented 
usually by a rectangle and its subsets by circles. 
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Examine whether the following statements are true or false: 

Q (ab)z(bcoa) 

(ii) {ае} c (x:xis a vowel in the English alphabet] 

(i) |1,2,3)с11,3,5) 

(iv) (a)c {abc} ) 

(у) (а)е {a,b,c} 

(vi) { х: хіѕ апеуеп natural number less than 6} C (x:x is a natural number 


which divides 36] 
Let A={ 1,2, (3,4 }, 5 }. Which of the following statements are incorrect and why? 
() 13,44СА (1) (3,4]€A (ш) ((3,4]]C A 
(iv) Тє А (у) 1cA (м) {1,2,5}с А 
(vii) (1,2,5) А (уш) (1,2,3)c A (ix) фе A 
(х) $c А (xi) (0) cA 
Write down all the subsets of the following sets 
б) (а) (i) (а, b) (іі) {1,2,3} Gv) $ 


How many elements has P(A), if A= 9? 
Write the following as intervals : 

(i) (x:xe R, -4«x«&6)] G) (x:xe R,-12«x«-10) 
(i) (x:xe R, OSx< 7} (iv) іх:хе В,3 <х<4} 
Write the following intervals in set-builder form : 


(i) (-3,0) (i) [6,12] (ш) (6,12] (iv) [-23,5) 
What universal set(s) would you propose for each of the following : 
(i) The set of right triangles. (ii) The set of isosceles triangles. 


Given the sets A = (1,3, 5), B = (2, 4, 6} and C = (0, 2, 4, 6, 8), which of the 

following may be considered as universal set (s) for all the three sets A, B and C 
(i) (0,1,2,3,4,5,6] 

(i) $ 

(ш) 10,1,2,3,4,5,6,7,8,9,10) 

(іу) {1,2,3,4,5,6,7,8} 


In Venn diagrams, the elements of the sets 


are written in their respective circles (Figs 1.2 and 1.3) Fig 1.2 
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Illustration 1 In Fig 1.2, U = (1,233, ..., 10) is the 
universal set of which 
А = {2,4,6,8,10} is a subset. 


Illustration 2 In Fig 1.3, U = (1,233, ..., 10} is the 
universal set of which : 

A = {2,4,6,8,10} and B = (4, 6} are subsets, 
and also B c A. 

The reader will see an extensive use of the 
Venn diagrams when we discuss the union, intersection and difference of sets. 


1.10 Operations on Sets 

In earlier classes, we have learnt how to perform the operations of addition, subtraction, 
multiplication and division on numbers. Each one of these operations was performed 
on a pair of numbers to get another number. For example, when we perform the 
operation of addition on the pair of numbers 5 and 13, we get the number 18. Again, 
performing the operation of multiplication on the pair of numbers 5 and 13, we get 65. 
Similarly, there are some operations which when performed on two sets give rise to 
another set. We will now define certain operations on sets and examine their properties. 
Henceforth, we will refer all our sets as subsets of some universal set. 


Fig 1.3 


1.10.1. Union of sets Let A and B be any two sets. The union of A and B is the set 
which consists of all the elements of A and all the elements of B, the common elements 
being taken only once. The symbol ‘U’ is used to denote the union. Symbolically, we 
write A U B and usually read as ‘A union В’. 

Example 12 Let A= ( 2, 4, 6, 8) and B = ( 6, 8, 10, 12}. Find A UB. 

Solution We have AUB = { 2, 4, 6, 8, 10, 12) 

Note that the common elements 6 and 8 have been taken only once while writing 
AUB. 

Example 13 Let A= { a, e; i, о, u } and B = (a, і u }. Show tht AUB =A 


Solution We have, AUB = { а, e, i, o, u } =A. 


This example illustrates that union of sets A and its subset B is the set A 
itself, i.e., if B C A, then AUB = A. 


Example 14 Let X = {Ram, Geeta, Akbar} be the set of students of Class XI, who are 
in school hockey team. Let Y = {Geeta, David, Ashok} be the set of students from 
Class XI who are in the school football team. Find X U Y and interpret the set. 


Solution We have, X U Y = (Ram, Geeta, Akbar, David, Ashok}. This is the set of 
students from Class XI who are in the hockey team or the football team or both. ` 
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Thus, we can define the union of two sets as follows: 


Definition 6 The union of two sets A and B is the set C which consists of all those 
- elements which are either in A or in B (including 
those which are in both). In symbols, we write. 
AUB ={x:xeAorxeB } 

The union of two sets can be represented by a 
Venn diagram as shown in Fig 1.4. 

The shaded portion in Fig 1.4 represents A U B. 


Some Properties of the Operation of Union 
() AUB =BUA (Commutative law) Fig 1.4 
üi) (AUB)UC=AU(BUC) 
(Associative law ) 

(ш) AUO=A (Law of identity element, ф is the identity of U) 

іу) AUA =A (Idempotent law) 

(у) UVA =U (Law of U) 
1.10.2 Intersection of sets The intersection of sets A and B is the set of all elements 
which are common to both A and B. The symbol “гу is used to denote the intersection. 
The intersection of two sets A and B is the set of all those elements which belong to 
both A and B. Symbolically, we write A ^ B = (x: хе A and x € В). 
Example 15 Consider the sets A and B of Example 12. Find A O B. 
Solution We see that 6, 8 are the only elements which are common to both A and B. 
Hence А В = (6,8 }. 
Example 16 Consider the sets X and Y of Example 14. Find X A Y. 
Solution We see that element ‘Geeta’ is the only element common to both. Hence, 
X ^Y = {Geeta}. 
Example 17 Let A = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} and B = { 2,3,5, 7 jJ. Find A A B and 
hence show that A A B = B. 
Solution We have A В = { 2, 3, 5,7 } = B. We 
note that B c A and that A A B = B. U 
Delinition 7 The intersection of two sets A and B 
is the set of all those elements which belong to both A 
A and B. Symbolically, we write 
AnBz(x:xe Aandxe В) B 
The shaded portion in Fig 1.5 indicates the 
intersection of A and B. Fig 1.5 
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If A and B are two sets such that AM B= 6, then U 
A and B are called disjoint sets. 
For example, let A= | 2, 4, 6, 8 } and 
В = { 1, 3, 5,7 }. Then A and B are disjoint sets, 
because there are no elements which are common to 
A and B. The disjoint sets can be represented by 
means of Venn diagram as shown in the Fig 1.6 
In the above diagram, A and B are disjoint sets. Fig 1.6 
Some Properties of Operation of Intersection 
б) ANB=BNOA (Commutative law). 
Gi) (A AB)AC=AN(BNC) (Associative law). 
(i) флА-ф. ОА = А (Law of ф апа U). 
(iv) AQ A=A (Idempotent law) 
(у) Ал (ВС) = (ANB)U(ANC) (Distributive law ) i. e., 
(^ distributes over U 
This can be seen easily from the following Venn diagrams [Figs 1.7 (i) to (v)]. 


(i) Ас(ВоС) 


(у) (ANB) U (ANC) 
Figs 1.7 (i) to (v) 
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1.10.3 Difference of sets The difference of the sets А and B in this order is the set 
of elements which belong to A but not to B. Symbolically, we write A — B and read as 
“А minus В”, 


Example 18 Let A= ( 1,2,3,4,5, 6}, B= (2,4,6,8 ). Find A— B and B — A. 


Solution We have, A- B = { 1, 3, 5 }, since the elements 1, 3, 5 belong to A but 
not to B and B - A = | 8 }, since the element 8 belongs to B and not to A. 
We note that A — B # B — A. 


Example 19 Let V = ( a, e, i, o, u ) and 
B = { a, i k, u}. Find V - Band B- V 


Solution We have, V — B = ( e, o }, since the elements 
е, о belong to V but not to B and B= V = ( k }, since 
the element k belongs to B but not to V. 

We note that V — B + B – V. Using the set- 
builder notation, we can rewrite the definition of 
difference as 

A-Bzí(x:xeAandxe В) 

The difference of two sets A and B can be 

represented by Venn diagram as shown in Fig 1.8. 
The shaded portion represents the difference of 
the two sets A and B. 


Remark The sets A — B, A ^ B and B - A are 
mutually disjoint sets, i.e., the intersection of any of 
these two sets is the null set as shown in Fig 1.9. 


1. Find the union of each of the following pairs of sets : 
(i) Х-11,3,5) 4987 
(0) А = [4,6 іои) В = (а,Ь, с} 
(iii) А = {x : xis a natural number and multiple of 3} 
В = (x: xis a natural number less than 6} 
(iv) A-(x:xis a natural number and 1 <x «6 } 
B = {x : x is a natural number and 6 < x < 10 } 
(у) А = {1, 2,3},B=0 
Let A= {a,b}, B= (a, b, c). ISAC B? What isAUB? 
3. If A and B are two sets such that A с B, then what is AUB ? 
4. IfA= (1,2, 3,4}, B= (3.4, 5, 6}, C= (5,6, 7, 8 }and D= ( 7, 8, 9, 10 }; find 


p 
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@ AUB Gi) AUC (i) BUC (iv) BUD 
(v) AUBUC (i AUBUD (уп) BUCUD 

Find the intersection of each pair of sets of question 1 above. 

IfA={ 3,5,7,9, 11 },B = {7,9, 11, 13}, C= (11, 13, 15}and D = (15, 17}; find 


б) ANB Gi) BOC (ш) ANCAD 
(i) АсС (у) BAD (м) Ас (ВС) 
(vii) AAD (уш) Аг (ВО) (іх) (ANB)A( BUC) 


(х) (AUD) A( BUC) 

If A= {x : x is a natural number }, B = {x : x is an even natural number} 

C = {x : xis an odd natural number}andD = {x : x is a prime number }, find 
@ ANB Gi) ANC (ш) AAD 

(iv) BAC (у) BAD (vi) CAD 


. Which of the following pairs of sets are disjoint 


() {1, 2, 3, 4} and {x : x is a natural number and 4<х<6) 
(4) (aeioujand(cd ef) 

Gii) (x:xisaneven integer } and [x : x is an odd integer} 
If A= {3, 6, 9, 12, 15, 18, 21}, B={ 4, 8, 12, 16, 20 }, 

C={ 2,4, 6, 8, 10, 12, 14, 16 }, = (5, 10, 15, 20 }; find 


() А-В (і) А-С (i) A-D (iv) В-А 
(v) C-A (vi) D-A (уі) В-С (vii) B-D 
(i) C-B (х) D-B (х) C-D (xii) D-C 
If X= ( a, b, c,d} and Y = { f, b, d, g}, find 

(i) Х-Ү ü) Y-X (ш) XAY 


If R is the set of real numbers and Q is the set of rational numbers, then what is 

R-Q? 

State whether each ofthe following statement is true or false. Justify your answer. 
(i) {2,3,4,5 } and ( 3, 6} are disjoint sets. 

Gi) [a e i o, u ) and ( a, b, c, d Jare disjoint sets. 

(іі) (2,6, 10, 14 ) and ( 3, 7, 11, 15) are disjoint sets. 

(iv) (2,6, 10 ) and ( 3, 7, 11) are disjoint sets. 


111 Complement of a Set 
Let U be the universal set which consists of all prime numbers and A be the subset of 
U which consists of all those prime numbers that are not divisors of 42. Thus, 


Az 


[x:xe U and x is not a divisor of 42 }. We see that 2 € U but 2 € A, because 


2 is divisor of 42. Similarly, 3 е U but 3 € A, and 7 € U but 7 € A. Now 2, 3 and 7 are 
the only elements of U which do not belong to A. The set of these three prime numbers, 
i.e., the set (2, 3, 7) is called the Complement of A with respect to U, and is denoted by 
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A’ . So Jd de A’ = (2, 3, 7). Thus, we see that 
= [(x:xe Uandxe А). This leads to the following definition. 


Definition 8 Let U be the universal set and A a subset of U. Then the complement of 
. A is the set of all elements of U which are not the elements of A. Symbolically, we 
write A’ to es. the complement of A with respect to U. Thus, 
= {х:хє Uandx e А). Obviously A! =U -A 
We note "e the complement of a set A can be looked upon, alternatively, as the 
difference between a universal set U and the set A. 


Example 20Let U = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} and A= (1,3, 5, 7, 9). Find А”. 
Solution We note that 2, 4, 6, 8, 10 are the only elements of U which do not belong to 
A. Hence A’ 2(2,4,6,8,10 }. 

Example 21 Let U be universal set of all the students of Class XI of a coeducational 
school and A be the set of all girls in Class XI. Find A’ . 


Solution Since A is the set of all girls, A’ is clearly the set of all boys in the class. 


[e Note] IFA is a subset of the universal set U, then its complement A’ is also a 
subset of U. 
Again in Example 20 above, we have A’ = { 2,4,6, 8, uo 


Hence (A' 2 (x:xe Uandxe А”) 


-(1,3,5,7,9)-А 
Itisclear from the SM ofthe copie that for any subset of the денелі 


set U, we һауе (А”У-А 


Now, we want to find the results for (А v B ) and A’ 4B’ in the followng 
example. 
Example 22Let U = (1, 2, 3, 4, 5, 6), A= (2, 3} and В- (3,4, 5}. 
Find A, B' , A’ &B',AUB and hence show that ( AUB Y =A’ MB’. 
SolutionClearly A’ = (1,4,5,6), В’ = { 1,2,6 J. Hence А” MB’ = { 1,6} 
Also AUB = { 2,3,4,5 }, so that (АОВ) ={ 1,6} 
(AUB Y ={1,6}=A’ AB’ 


It can be shown that the above result is true in general. If A and B are any two 
subsets of the universal set U, then 


(AUB Y =A’ OB’. Similarly,(AMB Y = A’ UB’ . These two inn are Stated 
in words as follows : LY 
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The complement of the union of two sets is 
the intersection of their complements and the 
complement of the intersection of two sets is the 
union of their complements. These are called De | 
Morgan's laws. These are named after the 
mathematician De Morgan. J 
The complement A’ of a set A can be represented = 
by a Venn diagram as shown in Fig 1.10. 
The shaded portion represents the complement of the set A. 


Some Properties of Complement Sets 
1. Complement laws: ()Ә АЧХА’ =U (ii) AN A’ -ф 
2. De Morgan’s law: (i) (AU BY =A’ OB’ (0) (А n B) =A’ UB’ 
3. Law of double complementation : (A’ ) =A 


4. Laws of empty set and universal set $^ =U and U’ -ф. 
These laws can be verified by using Venn diagrams. 


1. LetU={1,2,3;4,5,6,7,8,9},A 2( 1,2, 3, 4, B- (2, 4,6,8 апа 
C=(3,4,5,6}.Find(i)A’ (i)B' (ii) (AUC) Gv) (АОВ) (v) (A' y 


(vi) (B- C) 

2. IfU-(a,b,c,d, e, f, g, h}, find the complements of the following sets : 
(i) A= (a, b, c) (ii) B = (d, e f в) 
(iii) C = (a, c, е, 8} (iv) D2(f g ha) 


3. Taking the set of natural numbers as the universal set, write down the complements 
of the following sets: 


G)  (x:xis an even natural number} (ii) { x: xis an odd natural number } 
(іі) {x : xis a positive multiple of 3} (iv) { x : xis a prime number } 
(v) {x:x is a natural number divisible by 3 and 5} 
(vi) { x: xis a perfect square } (vii) { x : x is a perfect cube} 
(vii) {x:x+5=8 } (ix) { x: 2x+5=9} 
(x) 017837} (xi) {x:xe Nand 2x+1>10} 
4. IfU={1,2,3,4,5,6,7, 8,9 }, A= (2,4, 6, 8} and B = { 2, 3, 5, 7}. Verify that 
(i) (АОВ) =A’ АВ” (ii) (An BY =A’ UB’ 
5. Draw appropriate Venn diagram for each of the following : 
(i) (АОВ), GA AB’, (iii) (AB), (iv) A" UB’ 


6. Let U be the.set of all triangles in a plane. If A is the set of all triangles with at 
least one angle different from 60° , what is A’ ? 


SETS 21 


7. ЕШ in the blanks to make each of the following a true statement : 


@ -AU'A’ =... (б) ONA=... 
Gi) An A/S. (iv) Ub mA mc 
112 Practical Problems on Union and 


Intersection of Two Sets 

In earlier Section, we have learnt union, intersection 
and difference of two sets. In this Section, we will f 
go through some practical problems related to our | 
daily life. The formulae derived in this Section will 
also be used in subsequent Chapter on Probability 
(Chapter 16). 


Let A and B be finite sets. If A A B = 0, then 


(i)n(AUB)=n(A)+n(B) 09) 

The elements in А U B are either in A or in B but not in both as A В = 9. So, (1) 
follows immediately. 

In general, if A and B are finite sets, then 

(i)n(AUB)2n(A)*n(B)-n(AOB) (2) 


Note that the sets А-В, А ^ B and ~ A are disjoint and their union is A U В 
(Fig 1.11). Therefore 
n(AUB)=n(A-B)+n(A OB)+n(B-A) 
-n(A-B)* п(А В) +л(В-А )+л(А OB)-n(A OB) 
-n(A)*n(B)-n(A A B), which verifies (2) 
(iii) If A, B and C are finite sets, then 
n(AUBUC)=n(A)+n(B)+n(C)-n(A &G B)-n(B AC) 
-n(A nC)*n(A OB nC) oie 48) 
In fact, we have 
n(AUBUC)=na(A)+tn(BUC)-n[A n(BuC)] [by (2) ] 
= n(A)+n(B)+n(C)-n(B AC)-n[A A(BUC)] [by (2) ] 
Since A (ВОС) = (А nB)u(A AC), we get 
n[A A(BUC)]=n(A nB)*n(A nC)-n[(A AB)N(A nC) 
= n( A. WB)*n(AÀ C) -n (A АВ nC) 
Therefore 
n(AUBUC) = n(A)+n(B)+n(C)-n(A ОВ)-п(В AC) 
-n(A AC)+n(A AB nC) 
This proves (3). 


Example 23 If X and Y are two sets such that X U Y has 50 elements, X 
28 elements and Y has 32 elements, how many elements does X ^ Y have ? 
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Solution Given that 


п(ХаҮ)-? 

By using the formula 
n(XouY)2n(X)*n(Y)-n(XoY), 

we find that 
п(ХаҮ) 


n(X)+n(Y)-n(XVUY) 
=28 + 32-50=10 Fig 112 
Alternatively, suppose п ( X A Y ) =, then 
n(X-Y)228-k,n(Y-X)232- К (by Venn diagram in Fig 1.12) 
This gives50 =n (Xo Y) 2 n(X - Y) +л (X oO Y)+n(Y-X) 
=(28- к) ++ (32-К) 

Непсе к = 10. 

Example 2410 a school there are 20 teachers who teach mathematics or physics. Of 

these, 12 teach mathematics and 4 teach both physics and mathematics. How many 

teach physics ? 


Solution Let M denote the set of teachers who teach mathematics and P denote the 
set of teachers who teach physics. In the statement of the problem, the word ‘or’ gives 
us a clue of union and the word ‘and’ gives us a clue of intersection. We, therefore, 
have 
n(MUP)=20,n(M)=12andn(MOP)=4 
We wish to determine n ( Р). 
Using the result 
n(MUP)=n(M)+n(P)-n (MOP), 
we obtain 
20-12-п(Р)-4 
Thus n(P)z12 
Hence 12 teachers teach physics. 


Example 25 In a class of 35 students, 24 like to play cricket and 16 like to play 
football. Also, each student likes to play at least one of the two games. How many 
students like to play both cricket and football ? 


Solution Let X be the set of students who like to play cricket and Y be the set of 
students who like to play football. Then X UY is the set of students who like to play 
at least one game, and X ^ Y is the set of students who like to play both games. 
Given n(X)=24,n(Y)=16,n(XUY)=35,n(KNY)=? 

Using the formulan(XUY)=n(X)+n(Y)-n (Хг Y ), we get, 
352244 16-n (XY) 
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Thus, n(X OY)=5 
1.6 5 students like to play both games. 


Example 26 In a survey of 400 students in a school, 100 were listed as taking apple 
juice, 150 as taking orange juice and 75 were listed as taking both apple as well as 
orange juice. Find how many students were taking neither apple juice nor orange juice. 


Solution Let U denote the set of surveyed students and A denote the set of students 
taking apple juice and B denote the set of students taking orange juice. Then 


n (U) = 400, n (A) = 100, n (B) = 150 and n (A A B) = 75. 
Now n(A'nB) =n(AUBY 
=n (U)-n (A UB) 
=n (U) -n (A) -n (B) * n (A ^ B) 
= 400 — 100 — 150 + 75 = 225 
Hence 225 students were taking neither apple juice nor orange juice. 


Example 27 There are 200 individuals with a skin disorder, 120 had been exposed to 
the chemical С, 50 to chemical C,, and 30 to both the chemicals C, and C,. Find the 
number of individuals exposed to 


(i) Chemical C, but not chemical C, (ii) Chemical C, but not chemical C, 
(iii) Chemical C, or chemical С, 


Solution Let U denote the universal set consisting of individuals suffering from the 
skin disorder, A denote the set of individuals exposed to the chemical C, and B denote 
the set of individuals exposed to the chemical C,,. 


Неге n(U)=200,n(A)=120,n(B)=50 andn(AMB ) = 30 


(i) From the Venn diagram given in Fig 1.13, we have 
A=(A-B)U(ANB). 
п (А) =пА-В)+л(А B) (Since A - B) and А AB are disjoint.) 
оп(А-В)=л(А )-л(А В ) = 120 -30 = 90 


Hence, the number of individuals exposed to 
chemical C, but not to chemical C, is 90. 


(ii) From the Fig 1.13, we have 
В=(В-А) О(А n B). 

andso, л (В) = n(B-A) «n (AB) 

(Since B - А and A В аге disjoint.) 

or n(B-A)-2n(B)-n(AnB) 
-50-30- 20 


v... amaan t 


0,05." 
gat 


28-7" 
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Thus, the number of individuals exposed to chemical C, and not to chemical C, is 20. 
Gii) The number of individuals exposed either to chemical C, or to chemical Cries 
n(AUB) 2n(A)*n(B)-n(AnB) 
= 120+ 50 – 30 = 140. 


1. If X and Y are two sets such that n ( X) = 17, n (Y) 223 and n (X UY ) = 38, 
find n (ХҮ). 

2. If Xand Y are two sets such that X U Y has 18 elements, X has 8 elements and 
Y has 15 elements ; how many elements does X A Y have? 

3. Ina group of 400 people, 250 can speak Hindi and 200 can speak English. How 
many people can speak both Hindi and English? 

4. 15 and T are two sets such that S has 21 elements, T has 32 elements, and S ^ T 
has 11 elements, how many elements does S U T have? 

5. IfX and Y are two sets such that X has 40 elements, X U Y has 60 elements and 
X AY has 10 elements, how many elements does Y have? 

6. Ina group of 70 people, 37 like coffee, 52 like tea and each person likes at least 
one of the two drinks. How many people like both coffee and tea? 

7. Inagroup of 65 people, 40 like cricket, 10 like both cricket and tennis. How many 
like tennis only and not cricket? How many like tennis? 

8. Ina committee, 50 people speak French, 20 speak Spanish and 10'speak both 
Spanish and French. How many speak at least one of these two languages? 


Miscellaneous Examples 


Example 28 Show that the set of letters needed to spell * CATARACT " and the 
set of letters needed to spell * TRACT" are equal. 


Solution Let X be the set of letters in “CATARACT”. Then 
X={C,A,T,R} 
Let Y be the set of letters in “ TRACT”. Then 
Y={TRA,CT}={TRAC } 
Since every element in X is in Y and every element in Y is in X. It follows that X = Y. 


Example 29 List all the subsets of the set ( –1, 0, 1 }. 


Solution Let А = { –1, 0, 1 }. The subset of A having no element is the empty 
set à. The subsets of A having one element are ( 1 }, ( 0}, { 1 }. The subsets of 
A having two elements are (-1, 0), {-1, 1} ,(0, 1}. The subset of A having three 
elements of A is A itself. So, all the subsets of A are ф, {-1}, (0), {1}, {-1, 0}, (2141); 
(0, 1} and (-1, 0, 1}. 
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Example 30Show that AU B= A OB implies А-В 


SolutionLeta є А. Thena € AUB. Since AUB=A AB,ae A OB. Ѕоає B. 
Therefore, A с B. Similarly, if b € B, then b € А UB. Since 
AUBzZAnB,be AAB. So, be A. Therefore, B с A. Thus, А-В 


Example 31 For any sets A and B, show that 
P(ANB)=P(A)MP( В). 


SolutionLet X € P( AB). Then X c An B. So, X c A and X c B. Therefore, 
XeP(A)and Xe P(B) which implies X € P( A ) AP (B). This gives P(A MB) 
CP(A)^OP(B).Let Ye P(A) P(B). ThenY e P(A) and Y e P( B). So, 
Y c Aand Y c B. Therefore, Үс A AB, which implies Y e P(A AB ). This gives 
Р(А)ОР(Ву)сР(АлВ) 

Hence P( AQ B)ZP(A)OP(B). 


Example 32 А market research group conducted a survey of 1000 consumers and 
reported that 720 consumers like product A and 450 consumers like product B, what is 
the least number that must have liked both products? 


Solution Let U be the set of consumers questioned, S be the set of consumers who 
liked the product A and T be the set of consumers who like the product B. Given that 
n(U)21000,n(S)2720,n( T) = 450 
So n(SUT)=n(S)+n(T)-n(SOT) 
= 720 + 450-n(SAT)=1170-n( SAT) 

Therefore, n ( S U T ) is maximum when n ( S A T ) is least. But S U T c U implies 
n(SUT) €n(U)- 1000. So, maximum values of n ( S U T ) is 1000. Thus, the least 
value of n ( S A T ) is 170. Hence, the least number of consumers who liked both products 
is 170. 


Example 33 Out of 500 car owners investigated, 400 owned car A and 200 owned 
car B, 50 owned both A and B cars. Is this data correct? 


Solution Let U be the set of car owners investigated, M be the set of persons who 
owned car A and S be the set of persons who owned car B. 

Given that n ( U ) = 500, n (M ) = 400, n ( S ) = 200 and n (SAM) = 50. 
Then n(SUM)=n(S)+n(M)-n(SA^AM) = 200 + 400 50 = 550 
But S UM c Uimpliesn(SUM)<n(U). 

This is a contradiction. So, the given data is incorrect. 

Example 34A college awarded 38 medals in football, 15 in basketball and 20 in 
cricket. If these medals went to a total of 58 men and only three men got medals in all 
the three sports, how many received medals in exactly two of the three sports ? 
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Solution Let F, B and C denote the set of men who {ту 
received medals in football, basketball and cricket, 
respectively. 

Then n (F)=38,n(B)=15,n(C)=20 

n(FUBUC ) = 58 апал (FABNC)=3 

Therefore, n(FUBUC)=n(F)+n(B) 
+n(C)—n(FOB)-n(FOC)-n(BOC)+ 
n(FOABN C) 
givesn(FAB)+n(FOC)+n(BOC)=18 
Consider the Venn diagram as given in Fig 1.14 
Here, a denotes the number of men who got medals in football and basketball only, b 
denotes the number of men who got medals in football and cricket only, c denotes the 
number of men who got medals in basket ball and cricket only and d denotes the 
number of men who got medal in all the three. Thus, d=n(FABOC)=3andat+ 
d+b+d+ct+d=18 


Therefore a+b+c=9, 
which is the number of people who got medals in exactly two of the three sports. 


Fig 1.14 


Miscellaneous Exercise on Chapter I 


1. Decide, among the following sets, which sets are subsets of one and another: 
Az={x:xe R and x satisfy x? - 8x + 12 = 0}, 
B=(2,4,6}, C={2,4,6,8,...},D={6}. 
2. Ineach of the following, determine whether the statement is true or false. If it is 
true, prove it. If it is false, give an example. 
.() Нхе AandAe В, фепхе B 
(i) ША cB andB e C, then A € C 
Gii) IfA cBandBcC,thenAcC 
(iv) НАсВапаВсС, фһелАсС 
(v) Ifxe AandA CGB, ћепхє B 
(vi) IfAcBandxe B,thenx¢ А 
3. Let A,B, and C be the sets such that AUB =A UC and AN B =A A C. Show 
that B=C. 
4. Show that the following four conditions are equivalent : 
@ACBG)A-B=6 (ii) AUB=B (i) ANB=A 
5. Show that if A C B, then C - Bc C- A. 
6. Assume that P ( A) = P( B ). Show that = B 
7. Ts it true that for any sets A and B, P(A) UP(B)=P(AUB )? Justify your 
answer. 


10. 
11. 


14. 


16. 
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Show that for any sets A and B, 

А-(Ас B) U(A-B)andAU(B-A)= (AUB) 

Using properties of sets, show that 

(AUC A AB)=A (и) AN(AUB)=A. 

Show that AM B = A ^ € need not imply В = C. 

Let A and B be sets. ҒА ^ X =B AX = $and AU X = В U X for some set 
X, show that A = B. 

(Hints A=A(AUX),B=B (BUX) and use Distributive law ) 
Find sets A, B and С such that A A B, B ^ € and A^ C are non-empty 
sets and ANB NC=9. 

In a survey of 600 students in a school, 150 students were found to be taking tea 
and 225 taking coffee, 100 were taking both tea and coffee. Find how many 
students were taking neither tea nor coffee? 

In a group of students, 100 students know Hindi, 50 know English and 25 know 
both. Each of the students knows either Hindi or English. How many students 
are there in the group? 

In a survey of 60 people, it was found that 25 people read newspaper H, 26 read 
newspaper T, 26 read newspaper I, 9 read both H and I, 11 read both H and T, 
8 read both T and I, 3 read all three newspapers. Find: 

(i) the number of people who read at least one of the newspapers. 

(ii) the number of people who read exactly one newspaper. 

In a survey it was found that 21 people liked product A, 26 liked product B and 
29 liked product C. If 14 people liked products A and B, 12 people liked products 
C and A, 14 people liked products B and C and 8 liked all the three products. 
Find how many liked product C only. 


Summary 


This chapter deals with some basic definitions and operations involving sets. These 
are summarised below: 
* A set is a well-defined collection of objects. 
* A set which does not contain any element is called empty set. 
* A set which consists of a definite number of elements is called finite set, 
otherwise, the set is called infinite set. 
* Two sets A and B are said to be equal if they have exactly the same elements. 
* A set A is said to be subset of a set B, if every element of A is also an element 
of B. Intervals are subsets of R. 
* A power set of a set A is collection of all subsets of A. It is denoted by P(A). 
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Ф The union of two sets A and B is the set of all those elements which are either 
in A orin B. 

Ф The intersection of two sets A and B is the set of all elements which are 
common. The difference of two sets A and B in this order is the set of elements 
which belong to A but not to B. 

Ф The complement of a subset A of universal set U is the set of all elements of U 
which are not the elements of A. 

For any two sets A and B, (A о Ву = А В’ апа (АВ) = АОВ’ 

Ф If A and B are finite sets such that A A B = 9, then 
n (A U B) = n (A) + n (B). 

If A OB #0, then 
n (A u B) =n (А) + n (B) - n (A A B) 


Historical Note 


The modern theory of sets is considered to have been originated largely by the 
German mathematician Georg Cantor (1845-1918). His papers on set theory 
appeared sometimes during 1874 to 1897. His study of set theory came when he 
was studying trigonometric series of the form a, sin x + а, sin 2x + a, sin 3x +... 
He published in a paper in 1874 that the set of real numbers could not be put into 
one-to-one correspondence wih the integers, From 1879 onwards, he publishd 
several papers showing various properties of abstract sets. 

Cantor’s work was well received by another famous mathematician Richard 
Dedekind (1831-1916). But Kronecker (1810-1893) castigated him for regarding 
infinite set the same way as finite sets. Another German mathematician Gottlob 
Frege, at the turn of the century, presented the set theory as principles of logic. 
Till then the entire set theory was based on the assumption of the existence of the 
set of all sets. It was the famous Englih Philosopher Bertand Russell (1872- 
1970 ) who showed in 1902 that the assumption of existence of a set of all sets 
leads to a contradiction. This led to the famous Russell’s Paradox. Paul R.Halmos 
writes about it in his book ‘Naive Set Theory’ that “nothing contains everything”. 

The Russell’s Paradox was not the only one which arose in set theory. 
Many paradoxes were produced later by several mathematicians and logicians. 


| 
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Chapter 2 


(RELATIONS AND FUNCTIONS) 


< Mathematics is the indispensable instrument of 
all physical research. - BERTHELOT % 


2.1 Introduction 


Much of mathematics is about finding a pattern — a 
recognisable link between quantities that change. In our 
daily life, we come across many patterns that characterise 
relations such as brother and sister, father and son, teacher 
and student. In mathematics also, we come across many 
relations such as number т is less than number п, line / is 
parallel to line m, set A is a subset of set B. In all these, we 
notice that a relation involves pairs of objects in certain 
order. In this Chapter, we will learn how to link pairs of 
objects from two sets and then introduce relations between 
the two objects in the pair. Finally, we will learn about G. W. Leibnitz 

- special relations which will qualify to be functions. The (1646-1716) 
concept of function is very important in mathematics since it captures the idea of a 
mathematically precise correspondence between one quantity with the other. 


2.2 Cartesian Products of Sets 
Suppose A is a set of 2 colours and B is a set of 3 objects, i.e., 
A = (red, blue}and B = (В, с, 5}, 
where b, c and s represent a particular bag, coat and shirt, respectively. 
How many pairs of coloured objects can be made from these two sets? 


Proceeding in a very orderly manner, we can see that there will be 6 ) 
distinct pairs as given below: 


(red, b), (red, с), (red, s), (blue, Б), (blue, c), (blue, 5). b 
Thus, we get 6 distinct objects (Fig 2.1). КА blue 
Let us recall from our earlier classes that an ordered pair of elements Fig 2.1 


taken from any two sets P and Q is a pair of elements written in small 
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brackets and grouped together in a particular order, i.e., (p,q), p е Pand q € Q . This 
leads to the following definition: 


Definition 1 Given two non-empty sets P апа О. The cartesian product P х Q is the 

set of all ordered pairs of elements from P and Q, i.e., 
РхО-((рФ:реР4е0) 

If either P or Q is the null set, then P X О will also be empty set, i.e., PX О-ф 

From the illustration given above we note that 

A X B= {(red,b), (red,c), (red,s), (blue,b), (blue,c), (blue,s)]. 

Again, consider the two sets: 

A = (DL, MP, KA}, where DL, MP, KA represent Delhi, 
Madhya Pradesh and Karnataka, respectively and B = {01,02, 
03}representing codes for the licence plates of vehicles issued 02 
by DL, MP and КА. 01 

If the three states, Delhi, Madhya Pradesh and Karnataka 
were making codes for the licence plates of vehicles, withthe DL MP KA 
restriction that the code begins with an element from set A, Fig 2.2 
which are the pairs available from these sets and how many such à 
pairs will there be (Fig 2.2)? 

The available pairs are:(DL,01), (DL,02), (DL,03), (MP.01), (MP.02), (MP,03), 
(KA,01), (KA,02), (KA,03) and the product of set A and set B is given by 
Ах В = {(DL,01), (DL,02), (DL.03), (MP,01), (MP,02), (MP.03), (KA,01), (KA,02), 

(KA,03)}. 

It can easily be seen that there will be 9 such pairs in the Cartesian product, since 
there are 3 elements in each of the sets A and B. This gives us 9 possible codes. Also 
note that the order in which these elements are paired is crucial. For example, the code 
(DL, 01) will not be the same as the code (01, DL). 

As a final illustration, consider the two sets A= {a,, a,} and b, 

B= (b, b, by b,} (Fig 2.3). b; 

AXB = (( a, bj), (а, bj). (а, Б), (а, bj), (Gy bj), (а,, bj). b; 

(a, bj), (a, Б))- bi 

The 8 ordered pairs thus formed can represent the position of points in 
the plane if A and B are subsets of the set of real numbers and itis а, а, 
obvious that the point in the position (a,, b,) will be distinct from the point Fig 2.3 
in the position (b,, a,). 
Remarks 

(i) Two ordered pairs are equal, if and only if the corresponding first elements 

are equal and the second elements are also equal. 
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Gi) If there are p elements in A and д elements in B, then there will be pq 
elements in Ах B, i.e., if n(A) =p and n(B) = q, then n(A х B) = pq. 

(ii) If A and B are non-empty sets and either A or B is an infinite set, then so is 
AX B. 


(iv) Ax Ax A= ((a, b, c) : a, b; c € A). Here (a, b, c) is called an ordered 
triplet. 


Example 1 If (x + 1, y — 2) = (3,1), find the values of x and y. 


Solution Since the ordered pairs are equal, the corresponding elements are equal. 
Therefore x+1=3 and y-2-7 1. 
Solving we get x= 2 and y = 3. 


Example 2 If P= (a, b, с} and О = {г}, form the sets P X Q and Q x P. 
Are these two products equal? 
Solution By the definition of the cartesian product, 
PX Q= ((а, р), (b, r), (с, r)) and Qx P= {(r, a), (ғ, b), (ғ, с)) 
Since, by the definition of equality of ordered pairs, the pair (a, r) is not equal to the pair 
(ғ, а), we conclude that P x Q x О x P. 
However, the number of elements in each set will be the same. 
Example 3 Let A= {1,2,3}, B = (3,4) and C = {4,5,6}. Find | 
б) Ax(BAC) (i) (Ax B)A(AxC) 
(ш) Ax (BUC) (iv) (Ax BJ (Ах C) 
Solution (i) By the definition of the intersection of two sets, (B A C) = {4}. 
Therefore, A x (B A C) = {(1,4), (2,4), (3.4)]. 
(i) Now (A x B) = {(1,3), (1.4), (2,3), (2,4), (3,3), (3,4)) 
and (Ах C) = {(1,4), (1,5), (1,6), (2,4), (2,5), (2,6), (3,4), (3,5), (3,6)) 
Therefore, (Ах В) A (Ах С) = ((1.4), (2, 4), 3, 9}. 
(iii) Since, (BUC) = {3, 4, 5, 6}, we have 
Ах (B UC) = {(1,3), (1,4), (1,5), (1,6), (2,3), (2,4), (2,5), (2,6), (3.3), 
(3,4), (3,5); (3,6)}. 
(iv) Using the sets A X B and A x C from part (ii) above, we obtain 


(AX B) U(A X С) = {(1,3), (1,4). (1,5), (1,6), (2,3), (2,4), (2,5), (2,6), 
(3,3), (3,4), (3,5), (3,6)}. 
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Example 4 If P = (1, 2}, form the set P x P x P. 

Solution We have, PXPXP= {(1,1,1), (1,1,2), (1,2,1), (1,2,2), (2,1,1), (2,1,2), (2,2,1), 
(2,2,2)). 

Example 5 Tf R is the set of all real numbers, what do the cartesian products R x R 

and R X R X R represent? 

Solution The Cartesian product R X К represents the set R x R={(x, y) : x, уе R} 

which represents the coordinates of all the points in two dimensional space and the 


cartesian product R х R X R represents the set R X R x К ={(x, y Z) : x, y, Z E R} 
which represents the coordinates of all the points in three-dimensional space. 


Example 6 If A x B ={(р, др, ғ), (m, q), (m, r)}, find A and B. 


Solution A = set of first elements = {p, m} 
B = set of second elements = {q, r}. 


EXERCISE 2.1 


925r k Hye $5) find the values of x and y. 
дег, S S Resta "s 

If the set A has 3 elements and the set B — (3, 4, 5), then find the number of 

elements in (AXB). 


ә 


3. IfG- (7, 8) and H = (5. 4, 2}, find G X H and X G. 
4. State whether each of the following statements are true or false. If the statement 
is false, rewrite the given statement correctly. 
(i) If P= (m, n) and Q= ( n, m), then P x Q= ((m, n),(n, m)). 
(i) If A and В аге non-empty sets, then A X B is a non-empty set of ordered 
pairs (x, y) such that x € A and y € B. 
(іі) If A= (1, 2}, B= (3,4), then A x (В оф) = 9. 
5. IfA={-1, 1}, find AX AXA: 
6. IfAXB = {(a,x),(a, у), (b, x), (b, y)}. Find A and B. 
7. LetA = {1,2}. B2 (1,2, 3,4}, C= (5, 6) and D = (5,6, 7, 8}. Verify that 


(i) A X (B ^ С) = (А Xx B) A (A X C). (ii) A X C is a subset of B X D. 
8. Let A= (1,2) and B= (3,4). Write A x B. How many subsets will A x B have? 


List them. 
9. Let A and B be two sets such that n(A) = 3 and n(B) = 2. If (x, 1), (y, 2), (z, 1) 


are in A X B, find A and B, where x, y and 2 are distinct elements. 
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10. The Cartesian product A х A has 9 elements among which are found (-1, 0) and 
(0,1). Find the set A and the remaining elements of A X A. 


2.3 Relations 


Consider the two sets P = (a, b, c) and = (Ali, Bhanu, Binoy, Chandra, Divya}. 
The cartesian product of P Q 
P and Q has 15 ordered pairs which 
can be listed as P x Q = {(a, Ali), 
(a, Bhanu), (a, Binoy), ..., (c, Divya)}. 
We can now obtain a subset of 
P х Q by introducing a relation R 
between the first element x and the 
second element y of each ordered pair 
(x, y) as 
R= { (xy): x is the first letter of the name y, x € P, y e QJ. 
Then В = ((a, Ali), (b, Bhanu), (b, Binoy), (c, Chandra) } 
A. visual representation of this relation R (called an arrow diagram) is shown 
in Fig 2.4. 


ФАП 
eBhanu 
eBinoy 

eChandra 
eDivya 


Definition 2 д relation В. from a non-empty set A to a non-empty set B is a subset of 
the cartesian product Ах B. The subset is derived by describing a relationship between 
the first element and the second element of the ordered pairs in A х В. The second 
element is called the image of the first element. 


Definition 3 The set of all first elements of the ordered pairs in a relation К from a set 
A to a set B is called the domain of the relation R. 


Definition 4 The set of all second elements in a relation R from a set A to a set B is 
called the range of the relation R. The whole set B is called the codomain of the 
relation R. Note that range c codomain. 


Remarks (і) A relation may be represented algebraically either by the Roster 


method or by the Set-builder method. 
(ii) An arrow diagram is a visual representation of a relation. 


Example 7 Let A = {1, 2, 3, 4, 5, 6}. Define a relation R from A to A by 
К-((оу):у- х41) 
(i) Depict this relation using an arrow diagram. 
(ii) Write down the domain, codomain and range of R. 


Solution (i) By the definition of the relation, 


R= {(1,2), (2,3), (3,4), (4,5), (5.6). 
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The corresponding arrow diagram is 


shown in Fig 2.5. Abst a дынан 
(ii) We can see that the EEE 

domain 2(1,2, 3,4,5,) тг) 
Similarly, the range = (2, 3, 4, 5, 6} mM 


and the codomain = (1, 2, 3, 4, 5, 6}. 
қ Fig 2.5 
Example 8 The Fig 2.6 shows a relation 
between the sets P and Q. Write this relation (i) in set-builder form, (ii) in roster form. 


Whatis its domain and range? P Q 
Solution Itis obvious that the relation R is 
*x is the square of y". 
(i) In set-builder form, R = (x, y): x 
is the square of у, x e P. y e QJ 
(ii) In roster form, R = ((9, 3), 
(9, -3), (4, 2), (4, 22), (25, 5), (25, -5)} Fig 2.6 
The domain of this relation is (4, 9, 25]. 
The range of this relation is {— 2, 2, 3, 3, -5,5). 
Note that the element 1 is not related to any element in set P. 
The set Q is the codomain of this relation. 
The total number of relations that can be defined from a set A to a set B 
is the number of possible subsets of A x B. If n(A) = p and n(B) = q, then 
n (A x B) = pq and the total number of relations is 274. 


Example 9 Let A = (1, 2) and B= (3, 4). Find the number of relations from A to B. 


Solution We have, 
Ах B= {(1, 3), (1, 4), 2, 3), (2, 4)}- 
Since n (AX B ) = 4, the number of subsets of AXB is 2*. Therefore, the number of 
relations from A into B will be 2*. 
Remark A relation R from A to A is also stated as a relation on A. 


EXERCISE 2.2 


1. Let A = (1, 2, 3,14). Define a relation R from A to A by 
R = (Q5 у): 3x - y = 0, where x, y € А}. Write down its domain, codomain and 


range. 
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Define a relation R on the set М of natural numbers by К = {(x, у): y= x+ 5; 


| 


x is a natural number less than 4; х, y € N}. Depict this relationship using roster: 
form. Write down the domain and the range. 

3. A= (1, 2, 3, 5} and B = (4, 6, 9}. Define a relation R from A to B by 
R = {(x, y): the difference between x and y is odd; хе A, y e В). Write Кіп 
roster form. Рр Q 

4, The Fig2.7 shows a relationship 
between the sets P and Q. Write this 


(i) in set-builder form (ii) roster form. Nm 
What is its domain and range? 
5. LetA= (1, 2, 3, 4, 6). Let R be the 


relation on A defined by Fig 2.7 
{(a, b): a, b € A, b is exactly divisible by a}. 
(1) Write R in roster form 
(ii) Find the domain of R 
(iii) Find the range of R. 
6. Determine the domain and range of the relation R defined by 
R={(@,x +5):xe {0, 1, 2, 3, 4, 5}}. 
Write the relation R = ((x, x?) : x is a prime number less than 10} in roster form. 
Let A= (x, y, z} and B = (1, 2). Find the number of relations from A to B. 


9. LetR be the relation on Z defined by R = {(a,b): а, be 2,а-Бівап integer}. 
Find the domain and range of R. 


dod 


2,4 Functions 

In this Section, we study a special type of relation called function. It is one of the most 
important concepts in mathematics. We can, visualise a function as a rule, which produces 
new elements out of some given elements. There are many terms such as ‘map’ or 
‘mapping’ used to denote a function. 


Definition ЗА relation f from a set A to a set B is said to be a function if every 
element of set A has one and only one image in set B. 

In other words, a function f is a relation from a non-empty set A to a non-empty 
set B such that the domain of f is A and no two distinct ordered pairs in f have the 
same first element. 

If f is a function from A to B and (a, b) е f, then f (a) = b, where b is called the 
image of a under f and a is called the preimage of b under f. 


RELATIONS AND FUNCTIONS 37 


The function f from A to B is denoted by f: A B. 
Looking.at the previous examples. we can easily see that the relation in Example 7 is 
not a function because the element 6 has no image. 

Again, the relation in Example 8 is not a function because the elements in the 
domain are connected to more than one images. Similarly, the relation in Example 9 is 
also not a function. (Why?) In the examples given below, we will see many more 
relations some of which are functions and others are not. 

Example 10 Let N be the set of natural numbers and the relation R be defined on 
N such that R = {(х, у): y 22x x y e М). 

What is the domain, codomain and range of R? Is this relation a function? 
Solution The domain of R is the set of natural numbers N. The codomain is also N. 
The range is the set of even natural numbers. 

Since every natural number п has one and only one image, this relation is a 
function. 


Example 11 Examine each of the following relations given below and state in each 
case, giving reasons whether it is a function or not? 
() R={(2,1,G,1), (4,2)}, Gi) R= 1(2,2),2,4),3.3), (4,4) 
(iii) R = {(1,2),02,3),(3,4), (4,5), (5,6), (6,7)) 
Solution (i) Since2, 3, 4 are the elements of domain of R having their unique images, 
this relation R is a function. 
(ii) Since the same first element 2 corresponds to two different images 2 
and 4, this relation is not a function. 
(iii) Since every element has one and only one image, this relation is a 
function. 
Definition 6 А function which has either К or one of its subsets as its range is called 
a real valued function. Further, if its domain is also either R or a subset of R, it is 
called a real function. 
12 Let N be the set of natural numbers. Define a real valued function 


Example 
f: N> N by f (x) = 2x + 1. Using this definition, complete the table given below. 


yc: 2 ms Л 
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2.4.1 Some functions and their graphs 
(i) ^ Identity function Let R be the set of real numbers. Define the real valued 
function f: R — R by y = Дх) = x for each x e R. Such a function is called the 


identity function. Here the domain and range of f are R. The graph is a straight line as 
shown in Fig 2.8. It passes through the origin. 


Six) =x 
Fig 2.8 
Constant function Define the function f RR by y = f(x) = с, x e R where 


c is a constant and each x e К. Here domain of f is R and its range is (с). 
Y 


(i) 


RELATIONS AND FUNCTIONS 39 


The graph is a line parallel to x-axis. For example, if f(x)=3 for each xe К, then its 

graph will be a line as shown in the Fig 2.9. 

(ii) Polynomial function A function f: RR is said to be polynomial function if 
for each x in R, y = f()-a, ax aj + „жа, X, where п is a non-negative 
integer and а, а, dy....a,ER. 

The functions defined by f(x) = x? — xX? + 2, and g(x) = x^ + ,/2 x are some examples 

2 

of polynomial functions, whereas the function л defined by h(x) = х? + 2x is not a 

polynomial function.(Why?) 

Example 13 Define the function f. R Э К by y = f(x) = xX, хе R. Complete the 

Table given below by using this definition. What is the domain and range of this function? 


Draw the NC т of m 
ЛЕТИЕ КИКЕНЕ 
ENDE e с. сисе 


Solution The completed Table is given below: 


mm | Ibo 


Domain of f= (x : xe RI. Ripe wane Em x2 m хе d The mE = given 
by Fig 2.10 


Y 


fix) =x 2 Fig 2.10 
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Example 14 Draw the graph of the function f :R — R defined by f (x) = 2°, xe R. 
Solution We have 

KO) = 0, fl) = 1, fl-1) = -1, RD) = 8, R-X) = -8, Д3) = 27; f(-3) = 21, etc. 

Y 


Therefore, f= {(х,0): xeR). 
The graph of fis given in Fig 2.11. 


Y' 
fix) =x? 
Fig 2.11 


(iv) Rational functions are functions of the type —— fe , where f(x) and g(x) are 


g(x) 
polynomial functions of x defined in a domain, where g(x) z 0. 


Example 15 Define the real valued function f : R — {0} — R defined by fe-, 


хе R-(0). Complete the Table given below using this definition. What is the domain 
and range of this function? 
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The domain is all real numbers except 0 and its range is also all real numbers 
except 0. The graph of f is given in Fig 2.12. 
Y 


Fig 2.12 fo) =4 


(v) The Modulus function The function 
f: R9 R defined by f(x) = Ixl for each 
x €R is called modulus function. For each 
non-negative value of x, f(x) is equal to x. 
But for negative values of x, the value of 
Дх) is the negative of the value of x, i.e., 


x,x20 


-х,х<0 


ro 


The graph of the modulus function is given 
in Fig 2.13. 


(vi) Signum function The function 
f RR defined by 


Lifx»0 
f(x) 240,if x=0 
-Lifx«0 


- iscalled the signum function. The domain of the signum function is R and the range is 
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the set {-1, 0, 1}. The graph of the signum function is given by the Fig 2.14. 


x’ X 
pu 1 
М2 
х 
Рх) = Ln Oand 0for x = 0 
Fig 2.14 


(vii) Greatest integer function 
The function f: В — R defined 
by f(x) = [x], x ER assumes the 
value of the greatest integer, less 
than or equal to x. Such a function 
is called the greatest integer 
function. 
From the definition of [x], we 

can see that 

[x] 2 -1 for-1 €x «0 

[x]= Ofor0<x<1 

[= -Liert sx <2 

[x] 2 for2<x<3 and 


Дх) = [x] 
Fig 2.15 


so on. 
The graph of the function is 
shown in Fig 2.15. 


2.4.2 Algebra of real functions In this Section, we shall learn how to add two real 
functions, subtract a real function from another, multiply a real function by a scalar 
(here by a scalar we mean a real number), multiply two real functions and divide one 
real function by another. 


(i) Addition of two real functions Let f: X — R and g : X  R be any two real 
functions, where X c К. Then, we define (f + g): X — R by 


(f+ 8) (х) =f (x) + g (х), for all x e X. 
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(ii) Subtraction of a real function from another Let f : XR and g: XR be 
any two real functions, where XC В. Then, we define (f — 2) : XR by 
(Fg) (x) = Дх) -gQ), for all xe X. 


(iii) Multiplication by a scalar Let f : XR be a real valued function and œ be a 
scalar. Here by scalar, we mean a real number. Then the product © fis a function from 
X to R defined by (Q f) (х) = Of (x), x eX. 


(iv) Multiplication of two real functions The product (or multiplication) of two real 
functions f:X—R and g:XR is a function fg:XR defined by 


(fg) (x) = fix) g(a), for all xe X. 
This is also called pointwise multiplication. 
(v) Quotient of two real functions Let f and g be two real functions defined from 


f 
XR where X CR. The quotient of f by g denoted by g is a function defined by , 


x 
M -20 , provided g(x) £0, x e X 
Example 16 Let f(x) = x and g(x) = 2x + 1 be two real functions.Find 


(f + в) (x), (/-ө) (0), (fa) "P jo. 


Solution We have, 4 2 
(f+g) (=x + 2x41, F-g) @) = х -2x-1, 


2 xd f х? 
(fg) (x) =x Qx D 22x +x, e | уе, “-2 


Example 17 Let f(x) = x and g(x) = х be two functions defined over the set of non- 


f 
negative real numbers. Find (f + 8) (х), (f — g) (x), (fg) (x) and (4) (x). 
Solution We have 
+D 0 = Үз» (0-09 = Jx -х, 


Дд 
(fg) x £ Vx(x)= E. and (2) TE 2 ,xx0 


x 
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Which of the following relations are functions? Give reasons. If it is a function, 
determine its domain and range. 


G6) {(2,1), (5,1), (8,1), (11,1), (14,1), (17,0)] 
(4) (02,1), (4,2), (6,3), (8,4), (10,5), (12,6), (14,7)) 
GR) {(1,3), (1,5), 0,5). 


2.  Findthe domain and range of the following real functions: 


© Аю) = |x @ Ах) = /9-х. 
3. А function f is defined by f(x) = 2x —5. Write down the values of 
@ РО), Gi) /(7, (ш) fC3. 


The function ‘ which maps temperature in degree Celsius into temperature in 
9C 
degree Fahrenheit is defined by (C) = RUNS 32. 


Find (i) (0) (ii) (28) (іш) t-10) (iv) The value of C, when (С) = 212. 
5.  Findthe range of each of the following functions. 
(0) fœ -<2-3х хе R, х>0. 
Gi) f(x) =x +2, xis a real number. 
(ii) f(x) =x, xis a real number. 


— Miscellaneous Examples — 


Example 18 Let R be the set of real numbers. = 
Define the real function 


f ROR by f(x) = x + 10 
and sketch the graph of this function. 


(0,10) 
Solution Here fO) = 10, f(1) = 11, Д2) = 12, ..., 
Д10) = 20, etc., and 
А-1) = 9, f-2) 28, ., /-10) = 0 and soon. (10,0) 
Therefore, shape of the graph of the given Р о 


function assumes the form as shown іп Fig 2.16. 


Remark The function f defined by f(x) = mx +c , yi 
хе R, is called linear function, where m and с аге 


constants. Above function is an example of a linear Fig 2.16 
function. Hg 
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Example 19 Let R be a relation from Q to Q defined by R = {(a,b): a,b € Q and 
a-b e Z}. Show that 
(i) (аа) € Rforallae Q 
(i) (a,b) е R implies that (b, a) € R 
(iii) (a,b) € R and (b,c) е R implies that (a,c) ER 
Solution (i) Since, a—a 2 0 e 7, if follows that (a, a) є К. 
Gi) (a,b) є R implies that a - b € Z. So, b — a € Z. Therefore, 
(ba)e R 
(ii) (а, b) and (b, c) є R implies that a - be Z. b- ce Z. So, 
a—c = (a — b) + (b— c) € Z. Therefore, (a,c) є К 
Example 20 Let f= {(1,1), (2,3), (0, —1), (-1,-3)) bea linear function from Z into Z. 
Find f(x). 


Solution Since f is a linear function, f (x) = mx + c. Also, since (1, 1), (0,- е К, 
Р) =т+ с = 1 and f (0) = c =-1. This gives т = 2 and Дх)-2х-І. 

Е; le 21 Find the domain of the functi gus tiers 

xample ind the domain of the function SW 


Solution Since x -5x44- (x — 4) (x —1), the function f (x) is defined for all real 
numbers except at x = 4 and x = 1. Hence the domain of f is R — (1, 4j. 


Example 22 The function f is defined by 
1-х, х<0 
1 ,x=0 


ғо) = 
x+], х>0 


Draw the graph of f (x). 
Solution Here, f(x) = 1 — x, x< 0, this gives 
f- 4) =1-C4)=5; 
f-3) =1-(C3)=4, 
fe 2) =1-C2)=3 
f-1) =1- (0) «2; ete, 
and Д1) -2,/(2)-3,/(9)-4 
f(4) -5 and soon for f(x) = x 1, x » 0. 
Thus, the graph of fis as shown in Fig 2.17 


x’ 
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10. 


. The relation fis defined by /() -| 


. If f (9 =x, find 


. Find the domain of the function f (x) = 
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Miscellaneous Exercise on Chapter 2 


х? ,0<х<3 


3х,3<х<10 


х*‚0<х<2 
3x,2<x<10 
Show that fis a function and g is not a function. 


fü.D- fq) 
MIE 


The relation g is defined by «e» 


х +2х+1 
х? -8х+12 


. Find the domain and the range of the real function f defined by f (x) = J(x—1) . 
. Find the domain and the range of the real function f defined by f (x) = |x- 1|. 


2 
x 
zl 
. Lea f ( lex 


of f. 


. Let f, g : ROR be defined, respectively by f(x) = x + 1, g(x) = 2x — 3. Find 


JŽ 
f +8, f-—g an РЕ 


. Let f= ((1,1), (2,3), (0,-1), (-1,-3)) be a function from Z to Z defined by 


Дх) = ax + b, for some integers a, b. Determine a, b. 


. LetR be a relation from N to N defined by R = ((a, b) : a, b € Nanda =b}. Are 


the following true? 


(i) (аа) R, for all a e М (i) (a,b) є R, implies (b,a) € R 


Gii) (a,b) е В, (b,c) є R implies (a,c) е К. 
Justify your answer in each case. 


Let A ={ 1,2,3,4}, B = (1,5,9,11,15,16} and f= {(1,5), (2,9), (3,1), (4,5), (2,11)} 


Are the following true? 


(i) fis а relation from A to В (ii) f is a function from A to B. 


Justify your answer in each case. 


) xe ns a function from R into R. Determine the range 
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11. Let f be the subset of Z х Z defined by f = ((ab, a +b): a, b e Z}. 15 fa 
function from Z to Z? Justify your answer. 

12. Let A= {9,10,11,12,13} and let f : AN be defined by f (n) = the highest prime 
factor of n. Find the range of f. 


Summary 

In this Chapter, we studied about relations and functions.The main features of 
this Chapter are as follows: 

* Ordered pair A pair of elements grouped together in a particular order. 

* Cartesian product A x B of two sets A and B is given by 
АхВ- {(a,b):ae A,be В) 
In particular R x R = {(x, у): x, y € R} 
and R x R x R = (x, y, z): x,y,z E€ R} 

* If (a, b) = (x, y), then a = x and b = y. 

* If n(A) = p and n(B) = q, then n(A x B) = pq. 

“Ахфеф 

+ Іп general, A x B +B x A. 

* Relation A relation R from a set A to a set B is a subset of the cartesian 
product A x B obtained by describing a relationship between the first element 
x and the second element y of the ordered pairs in A x B. 

+ The image of an element x under a relation R is given by y, where (x, y) € R, 

+ The domain of R is the set of all first elements of the ordered pairs in a 
relation R. 

* The range of the relation R is the set of all second elements of the ordered 
pairs in a relation R. 

* Function A function f from a set A to a set B is a specific type of relation for 
which every element x of set A has one and only one image y in set B. 
We write f: AB, where fix) = у. 

* A is the domain and B is the codomain of f. 
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* The range of the function is the set of images. 


* A real function has the set of real numbers or one of its subsets both as its 
domain and as its range. 


* Algebra of functions For functions f:X — Rand g : X  R, we have 
(+в) w =f) +ga), xe X 
(f- 8) б) = 0) - 600), xe X 
(fg) (x) =f) .g@),xe X 
(kf) б) =k f (x) ), x © X, where k is a real number. 


(je - oe X, а(х) #0 


Historical. Note 


The word FUNCTION first appears in a Latin manuscript “Methodus 
tangentium inversa, seu de fuctionibus" written by Gottfried Wilhelm Leibnitz 
(1646-1716) in 1673; Leibnitz used the word in the non-analytical sense. He 
considered a function in terms of “mathematical job” — the "employee" being 
just a curve. 

On July 5, 1698, Johan Bernoulli, in a letter to Leibnitz, for the first time 
deliberately assigned a specialised use of the term function in the analytical 
sense. At the end of that month, Leibnitz replied showing his approval. 

Function is found in English in 1779 in Chambers’ Cyclopaedia: “The 
term function is used in algebra, for an analytical expression any way compounded 
of a variable quantity, and of numbers, or constant quantities". 


adf 
— 4 — 


Chapter à 


TRIGONOMETRIC FUNCTIONS 


ФА mathematician knows how to solve a problem, 


he can not solve it, - MILNE % 


ЭЛ Introduction 


The word ‘trigonometry’ is derived from the Greek words 
‘trigon’ and ‘metron’ and it means ‘measuring the sides of 
a triangle’. The subject was originally developed to solve 
geometric problems involving triangles. It was studied by 
sea captains for navigation, surveyor to map out the new 
lands, by engineers and others. Currently, trigonometry is 
used in many areas such as the science of seismology, 
designing electric circuits, describing the state of an atom, 
predicting the heights of tides in the ocean, analysing a 
musical tone and in many other areas. 

In earlier classes, we have studied the trigonometric 
ratios of acute angles as the ratio of the sides of a right 


3.2 Angles 


Arya Bhatt 
(476-550) 


angled triangle. We have also studied the trigonometric identities and application of 
trigonometric ratios in solving the problems related to heights and distances. In this 
Chapter, we will generalise the concept of trigonometric ratios to trigonometric functions 
and study their properties. 


Angle is a measure of rotation of a given ray about its initial point. The original ray is 


B Vertex 
о 
age 
SS 
s 
е 
о А 
Vertex Initial side 


Initial side 


(i)Positive angle Fig 3.1 (ii) Negative angle 
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called the initial side and the final position of the ray after rotation is called the 
terminal side of the angle. The point of rotation is called the vertex. If the direction of 
rotation is anticlockwise, the angle is said to be positive and if the direction of rotation 
is clockwise, then the angle is negative (Fig 3.1). 

The measure of an angle is the amount of Initial side А 
rotation performed to get the terminal side from © ^ Terminal Side > 
the initial side. There are several units for B 
measuring angles. The definition of an angle Fig 3.2 
suggests a unit, viz. one complete revolution from the position of the initial side as 
indicated in Fig 3.2. 

This is often convenient for large angles. For example, we can say that a rapidly 
spinning wheel is making an angle of say 15 revolution per second. We shall describe 


two other units of measurement of an angle which are most commonly used, viz. 
degree measure and radian measure. 


1 th 
3.2.1 Degree measure If a rotation from the initial side to terminal side is ЕЗ of 
a revolution, the angle is said to have a measure of one degree, written as 1°. A degree is 
divided into 60 minutes, and a minute is divided into 60 seconds . One sixtieth of a degree is 
called a minute, written as 1’ , and one sixtieth of a minute is called a second, written as 1". 
Thus, 12-60%,  12=60" 


Some of the angles whose measures are 360°,180°, 270°, 420°, — 30°, — 420° are 
shown in Fig 3.3. 


р 270° 
бут» Бе Ж A А 
B 


420 
(0) А А 
А “439 : 420" 
B 
Fig 33 B 
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3.2.2 Radian measure There is another unit for measurement of an angle, called 
the radian measure. Angle subtended at the centre by an arc of length 1 unit in a 
unit circle (circle of radius 1 unit) is said to have a measure of 1 radian. In the Fig 
3.4(i) to (iv), OA is the initial side and OB is the terminal side. The figures show the 


: 1 
angles whose measures аге 1 radian, —1 radian, 15 radian and -1 5 radian. 


(iii) 


A 
ЕЛІ 
B 


B a 
(iv) 
Fig 3.4 (i) to (iv) 
We know that the circumference of a circle of radius 1 unit is 2л. Thus, one 
complete revolution of the initial side subtends an angle of 2m radian. 


More generally, in a circle of radius r, an arc of length r will subtend an angle of 
1 radian. It is well-known that equal arcs of a circle subtend equal angle at the centre. 
Since in a circle of radius r, an arc of length r subtends an angle whose measure is 1 
radian, an arc of length / will subtend an angle whose measure is : radian. Thus, if in 


a circle of radius г, an arc of length / subtends an angle Ө radian at the centre, we have 


1 
a ze ог 12 0. 
r 
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3.13 Relation between radian and real numbers с 
Consider the unit circle with centre O. Let A be any point 

on the circle. Consider OA as initial side of an angle. 

Then the length of an arc of the circle will give the radian 

measure of the angle which the arc will subtend at the 

centre of the circle. Consider the line PAQ which is 

tangent to the circle at A. Let the point A represent the 0 
real number zero, АР represents positive real number and 

AQ represents negative real numbers (Fig 3.5). If we 

rope the line AP in the anticlockwise direction along the 

circle, and AQ in the clockwise direction, then every real 

number will correspond to a radian measure and -2 
conversely. Thus, radian measures and real numbers сап Fig 3.5 Q 
be considered as one and the same. 


3.2.4 Relation between degree and radian Since a circle subtends at the centre 
an angle whose radian measure is 27 and its degree measure is 360°, it follows that 


2n radian = 360? ог mradian = 180° 


The above relation enables us to express a radian measure in terms of degree 
measure and a degree measure in terms of radian measure. Using approximate value 


22 
of mas =, we have 


7 
1 radian = ar =57° 16’ approximately. 
T 
Also 1°= 180 radian = 0.01746 radian approximately. 


The relation between degree measures and radian measure of some common angles 
are given in the following table: 
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Notational Convention 
Since angles are measured either in degrees or in radians, we adopt the convention 
that whenever we write angle Ө °, we mean the angle whose degree measure is Ө and 
whenever we write angle B, we mean the angle whose radian measure is В. 

Note that when an angle is expressed in radians, the word 'radian' is frequently 


т т 
omitted. Thus, t = 180° and gt 45° are written with the understanding that л and 4 


are radian measures. Thus, we can say that 


т 


Radian measure - 180 x Degree measure 


180 
Degree measure — FE x Radian measure 


Example 1 Convert 40° 20’ into radian measure. 


Solution We know that 180° = 7 radian. 


—— of dax in 
Hence 40° 20’ = 40 3 degree = 180 573 da= Lo ian. 
Th: 40° 20’ _ 217 di: 
erefore ELI n an. 


Example 2 Convert 6 radians into degree measure. 


Solution We know that л radian = 180°. 


180 1080 x7 
Hence б radians = —— x6 degree = 7-22 degree 


minute [as 1° =60' ] 


7 7x60 
= 343 | degree = 343° + П 


2 
=343° +38’ + П minute [as 1^ 260^] 
= 343° +38’ + 10.9” = 343°38’ 11" approximately. 
Hence б radians = 343° 38’ 11” approximately. 
Example 3 Find the radius of the circle in which a central angle of 60° intercepts an 
22 


arc of length 37.4 cm (use? — 7 ). 
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x COR. 1: л 
Solution Here / = 37.4 cm and Ө = 60° = тан ИС 
1 
Непсе, by r= Q we have 
y 37.423, 37.4х3х7 ҚЗ di 
т 22 


Example 4 The minute hand of a watch is 1.5 cm long. How far does its tip move in 
40 minutes? (Use x = 3.14). 


Solution In 60 minutes, the minute hand of a watch completes one revolution. Therefore, 


2 2 о 
іп 40 minutes, (һе minute hand turns through 3 ofarevolution. Therefore, 0 — АГ 360 


4т 
ог y radian. Hence, the required distance travelled is given by 


l&r oa 15x S от =2лст=2 x3.14 cm = 6.28 cm. 


Example 5 If the arcs of the same lengths in two circles subtend angles 65°and 110° 
at the centre, find the ratio of their radii. 


Solution Let r, and r, be the radii of the two circles. Given that 


оаа хал a, 
52 180 720070186: cAn 
л л 
= = — X110 = — radi 
and Ө, - 110 180 36 radian 
Let / be the length of each of the arc. Then / = r0, = r,0,, which gives 
13r 227 n 2 


36 ET хг, Le., Pica 


Hence r,:r,-22:13. 


1. Find the radian measures corresponding to the following degree measures: 
(1) 25° (ii) —47*30' (iii) 240* (iv) 520* 
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2. Find the degree measures corresponding to the following radian measures 


22 
(Use х= 7 th 
: H $ DL. , Tm 
(1) 16 (і) -4 (ш) "ad (iv) ж. 


3. А wheel makes 360 revolutions in one minute. Through how many radians does 
it turn in one second? 
4. Find the degree measure of the angle subtended at the centre of a circle of 


22 
radius 100 cm by an arc of length 22 cm (Use 7 — 7) 


5. In a circle of diameter 40 ст, the length of a chord is 20 cm. Find the length of 
minor arc of the chord. 
6. lf in two circles, arcs of the same length subtend angles 60° and 75° at the 
centre, find the ratio of their radii. 
7. Find the angle in radian through which a pendulum swings if its length is 75 cm 
and th e tip describes an arc of length 
(i) 10cm (ii) 15 ст (ш) 21cm 


32 Trigonometric Functions 
In earlier classes, we have studied trigonometric ratios for acute angles as the ratio of 
sides of a right angled triangle. We will now extend the definition of trigonometric 
ratios to any angle in terms of radian measure and study them as trigonometric functions. 

Consider a unit circle with centre 
at origin of the coordinate axes. Let 
P (a, b) be any point on the circle with 
angle AOP = x radian, i.e., length of arc 
AP = x (Fig 3.6). 

We define cos х= a and sin x= b 
Since AOMP is a right triangle, we have 

OM? + MP? = OP? or à + b = 1 
Thus, for every point on the unit circle, 
we have 

а? +b’ = 1 or cos*x + sin’ x= 1 

Since one complete revolution 
subtends an angle of 2x radian at the 


x’ 


т 
centre of the circle, ZAOB = 2” 


м к 
ХАОС s камі ZAOD = 72 Al angles which are integral multiples of 7 arc called 


жекіп angles. The coordinates of the points А, В, C and D are, respectively, 
(1,0), 00, 1), (1, 0) and (0, <1). Therefore, for quadrantal angles, we have 


om 0 = 1 sing’ «0, 
o» 1 LI 3 el 
comme ~ 1 Мак =O 
on * uo -. .-І 
он Inet sin 2л 80 
Now, if we lake one complete revolution from the point Р, we again come back to 
same point Р Thus, we also observe that if x increases (or decreases) by any integral 
multiple of 27, the values of sine and cosine functions do not change. Thus, 
sin (яй +з) stink. n6 Z, соз (Оя + X) e conne Z 
Vorther, sin £9 0, if X 50 а, 22m, а Эл, n Le. when xis an integral multiple of x 


LIGIIMSST 5 


2. 
tripe of 7. Tis 

Ча з = 0 implies x = nx, where я is any integer 

qn ‚= O implies x = (n 21) 1, where n is any integer 
We now dafine other trigoncmetric functions in terms of sine and cosine functions 


> ‚® ЭЯ — le. оон a vanishes when xis an odd 


| 
omer a= -.” WR, where n is any integer. 


1 1 
LII ыты М) go wem nin any integer. 


че, лайы Ds where» ie 
poss’ wy тін any integer. 


nt a = SE ran X, ober n bs any integer 


п Жой ола 


тема ыты " 


We have shown that for all teal 4. ILI TL 
и follows that 
| e tans X (why) 


Ieo: soma (why?) 
ін cartier classes, we have discussed the values of trigonometric ratios for 07, 
wr 45". ^ and 90°. The Values of trigonometric function for these angles ane same 
as that of trigamometric ration studied in cartier clases. Thus: we have the following 
tabe. 


The values of cosec х, sec х amd сй л 
are the reciprocal of the values of ме 5, 
cos x and tan x, respectively. 
ME Sign of trigonometric functions 
Lat P (a, b) be a potat on Өк мой ак 


сокефемев of the poat Q will be (ә, >) 
(Pig 37). Therefore 
сон (- 0) я со л 
ad че 0) - мел 
Since for every роми Р (а, b) on v 
the wnit circle, - | $a 51 and PM 
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— 1 < b <1, we have - 1<соѕ x <1 and -1<sin x€1 for all x. We have learnt in 


ul 54: " 
previous classes that in the first quadrant (0 < x < 2 ) a and b are both positive, in the 
second quadrant ( 2 < x <T) a is negative and b is positive, in the third quadrant 


Зл Зл 
("<х< э ) а and b are both negative and in the fourth quadrant Cy <x<2n) ais 


positive and b is negative. Therefore, sin x is positive for 0 < x < л, and negative for 


3n 


B H H Ра T а n 
л «x «2r. Similarly, cos x is positive for 0 < x< 7 negative for 2 <*< E and also 


de Зл 
positive for 2 5 < 2n. Likewise, we can find the signs of other trigonometric 


functions in different quadrants. In fact, we have the following table. 


cosec x 
cot x 


3.3.2 Domain and range of trigonometric functions From the definition of sine 
and cosine functions, we observe that they are defined for all real numbers. Further, 
we observe that for each real number x, 


= 1<5іп х<1 and – 1 €cos x<] 


Thus, domain of y = sin x and У = cos x is the set of all real numbers and range 
is the interval [-1, I], ie, - 1<у<]. 
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VN. 
sinx 
хепт,пе Z) and range is the set (y: y € К.у 2 1 огу <- 1). Similarly, the domain 


Since cosec x — ‚ the domain of y = cosec x is the set { x: x € R and 


т 
of y = sec x is the set {x : x € R and x # Qn + 1) ge Z) and range is the set 
(y:y eR y < — lor y > 1). The domain of y = tan x is the set {х:хє Капа 


л 
x # (2п + 1) 3: € Z) and range is the set of all real numbers. The domain of 


y = cot x is the set [x : x € Rand x# n n, n€ Z} and the range is the set of all real 
numbers. 


.Sinx 


Nila 


We further observe that in the first quadrant, as x increases from 0 to 
à А n ы 
increases from 0 to 1, as x increases from 2 to л, sin x decreases from | to 0. In the 


> Зл. r ; 
third quadrant, as x increases from л to 2: sin x decreases from 0 to —land finally, in 


Зл 
the fourth quadrant, sin x increases from —1 to 0 as x increases from = to 2m. 


Similarly, we can discuss the behaviour of other trigonometric functions. In fact, we 
have the following table: 


TI quadrant | Ш quadrant IV quadrant 


increases from 0 to 1 


increases from —1 to O increases from 0 to 1 


decreases from ee to 1 


Remark In the above table, the statement tan x increases from 0 to ce (infinity) for 


eb 4 ; л 
0<х< 5 simply means that tan x increases as x Increases for0 <x < 8 and 
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n 
assumes arbitraily large positive values as x approaches to 3 Similarly, to say that 


совес x decreases from —1 to — co (minus infinity) in the fourth quadrant means that 


Зл 
совес x decreases for x e ( PE 2m) and assumes arbitrarily large negative values as 
х approaches to 27. The symbols оо and — ce simply specify certain types of behaviour 
of functions and variables. 


We have already seen that values of sin x and cos x repeats after an interval of 
2т. Hence, values of cosec x and sec x will also repeat after an interval of 2л. We 


y=tanx Fig 3.10 


у= сох Fig 3.11 
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к 


у = соѕес x 
Fig 3.13 


shall see in the next section that tan (т +x) = tan x. Hence, values of tan x will repeat 
after an interval of т. Since cot x is reciprocal of tan x, its values will also repeat after 
an interval of л. Using this knowledge and behaviour of trigonometic functions, we can 
sketch the graph of these functions. The graph of these functions are given above: 


Example 6 If cos х= — : ‚ x lies in the third quadrant, find the values of other five 
trigonometric functions. 
Р 3 5 

Solution Since cos x = “2 , we have secx- “% 
Now sin?x + cos?x = 1, ie. sin?x = 1 — co? x 

MU pet ВО 
or smx-l- 55 = 95 

б 4 
Непсе sinx=+ 3 


Since x lies in third quadrant, sin x is negative. Therefore 
4 


sinx=- = 
which also gives 
5 


соѕес —— | 
4 
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Further, we have 


sinx 4 cosx 3 
tanx- — = > and cotx- — XT; 
cosx 3 sinx 4 
eee i: 
Example 7 If cot x = – bp? lies in second quadrant, find the values of other five 
trigonometric functions. 
= 5 12 
Solution Since cot x = — —, we һауе tan x =- — 
12 5 
144 169 
N 2x =1+tan?x=14+ — = — 
ow sec? x an?x = 1 + 25 25 
13 
Hence secx=+ n 


Since x lies in second quadrant, sec x will be negative. Therefore 


TD 
sec х= – $^ 
which also gives 
5 
cos x = —— 
13 
Further, we have 
sinx= tan x cos x =( E, ( 2 12 
күр cT) Sm 
and с : x 
si CE See, DAS UE 
pou snx 12 


; 3Іт 
Example 8 Find the value of sin 3^ 


Solütion We know that values of sin x repeats after an interval of 2л. Therefore 


М 317 1 x MN V3 
sin 3 а зс 
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Example 9 Find the value of cos (-1710?). 


Solution We know that values of cos x repeats after an interval of 2л or 360°. 
Therefore, cos (-1710°) = cos (-1710° + 5 x 360?) 
= cos (-1710? + 1800?) = cos 90° = 0. 


Find the values of other five trigonometric functions in Exercises 1 to X 


1 
1, <8Х--2,Х lies in third quadrant. 


ә 


3 
sin x= yu lies in second quadrant. 
EN LS 
3. cotxz 2,Х lies in third quadrant. 
13 
4. ѕесх= gx lies in fourth quadrant. 


5 
5, Әпх-- у, lies in second quadrant. 


Find the values of the trigonometric functions in Exercises 6 to 10. 


6. sin 765° 7. cosec (— 1410?) 
NI: ac Hf 
8. tn 3 919 92 (= 3 ) 
15x 


10, cot(- ran 


34 Trigonometric Functions of Sum and Difference of Two Angles 

In this Section, we shall derive expressions for trigonometric functions of the sum and 
difference of two numbers (angles) and related expressions. The basic results in this 
connection are called trigonometric identities. We have seen that 


1. sin(-x) =-sinx 
2. cos (- x) = cos x 


We shall now prove some more results: 
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3. cos (x + y) = cos x cos y — sin x sin y 


Consider the unit circle with centre at the origin. Let X be the angle P,OP and y be 
the angle Р,ОР,. Then (x + y) is the angle РОР, Also let (— y) be the Tm POP. 

Therefore, ре p P, and P, will have the coordinates P (COs x, sin x), 
P, [cos (x + y), sin (x + y)], Р, [cos (- y), sin (- y)] and P, (1, 0) (Fig 3.14). 


P, (cos x, sin x) 


Fig 3.14 


Consider the triangles P. (ОР, and P,OP,. They are congruent (Why?). Therefore. 
РР, and Р.Р, are equal. By using distance fo rmula, we get 


P,P,” = [cos x – cos (- у)? + [sin x — sin(-y}? 
= (cos x — cos y)? + (sin x + sin yy 
= cos? + cos? y — 2 cos x cos у + Sin! x + зїп? у + 2sin x sin y 
= 2—2 (cos x cos y — sin x sin y) (Why?) 
Also, P,P? = [1 – cos (x + 3)? + [0 – sin (x + y)? 
= ] - 2cos (x + у),+ cos? (х + у) + sin? (x+y) 


= 2-2 cos (x +y) 
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Since P,P, = P,P, we have РР) = PP? 
Therefore, 2 —2 (cos x cos y — sin x sin y) = 2- 2 cos (x + y). 


Hence cos (x + у) = cos x cos y — sin x sin у 


4. 


cos (x — y) = cos x cos y + sin x sin y 


Replacing y by — y in identity 3, we get 


5. 


cos (х + (— y)) = cos x cos (— y) — sin x sin (- y) 
Or cos (х — у) = cos x cos y + sin x sin y 


т n 
cos 37 = sin x 


т 
If we replace x by 2 and y by x in Identity (4), we get 


6. 


T T Л > 1 
cos (7 —X) = cos 2 cos x + sin 2 sin x = sin x. 


т 
sin Gey = cos x 


Using the Identity 5, we have 


TRO т (т, 
Sin Е 2 2 = Cos x. 


7. віп (x + у) = sin x cos y + cos x sin y 
We know that 
т т 
sin (x + y) = cos (5-69) = cos (&-9-») 
т Mens , 
= cos (7 -X) cos y + sin (5 =% sin y 
= sin x cos y + cos x sin y 
8: sin (x - y) = sin x cos y - cos x sin y 


If we replace y by —y, in the Identity 7, we get the result. 


9; 


By taking suitable values of x and y in the identities 3, 4, 7 and 8, we get the. 
following results: 


т 5 Жез 
cos С =-sinx sin Gt = cos х 


cos (m — x) = – cos x sin (л- х) = sin x 
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cos (t + х) = – cos x sin (t +x) =- sin x 
cos (2x - x) = cos x sin (2x - x) = - sin x 


Similar results for tan x, cot x, sec x and cosec x can be obtained from the results of sin 
x and cos x. 


4 л 
10. If none of the angles x, y and (x + y) is an odd multiple of 2 then 


tan x + tan y 


tan (xy) = 1-tan x tan y 


< Я; гё 
Since none of the x, y and (x + y) is an odd multiple of 5 » it follows that cos x, 
cos y and cos (x + y) are non-zero. Now 


Sin(-ty) sin x cos y + cos x sin y 


tan (x+y) = = F Г е 
pnt; cos(xty) cos x cos y - sin x sin y 


Dividing numerator and denominator by cos x cos y, we have 


sin xcos y , osx sin y 


COS X cos y cosxcos y 
CIE аі Ьа d P 


tan (x + y : : 
( » COS Xcos y Sinxsin y 
Шы”. as с. баб жане ЖЫ 


COS x cos У cosxcosy 


tan x--tan y 
= 71 
1—tan xtan y 
tan x ~ tan y 
1+tan x tan y 
If we replace y by — y in Identity 10, we get 
fan (x - y) = tan [x + (— уу] 


11 tan(x-y)z 


tan x -tan (— y) tan x— (ап y 
. l-tanxtan(-y) ~ 1+tanxtany 


12. If none of the angles *, y and (x + y) is a multiple of 7, then 


e - 
Pest 


cot +у)= 
ae) cot y -cot x 
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Since, none of the x, y and (x + y) is multiple of л, we find that sin x sin y and 
sin (x + y) are non-zero. Now, 


cos (x+ y) сов xcos y -sin xsin y 
sin (x+ y) sin xcos y+cos xsin y 


cot ( x + у)= 


Dividing numerator and denominator by sin x sin y, we have 


cot x cot y- 1 
соу) Г ыы 
cot y + cot x 
cot x cot y 1 

үз. ieee 
cot y - cot x 


If we replace y by —y in identity 12, we get the result 


f 3 1-tan? x 
14, cos 2x = cosy — sin? x = 2 cos? x - 1=1- 2'si? х= . 7. 
1+ (ап? x 


We know that 
cos (x * y) 2 cos x cos y — sin x sin y 
Replacing y by x, we get 
cos 2x = cos*x — sin? x 
= cos?x — (1 — cos?x) = 2 cos*x - 1 
Again, cos 2x = cos? x — sin’ x 
=1-—sin? x—sin? x= 1—2 six. 


2 212 
cos x—sin X 


We have cos 2x = cos? x sin? x = 2 DNO 
cos’ x+sin ^ x 


Dividing numerator and denominator by cos? x, we get 
1 - (ап? x 


cos 2x = 
]--tan? x 


1 4 Жап х 
15. sin 2x = 2sinx cos X = 4 4 tan? y 


We have 
sin (x + у) = sin x cos y + cos x sin y 
Replacing y by x, we get sin 2x = 2 sin x COS x. 
2sin xcosx 


in sin 2x = 2 
POE i cos? x+sin? x 
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Dividing each term by cos? x, we get 
2tanx 


Sete l+tan? x 


2tanx 


16. tan 2r - 1-tan? x 


We know that 


tanx + tan y 
pecore nes дй 


ра у= 1 — tan x tan y 


Replaci b et tan2y- 2 ano 
placin x, we = 
eplacing y by g way 


17. sin Зх =3 sin x – 4 six 
We have, 
sin 3x = sin (2x + x) 
= sin 2x cos x + cos 2x sin x 
= 2 sin x cos x cos x + (1 — 2sin? x) sin x 
-2sinx(1— Sin? x) + sin x — 2 sin?x 
-2sinx-2 sin^x + sin x 2 sin? x 
-3віпх-4 six 
18. COs 3x= 4 cox — 3 cos x 
We have, 
Cos 3x = cos (2x +x) 
= cos 2x cos x — sin 2x sin x 
= (2cos?x — 1) cos x — 2sin X COS x sin x 
= (2cos? x — 1) cos x — 2cos x (1 – COS? x) 
= 2cos! x — cos x — 2cos xX + 2 cos?x 
= 4cos? x — 3cos x. 


3tanx- tan? x 
на рч 
1-3tan? x 
We have tan 3x =tan (2x + x) 


19, tan3x= 


2tan x 
——— ч 
= tan2x+tanx — 1-tan? x ud 
l-tan2xtanx | 2tanx.tanx 
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.2tnx-tanx-tan'x — 3tan x — tan?x 


1- tan?x — 2tan?x 1—3tan?x 


x+ x- 
20. (i) cos x + cos y = 2cos = » 


cos 
2 


жу. х- 
(ii) cos x - cosy =- 2sin 252 sin? » 


2 
(i) sin x + sin y = 2sin ŽE} cos ХУ. 
2 2 
x-y 


sin —— 


x+ 
(iv) sin x —sin y = 2cos ni 


2 

We know that 

cos (x + y) = cos x cos у- sin x sin y "p 
and COS (x — y) = cos x cos y + sin x sin y (2) 
Adding and subtracting (1) and (2), we get 

cos (x + у) + cos(x — y) = 2 cos x cos y Teen 
and cos (x + y) - cos (x - y) = – 2 sin x sin y . (4) 
Further sin (x + y) = sin x cos у + cos x sin y КОО) 
апа sin (x — у) = sin x cos y — cos x sin y . (6) 
Adding and subtracting (5) and (6), we get 

sin (x + y) + sin (x — у) = 2 sin x cos y ICT) 

sin (x + y) — sin (x — y) = 2cos x sin y »» (8) 


Let x + y = Ө and x — y = ф. Therefore 
ets) 
2 2 
Substituting the values of x and y in (3), (4), (7) and (8), we get 


0 0— 
cos Ө + cos ф = 2 cos (e ps itd 


cos Ө – cos ф-- 2 sin ЕЗБЕ 
2 2 


ө 9- 
sin Ө + sin ó = 2 sin (he (2) 
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040). (0-0 
sin Ө — sin à = 2 cos (5 ja (F 
Since Ө and ф 


can take any real values, we can replace 0 by x and by y. 
Thus, we get 


xt х-у BET. x-y 
COS X + COS y = 2 cos T eos 2 70S X—cos y  — 2 sin mone 


( ЖЕУ, у) A X+y . x-y 
Sin x + sin y =2 sin 73 «05 551 x — sin у= 2 cos CIS oy 
Кета As a part of identi 


ties given in 20, we can prove the following results: 
21. (i). 2.08 x COS y 


= cos (X + y) + cos (x — y) 
Tl. =2 sin x sin y = cos (x + y) - cos (x - y) 
= sin (x + y) + sin (x — y) 
= sin (x + y) — sin (x — y), 


(іі) 2 sin x cos y 
(iv) 2 cos x sin y 


Example 10 Prove that 


3sin T sec T. Asin 25 ufa 
Б 3 6 


Solution We һауе 


L.H.S. = 3sin зеет енің CL ш 


-3x 2 x2-4sin (n- 123-45 7 
4 FAX 5 *2-4sin X шр ше 


1 
=3-4х 2 І- Е.Н. 
Example 


11 Find the value of sin 15°, 
Solution 


We have 
біп 159 =sin (45%- 30°) 
= sin 45° cos 30° _ cos 45° 


= dB 1/4 55-1 
v2 


sin 30° 


Example 12 Find the value of tan Er 
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Solution We have 


13x л лт 
Sa = tan|| TOF | = pan c estan | т 
Өн un ( z) m. d =) 
tant- tan% 1-1, 
i= саф: TEM a a 
Іш аа” jL 341 
v3 


Example 13 Prove that 
Sin (x4- y) _ lan x-- tan y 
sin(x—y) їапх—{ап у` 
Solution We have 
sin(x+y)  sinxcos Y+cos xsin y 
LHS. = sin(x— y) ~ Sin xcos y—cos.xsin y 
Dividing the numerator and denominator by cos.x cos y, we get 
Sin(x4 y) .lanx-tan y 
sin(x- y) tàn x—tan y ' 
Example 14 Show that 
tan 3 x tan 2 x tan x = tan 3x — tan 2 y лап x 
Solution We know that 3x = 2x + x 
Therefore, tan 3x = tan (2x + x) 


tan3y —. Lan 2x--tanx 
en 1-tan 2xtanx 
or tan 3x — tan 3x tan 2x tan x = tan 2x + tan x 
or tan 3x — tan 2x — tan x = tan 3x tan 2x tan x 
or tan Эх tan 2x tan x = tan 3x — tan 2x — tan x. 


Example 15 Prove that 
cos F treos Z- x) До 


Solution Using the Identity 20(1), we have 
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т 1 
- 2 сов " cosx= 2x m cos x = 4/2 соз x = К.Н.5. 


cos 7х + С05 5x _ Six 
Example 16 Prove that TU es тарту 


Solution Using the Identities 20 (i) and 20 (iv), we get 


LHS = 2.0 = cotx =RHS 
"n Е, 7x45x . 7Х-5Х ~ sinx | Gr 


Example 17 Prove that lit xr deine ana. 


cos5x—cosx 


Solution We have 


jus irora \_ашзх+аша ша 


cos 5x—cosx cos5x—cosx 
_2sin3x cos2x-2sinàx _ біп3х(сов2х- 1) 
—2sin3xsin 2x sin 3xsin 2x 


-1-сов2х | 2sin? x 
sin2x  2sinxcosx ^ tny = RHS. 
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EXERCISE 3.3 
Prove that: 
л л T 1 л MIS 2m 3 
тузы Qus Py Жым ee. 2 QUI lal 
1. sin 6 + ©% 3 tan 4 2 2. 2sin^ < + cosec z 008" 377 
21 cot? сос З = тё 4, 2sin? CLE —+2sec 2m =10 
6 6 6 4 4 3 
5, Find the value of: 
(i) sin 75° (ii) tan 15° 
Prove the following: 
cos Mary сов Die —sin mor sin Du =sin(x+ y) 
6. 4 4 bi A 5 y y 
tan | +x 2 | 
А 4 l+ tan x cos (t x) cos(— x) 2 
ha = ДЕТ 8. Saag ч „екеу у Smee cot x 
tan val noy. sin (1—x) cos (+) 
4 2 
Зл Зл 
9, cos cos (21 x) | cot m +cot (2л+х) | = 1 
10. sin (n + 1)x sin (n + 2)x + cos (n + 1)х cos (n + 2)х = cos x 
Зл Зл $ 
11. Cos| — +x -cos | ---х|- —V2sin x 
4 4 
12. sin? бх — ѕіп24х = sin 2x sin 10x 13, cos? 2x — cos? 6x = sin 4x sin 8x 
14. sin2 x + 2 sin Ах + sin бх = 4 cos? x sin 4x 
15, cot 4x (sin 5x + sin 3x) = cot x (sin 5x — sin 3x) 
cos9x-cos5x ‘sind x sinSx + sin3x 
IG, та oe е oe = and y. 
sinl 7x-sin3x cosl0.x cos5x + cos3x 
sin x-sin y x-y sinx + sin3x 
= tan —  =tan2 
18. cos x+cos y 2 к cosx + совзх 40 4Х 
sin x-sin3 x 3 cos4 x + cos3 x + cos2 x 
20. ——— —;— -2sinx а = cot3 х 


sin: x-cos^ x = sin x + sin3 x + sin2x 
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22. cotx cot 2x — cot 2x cot 3x — cot 3x cot x — 1 


4tan x (1— tan?x) 


24. cos 4x = 1 біп? x cos? x 
1—6 tan^x + tanx 


23. tan4x= 


25. cos 6x = 32 сове x — 48cos* x + 18 cos? x — 1 

35 Trigonometric Equations 

Equations involving trigonometric functions of a variable are called trigonometric 
equations. In this Section, we shall find the solutions of such equations. We have 
already learnt that the values of sinx and cos x repeat after an interval of 27 and the 
values of tan x repeat after an interval of л. The solutions of a trigonometric equation 
for which 0 €x « 27 are called principal solutions. The expression involving integer 
‘n’ which gives all solutions of a trigonometric equation is called the general solution. 
We shall use ‘Z’ to denote the set of integers. 


The following examples will be helpful in solving trigonometric equations: 


Example 18 Find the principal solutions of the equation sinx = =. 


T DELE e қ 
Solution We know that, sin= = Уз and sin — = sin (s - z) = sin = 55 A 
3-112 3 3 3.2 


e n т 2n 
Therefore, principal solutions are X — 3 and т 


Example 19 Find the principal solutions of the equation tan x — — 4 я 


Solution We know that, t m. LN Thus, tan (s =z) 207 = Edo 
6 6 бае 


45 


т т 1 
апа tan| 27-4 |= –-їап– = – —— 
| А 67 24/5 
Thus ШАЛЫ di pel 
6 6 NE 
5n Пт 


Therefore, principal solutions аге PE Andi 


We will now find the general solutions of trigonometric equations. We have already 


seen that: 
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sinx = 0 gives Х= лл, wheren е Z 


cos X 
We shall no 


Theorem 1 


Proof If 


which gives 


Therefore 


lg 
Hence 
Combining 


T 
= 0 gives X= (2n + ШЕЕ where л є Z. 
w prove the following results: 


For any real numbers x and y, 


sin x = sin y implies x = nz + (-1)' y, wheren e Z 
y imp! ) 


Sin x — sin y, then 
R Р х E 
sinx—sin y=0 or 2cos 2 sin 2 =0 
x+y a capa 
cos =0 or ‘sin с =0 


2 


ранае D Жак h Z 
2 =(2n+ 5 or 2 = пт, where n е 


х= (2п + 1) п-у orx - nn + y, where ne Z 

х= (2п + 1)л + (-1)"*! y or x = 2nn +(-1)" y, where ne Z. 
these two results, we get 

х= пп + (—1)" y, where ne Z. 


Theorem 2 For any real numbers x and y, cos x = cos y, implies х= 2лл + y, 
where n € Z 


Proof If cos x = cos y, then 


Thus 


Therefore 
ie 


Hence 


Theorem 3 


x+y х-у 


cosx—cosy=0 ie, -2 sin sin > =0 
ЖЕЛЕ қа А 
sin 7 z0 or sin “> =0 
кл D h Z 
2 =m or —--mm,wherene 
x=2nt—y огх = 2пп + y, wherene Z 
х = 2пт ty, where n Z 
T 
Prove that if x and y are not odd mulitple of PE then 


tan x = tan y implies x = пл + y, wheren е Z 
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"roof If tanx=tany, then tan x – tan y = 0 


sin x cos y — cos x sin y 
т L——————-20 


cos x COS у 
which gives sin(x-y)20 (Why?) 
Therefore х-у=пп,іе., x = nī + у, where n е Z 
? 3 
Example 20 Find the solution of sinx =- = 


45 PIE dealt TC \ ET 
Solution We have sinx T = Ges ru Em 


. 47 
Hence sinx- S , which gives 


„4т 
х= пп+(- 1) з wheene 7. 


4n 
zu is one such value of x for which sin x = — x . One may take any 


| other value of x for which sinx = — а . The solutions obtained will be the same 


_ although these may apparently look different. 


Solution We have, cos x — 
т 
Therefore х= 2nn+ 3° where n є 2. 


Example 22 Solve tan 2x = -cot{x+ 4] Е 


Solution We have, tan 2х = ~eoi{1+ = tan (z+ x z) 
3 
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or tan2x =tan БЕ? 
5л 
Therefore 2х=пт+х+ oes where ne Z 
5л 
ог TUNES where ne Z. 


Example 23 Solve sin 2x — sin4 x + sin 6x = 0. 


Solution The equation can be written as 
sin 6x + sin 2x — sin 4x = 0 


or 2sin4xcos2x —sin4x = 0 
іе. sin4x(2cos2x—1) = 0 

гу 1 
Therefore sin4dx=0 or cos2x= 2 
. s т 
Le. ѕіп4х = 0 or cos2x = 987 

T 

Hence 4x=nn or 2х = 2пп+ 3 , Where ne Z 
3 пт T К 
ie. irs 407 22 == where пе Z. 


Example 24 Solve 2 cos? x +3 sin x 20 
Solution The equation can be written as 
2(1— sin? x)+3sin x =0 


ог 2sin? x-3sinx-2 = 0 
or (2sinx + 1) (sinx — 2) 20 
А 1 ; 
Непсе sin x = 35 or sinx=2 
But sin x = 2 is not possible (Why?) 
Тһегек і зд sin 7%, 
erefore sin х= "Ez 6 
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Hence, the solution is given by 


Tn 
х-т(-1/-с, where л е Z. 


Find the principal and general solutions of the following equations: 


a tanx = V3 2. ѕесх= 2 

З; ases 4. cosec x = – 2 

Find the general solution for each of the following equations: 

5. cos 4 x = cos 2X 6. cos Зх + cos x- cos 2x = 0 
7. sin2x+cosx=0 8. sec? 2x = l- tan 2x 


9. sin x + sin 3x + sin 5x = 0 


Miscellaneous Examples 


3 12 
Example 25 If sin x= 5, co y- Тїз? where x and y both lie in second quadrant, 
find the value of sin (x + у). 
Solution We know that 
sin (x + y) = sin x cos y + cos x sin y au) 
9 16 
N 2xXx-21-—simx-1l-zz27 
ow cos 1 —sin?x=1 25 ^ 25 


4 
Therefore cos x = ts. 


Since x lies in second quadrant, cos x is negative. 


4 
Hence cos x= 7% 


144 25 
Now iny = 1- cosy =1- — =- 
d gue 169 169 


ie. sin y = +13 : 


Since y lies in second quadrant, hence sin y is positive. Therefore, sin y= » . Substituting 


the values of sin x, sin y, cos x and cos y in (1), we get 
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зон ЕРДЕН = 4364550 Е Еси 
5 13 65 65 65 
Example 26 Prove that 
x хәз: ; 79% 
сов 2х Bop —cos 3x жт = sin 5x sin —, 


Solution We have 


1 x 9x 
= = | 2cos 2x cos—— 2cos — cos 3x 
EHS. 2 | 2 2 | 


wal Е ) cos (2x- ЗЕЕ +з»). cos( 2-3] 
12 2 2 2 2 


i 5x 3x 15x 3x 1 5x 15x 
—|cos = F cos === соз 8608 — | — -|(С05-----С08--- 
D 2 2 2 2 2 2 2 


5x 15» Sx 15x 


B DESDE |24; 
£2 2 Ж” 


а К 5x Ў cS 
= —sin5x sin Б Ча sin5x cy =RES. 


n 
Example 27 Find the value of tan rt 


x т 
Solution Let x = ғ Then 2x = 4 


2tanx 
Now tan2x — T 
1—tan* x 
T 
2tan— 
т 
ог a 
м 1- tan? — 
" CEN 
Let y = tan 8 . Then 1 = 1-5? 


SRL 
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or y+2y-1=0 
Therefore y= 


Since 5 lies in the first quadrant, y = tan 3 is positve. Hence 


тат = 2-1. 


x 


E le 28 If ege. mo 225 find the alice bY ei cos aud tan 
Exi 2 =>, е, <i = сов 2a 
xample ТІ 2 in 5 2 2 


Зл 
Solution Since 1€ X < 2: cos x is negative. 


Al Ш 
e 2:2 4 


x X 
Therefore, sin 3 is positive and cos 2 is negative. 


^ 9 25 
Now вес?х = 1 + їапх= 1+ = = 
16, 216 
Therefore os? be s (Why? 
c m ш-- ? 
x 25 Or cos x 5 y?) 
No 2 sin? = 1 1+ m 2 
wW те = F =i 
2 cos X <a s 
x9 
Therefore sin? z— 
2-910 
_x 3 
or = =т= ? 
sin 2^ Vio (Why?) 
; Uc 4 n 
Again 2cos? 35 1+ cos x= 1— rer 
ee ek 
Therefore OS = 
24 10 
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or cos — = 7776 (Why?) 


Hence fang = x 
2 сз» Уо 


Example 29 Prove that cos? x + Б) сов? JE 


Solution We have 


1+cos| 2. +24 Foii 2r. ot 
IIS E 3 Jr 
2 


2 


L 3+ cos 2x + cos dpt +со$ 08 
2 3 3 


| +cos 2x + 2cos 2x cos z] 


I 


=43 +cos 2x + 2cos 2x cos [= - z | 


e cos 2x — 2cos 2x cos z] 
[ 


3+cos 2x— -cos 2x]=2 =RHS. 


Miscellaneous Exercise on Chapter 3 


Prove that: 
1. 2cos — T cage eon 272 эл 
13 13 13 


2. (sin 3x + sin X) sin x + (cos Зх — cos x) cos x = 0 
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5 7 x+y 
3. (cos x + cos у)? + (sin x — sin у)? = 4 cos 
2 X 2 


2 5 Lay) 
4. (сов Х— cos уу (sin x- sin ућ=4 sin? 2 


S sin x + sin 3x + sin 5x + sin 7x = 4 cos х cos 2x sin 4x 


(sin 7x +sin 5x) + (sin 9x + sin 3x) S Bx 
(cos 7x + cos 5x) + (cos 9x + cos Зх) 


x 3x 


y sin 3x + sin 2x — sin x = 4sin x cos 2 cosy 


Xx x x ; 
Find sin PE cos 2 апа (ап 2 in each of the following : 
«pue (274 
8. tanx= Sim quadrant П 9, cosx=-7, xin quadrant ш 


1 
10. sinx= EF , xin quadrant II N 


Summary 


% If ina circle of radius r, an arc of length / subtends an angle of Ө radians, then 
rie. 


т 
Ф Radian measure = 180" Degree measure 


4 Degree measure = 5, Radian measure 
4 cos? x + six = 1 

Ф 1 + tan? x = sec? x 

Ф 1 + cot? x = cosec? x 

Ф cos (2nm + x) = cos x 

sin (2лт + x) = sin x 

sin (- x)=- sin x 


4 cos (— x) = cos x 
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€ cos (x + y) = cos x cos y — sin x sin y 


4 cos (x — y) = cos x cos y + sin x sin y 


T € 
Ф cos (22220 = sin x 


T 
Ф sin (5 —%) = cos x 


Ф sin (x + y) = sin x cos y + cos x sin y 
€ sin (x — y) 2 sin x cos y — cos x sin y 


т : (т 
Ф соѕ Ze =—sinx sin xu = cos x 
cos (t —x)2— cos x sin (л — х) = sin x 
cos (t +x) =- cos x sin (t +x) =—sinx 
cos (2л — x) = cos x sin (2t — x) 2— sin x 


л 
Ф If none of the angles x, y and (x + y) is an odd multiple of > then 


tan x+ tan y 

Bn Ge dy 1— tan xtan y 
tan х – tan y 

Б 1+ tan x tan y 


Ф If none of the angles x, y and (x + y) is a multiple of л, then 


cot xcot y -1 
cot (© +) = “Coty + cot x 
cot x cot y + 1 
ФБ cot y- cotx 
К А К ; —1- tan?x 
Ф cos 2x = cos? x — sin’ %=2cos’x—1=1-2sin?x =I any 
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2tan x 


sin 2x = 2 sin'x cos x —-— —5- 
* 14+ tan?x 


2tanx 
@ tan 2x = Т раді 
өсіп Зх = 3sin x — 4sin? X 
@ cos 3x = 4cos? x - 3cos x 
3tan x—tan' x 
ФЕИ Е 77 Stan’ x 


1 xty х-у 
Ф Q cos X + cos у = 2cos 2. ORO 


X Eye. ers 
(ii) cos x — cos y = - 2sin D ain 227 


xt x- 
(iii) sin x+ siny o 2sin 777 cos E 


(іу) sin x – sin y = 2cos = sin 59 
@ (0 2cosx cos у = cos (x + у) + cos (x— y) 
(ii) —2sin x sin y = cos (x + у) - cos (x-y) 
(ін) 2sinx cos y = sin (x + y) + sin (x у) 
(iv) 2cos x sin y = sin (x + y) - sin (х- y). 
@sinx = 0 gives х = пл, where n є Z. 


n 
@cos х = 0 gives x = Qn + 1) 2. whemne Z. 


Ф sinx = sin y implies x = nm + (- 1)" y, where n е 7. 
@ COS х = COS y, implies x = 2nnty, where n є Z. 


e tan x = tan y implies x = nr + y, where пе Z. 
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Historical Note 


The study of trigonometry was first started in India. The ancient Indian 
Mathematicians, Aryabhatta (476), Brahmagupta (598), Bhaskara I (600) and 
Bhaskara II (1114) got important results. All this knowledge first went from 
India to middle-east and from there to Europe. The Greeks had also started the 
study of trigonometry but their approach was so clumsy that when the Indian 
approach became known, it was immediately adopted throughout the world. 

In India, the predecessor of the modern trigonometric functions, known as 
the sine of an angle, and the introduction of the sine function represents the main 
contribution of the siddhantas (Sanskrit astronomical works) to the history of 
mathematics. 

Bhaskara I (about 600) gave formulae to find the Vülübs of sine functions 
for angles more than 90°. A sixteenth century Malayalam work Yuktibhasa 
(period) contains a proof for the expansion of sin (A + B). Exact expression for 
sines or cosines of 18°, 36°, 54°, 72°, etc. are given by 
Bhaskara II. 

The symbol: Г! x, cos x, etc., for arc sin x, arc cos x, etc., were 
suggested by the astronomer Sir John F.W. Hersehel (1813) The names of Thales 
(about 600 B.C.) is invariably associated with height and distance problems. He 
is credited with the determination of the height of a great pyramid in Egypt by 
measuring shadows of the pyramid and an auxiliary staff (or gnomon) of known 
height, and comparing the ratios: 

H vA КЕЛЕСІ 
Pam tan (sun's altitude) 

Thales is also said to have calculated the distance of a ship at sea through 
the proportionality of sides of similar triangles. Problems on height and distance 
using the similarity property are also found in ancient Indian works. 
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Chapter 


PRINCIPLE OF 


MATHEMATICAL INDUCTION 


Analysis and natural philosophy owe their most important discoveries to 
this fruitful means, which is called induction. Newton was indebted 
to it for his theorem of the binomial and the principle of 
universal gravity. - LAPLACE % 


АЛ Introduction 


One key basis for mathematical thinking is deductive rea- 
soning. An informal, and example of deductive reasoning, 
borrowed from the study of logic, is an argument expressed 
in three statements: 

(a) Socrates is a man. 

(b) All men are mortal, therefore, 

(c) Socrates is mortal. 

If statements (a) and (b) are true, then the truth of (c) is 
established. To make this simple mathematical example, 
we could write: 

G) Eightis divisible by two. 

(ii) Any number divisible by two is an even number, G. Peano 

3 (1858-1932) 
therefore, 

(iii) Eight is an even number. 

Thus, deduction in a nutshell is given a statement to be proven, often called a 
conjecture or a theorem in mathematics, valid deductive steps are derived and a 
proof may or may not be established, i.e., deduction is the application of a general 
case to a particular case. 

In contrast to deduction, inductive reasoning depends on working with each case, 
and developing a conjecture by observing incidences till we have observed each and 
every case. It is frequently used in mathematics and is a key aspect of scientific 
reasoning, where collecting and analysing data is the norm. Thus, in simple language, 
we can say the word induction means the generalisation from particular cases or facts. 


PRINCIPLE OF MATHEMATICAL INDUCTI ION 87 


In algebra or in other discipline of mathematics, there are certain results or state- 
ments that are formulated in terms of п, where n is a positive integer. To prove such 
statements the well-suited principle that is used-based on the specific technique, is 
known as the principle of mathematical induction. 


4.2 Motivation 

In mathematics, we use a form of complete induction called mathematical induction. 
To understand the basic principles of mathematical induction, suppose a set of thin 
rectangular tiles are placed as shown in Fig 4.1. 


When the first tile is pushed in the indicated direction, all the tiles will fall. To be 
absolutely sure that all the tiles will fall, it is sufficient to know that 

(a) The first tile falls, and 

(b) In the event that any tile falls its successor necessarily falls. 

This is the underlying principle of mathematical induction. 

We know, the set of natural numbers N is a special ordered subset of the real 
numbers. In fact, N is the smallest subset of R with the following property: 

A set S is said to be an inductive set ifle Sand x+ 1 є S whenever xe S. Since 
N is the smallest subset of R which is an inductive set, it follows that any subset of R 
that is an inductive set must contain N. 


Illustration 
Suppose we wish to find the formula for the sum of positive integers 1, 2, 3,...,7, that is, 


a formula which will give the value of 1 +2 +3 when n = 3, the value 1+2+3+ 4, 
when n = 4 and so оп and suppose that in some manner we are led to believe that the 


n(n*l). 


formula 1 + 2 + 3+...+ = is the correct one. 


How can this formula actually be proved? We can, of course, verify the statement 
for as many positive integral values of n as we like, but this process will not prove the 
formula for all values of n. What is needed is some kind of chain reaction which will 


88 MATHEMATICS 


have the effect that once the formula is proved for a particular positive integer the 
formula will automatically follow for the next positive integer and the next indefinitely. 
Such a reaction may be considered as produced by the method of mathematical induction. 


4.3 The Principle of Mathematical Induction 
Suppose there is a given statement P(n) involving the natural number n such that 


(i) The statement is true for n = 1, i.e., P(1) is true, and 
(ii) If the statement is true for n = К (where k is some positive integer), then 
the statement is also true for n = k + 1, i.e., truth of P(k) implies the 
truth of P (k + 1). 
Then, P(n) is true for all natural numbers n. 

Property (i) is simply a statement of fact. There may be situations when a 
statement is true for all n 2 4. In this case, step 1 will start from л = 4 and we shall 
verify the result for n = 4, i.e., P(4). 

Property (ii) is a conditional property. It does not assert that the given statement 
is true for n =k, but only that if it is true for n = k, then it is also true for n =k +1, So, 
to prove that the property holds , only prove that conditional Proposition: 

If the statement is true for n = k, then it is also true for n = 5-1. 


This is sometimes referred to as the inductive step. The assumption that the given 
statement is true for n = k in this inductive step is called the inductive hypothesis. 

For example, frequently in mathematics, a formula will be discovered that appears 
to fit a pattern like 


117-і 
4-2%-1%3 
9= 32=1+3+5 


16=42=1+3+5 +7, еіс. 

It is worth to be noted that the sum of the first two odd natural numbers is the 
Square of second natural number, sum of the first three odd natural numbers is the 
square of third natural number and so on.Thus, from this pattern it appears that 

1+3+5+7+... + (2п – Ду =n’, іе, 
the sum of the first л odd natural numbers is the square of n. 

Let us write 

P(n: 1+3+5+7 +... (Qn- py 

We wish to prove that P(n) is true for all л. 

The first step in a proof that uses mathematical induction is to prove that 
P (1) is true. This step is called the basic step. Obviously 
1= 1, i.e., P(1) is true. 
The next step is called the inductive step. Here, we suppose that P. (К) is true for some 
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positive integer k and we need to prove that P (k + 1) is true. Since P (k) is true, we 


have 

143345474. Qk-1) 2 E 0) 
Consider 

14345474... Qk- D + (E 4D - 1) ҚҚ?) 


= 2+ (2k + 1) = (К+ 1) [Using (1)] 
Therefore, P (k + 1) is true and the inductive proof is now completed. 
Hence Р(п) is true for all natural numbers n. 
Example 1 For all n 2 1, prove that 
n(n-- 1) (2n +1) 
3H sung ANT) м 
Solution Let the given statement be P(n), i.e. 


n(n+1)(2n+1) 
6 


12+ 22+ 32+ 42+..+1? = 


P(n): 12+ 22+ 32+ Prt = 
11+1)(2х1+1) 1х2х3 A 
Forn=1, РО = аан es which is true. 
Assume that P(K) is true for some positive integer k, les 
k(k+1)(2k +1) 
6 
We shall now prove that P(k + 1) is also true. Now, we have 
(12 +22 +3? +4 +... )+(k +1)? 


EX) 


12+ 22+ 3°+4?+...+Ё = 


[асын SEED [Using (1)1 


k(k 1) Qk +1)+ 6c 1? 
6 


(к +1) (2k +7k +6) 
6 


(к +1)(К +1+1){2(К+1)+1} 
6 
Thus P(k + 1) is true, whenever P (К) is true. 


Hence, from the principle of mathematical induction, the statement P(n) is true 


for all natural numbers 7. 
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Example 2 Prove that 2" > п for all positive integers л. 
Solution Let P(n): 2" > n 

When n =1, 2! »1. Hence P(1) is true. 

Assume that P(k) is true for any positive integer К, i.e., 


25k жара у, 
We shall now prove that P(k +1) is true whenever Р(Х) is true. 


Multiplying both sides of (1) by 2, we get 

2. 2! »2k 

ie, 2'*!»2kzk4k» kl 
Therefore, P(k + 1) is true when P(k) is true. Hence, by principle of mathematical 
induction, P(n) is true for every positive integer n. 
Example 3 For all n 2 1, prove that 
1 1 1 1 п 

— + — + — +... + =—— 

12 23 3. n(n*l n+l’ 


1 
-- ж-----т--- 


è His 
лосаи n(n*l) n+l 


E 
E 
sl- 
a- 
|- 
єз 


We note that Ply: elm - E , Which is true. Thus, P(n) is true for n = 1. 
Assume that P(k) is true for some natural number k, 
1 1 1 1 k 
ИН ЫЕ =— 
(C 42-1253" 34 k(k*1) k+l 
We need to prove that P(k + 1) is true whenever P(k) is true. We have 
1 


1 1 1 
23 34 kas) (k*D(E*2) 


S) 


m 
1.2 
- [à pe ak SE OI Шау Bee 

12523054 + KED (k+1)(k+2) 


k 
ab nne "hd +2) [Using (1)] 
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_ Қазды Q3 *2k +1) (k+1) k+l k+l 


7 (k+ 1k +2) ^ (Е+1(Е+2) ^ (ът) k+2 (0+1) 41 


Thus P(k + 1) is true whenever P(&) is true. Hence, by the principle of mathematical 
induction, Р(л) is true for all natural numbers. 
Example 4 For every positive integer n, prove that 7^ — 3" is divisible by 4. 
Solution We can write 
P(n) : 7" — 3" is divisible by 4. 
We note that 
P(1): 7! – 3' = 4 which is divisible by 4. Thus Рп) is true for n = 1 
Let P(k) be true for some natural number k, 
i.e., P(k) : 7^ — 3* is divisible by 4. 
We can write 7* — 3* = 4d, where d € М. 
Now, we wish to prove that P(k + 1) is true whenever P(K) is true. 
Now 7**5.. 3*0 = 7% +0 73h + 7,34 — 3% +1) 
270 3%) + (7 — 3)3* = 7(44) + (7 – 3)3* 
= 7044) + 4.3* = 4(7d + 34) 
From the last line, we see that 7“ +7 — 3% * is divisible by 4. Thus, Р( + 1) is true 
when P(K) is true. Therefore, by principle of mathematical induction the statement is 
true for every positive integer л. 


Example 5 Prove that (1 + х)" 2 (1 + nx), for all natural number n, where x > — 1. 
Solution Let P(n) be the given statement, 

ie., P(n): (1 + x) 2 (1 + nx), for x » — 1, 

We note that P(n) is true when л = 1, since ( 14x) 2 (1 + x) for x » -1 

Assume that 


P(k): (1 + xy 2 (1 + kx), x > — 1 is true. Безеу, 
We want to prove that P(k + 1) is true for x > ~] whenever P(K) is true. ^ (2) 
Consider the identity 


(V xyf*! = (1 xy (1 x) 
Given that х> —1, so (1+х) > 0. 
Therefore , by using (1 + x) 2 (1 + kx), we have 
(L+x)**!'2(1 + А) x) 
ie. (ху *! 2 (Lx kx + ke). ^. (3) 
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Неге k is a natural number and 22 2 0 so that Ха? > 0. Therefore 
(1 x Kx kx) 2 0 x kx), 


and so we obtain 
(143**! 2 (1+x+ kx) 
ie. (1+9! 2 +(+ х] 
Thus, the statement in (2) is established. Hence, by the principle of mathematical 
induction, P(n) is true for all natural numbers. 


Example 6 Prove that 
2.7" +3.5"—5 is divisible by 24, for all n e М. 


Solution Let the statement P(n) be defined as 
P(n): 2.7" 3.5" — 5 is divisible by 24. 
We note that P(n) is true for n = 1, since 2.7 + 3.5 — 5 = 24, which is divisible by 24. 
Assume that P(K) is true 
ie. 2.7 43.54—5-224q, when q e М 1: (| 
Now, we wish to prove that P(k + 1) is true whenever Р(Х) is true. 
We have 
2,784 4.3.5! — 5) = 2.7%... 7} + 3.5655! —5 
=7 [2.7 + 3.5'—5 = 3.5545] +3.5*.5-5 
= 7 [24q – 3.5* + 5] + 15.5* -5 
= 7x 24q — 21.5 + 35 + 15.55 - 5 
=7 х 244 – 6.5‘ + 30 
-7х244-6(5%-5) 
=7 x 24q — 6 (4p) [(5* — 5) is a multiple of 4 (why?)] 
=7 х 244 – 24р 
= 24 (74-р) 
= 24 x r; r = 74 – р, is some natural number. x2) 


The expression on the R.H.S. of (1) is divisible by 24. Thus P(k + 1) is true whenever 
P(K) is true. 


Hence, by principle of mathematical induction, P(n) is true for all n e М. 
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Example 7 Prove that 


n 
12622 +... +R Scene Н 


Solution Let Р(п) be the given statement. 


3 
ie, Р(п) :12+ 22+... +0? dp neN 


3 


I 
We note that P(n) is true for n = 1 since І? > 3 


Assume that P(K) is true 
3 
i.e. P(k) 2 12+ 22 +... + Bi "al EL) 


We shall now prove that P(k + 1) is true whenever P(K) is true. 
We have 12+ 22+ 3° +... + I (k+l? 


3 
= (paz) (+1) > E (22% [by (1)] 


1 
SU TP TS 


1 1 
АСЯ 3 (К 1)? 


Therefore, P(k + 1) is also true whenever P(k) is true. Hence, by mathematical induction 
P(n) is true for all n € N. 
Example 8 Prove the rule of exponents (ар) = а” 
by using principle of mathematical induction for every natural number. 
Solution Let P(n) be the given statement 
ie. P(n:(ab)- a'b". 

We note that P(n) is true for n = 1 since (ab)' = a!b!. 
Let P(k) be true, i.e., 

(ab): = а Po (1) 

We shall now prove that P(k + 1) is true whenever Р(К) is true. 

Now, we have 


(aby*!— (аЬђ* (ab) 
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Therefore, P(k + 1) is also true whenever P(k) is true. Hence, 
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= (а P^) (ab) [by (1)] 
= (a . a!) (b . p) = а“! ‚ Ын 


mathematical induction, P(n) is true for all n e М. 


by principle of 


Prove the following by using the principle of mathematical induction for all n є М: 


1. 


10. 


11. 


6348 e. ege 8D 


2 
D-25434 se = (22) 
5 2 : 
1 1 1 2п 


LOTR oa чл Аун 
(1+2) (14243) " (1+2+3+.л) (ағ): 


1.2.3 + 2.3.4 4... п(п+1) (n+2) = 


2 n+l 
1342324 335 4, 4 n3 D өз 
+1)(n+2 
12+2343.44...4 п.(п+1) = Б] 


2 
1335457 4... (28-1) Оты) = питер. 


1.2 + 2.22-+ 3/22 + ..+п.2" = (1-1) 2"+! +2, 


ЖОЛЫ Ж жалай ыы сод. 
2:5 580821 (3п –1)(3п+2) (6n 4)* 


1 1 1 __ n(n*3) 


su 


dod mE ese MES 
1.23 2347345 п(п+1)(п+2) 4(n+1)(n+2)° 


n(n +1)(n+2)(n+3) 
4 К 


12. 
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a(r" —1) 
r-1 ^ 


(Yes) 5) (29 ено, 
(e) (з ree. 


n(2n —1) (2n +1) 
D 24) У 


а+аг+ аг +...+ а" = 


12+ 32 +5? +...+ (20-1)? = 


Al dg 
14 47 710 7 (Gn—2)3n+1) (а): 


: + ы + с Tou _ = " 
35 57 79 " (2п+1)0п+3) 3(2л+3)` 


1 
1+2+3+...+л< gQn 1). 


п (n + 1) (п + 5) is a multiple of 3. 
102"-! + 1 is divisible by 11. 

. x” — y" is divisible by x + y. 

. 3%? — 8n – 9 is divisible by 8. 

. 4I" — 14" is a multiple of 27. 

. Qn 7) « (n +3). 


Summary 


One key basis for mathematical thinking is deductive reasoning. In contrast to 
deduction, inductive reasoning depends on working with different cases and 
developing a conjecture by observing incidences till we have observed each 
and every case. Thus, in simple language we can say the word ‘induction’ 
means the generalisation from particular cases or facts. 

Ф The principle of mathematical induction is one such tool which can be used to 
prove a wide variety of mathematical statements. Each such statement is 
assumed as P(n) associated with positive integer n, for which the correctness 
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for the case n = {з examined: епнш the truthiof P(r) for some 
ушЕн p De арт e Venise 


Me tel withthe pog of che 


nathematician John Wallis. 
| proof of the binomial theorem. 
s in the field of mathematics 
erson to define and name 
an's rule to determine the 


properties of natural numbers 
v known as Peano's axioms.The 


Chapter ә 


COMPLEX NUMBERS AND 
QUADRATIC EQUATIONS 


« Mathematics is the Queen of Sciences and Arithmetic is the Queen of 
Mathematics. - GAUSS % 


51 Introduction 


In earlier classes, we have studied linear equations in one 
and two variables and quadratic equations in one variable. 
We have seen that the equation X + 1 = 0 has no real 
solution as x? + 1 = 0 gives x? =~ 1 and square of every 
real number is non-negative. So, we need to extend the 
real number system to a larger system so that we can 
find the solution of the equation xi = — 1. In fact, the main 
objective is to solve the equation ах? + bx +c = 0, where 
D = P — 4ac < 0, which is not possible in the system of 
real numbers. 


W. R. Hamilton 
52 Complex Numbers (1805-1865) 


Let us denote ,/ by the symbol i. Then, we have 12-1. This means that / is à 
solution of the equation x + 1 = 0. 
А number of the form а + ib, where а and b are real numbers, is defined to bea 


Дгі 
complex number. For example, 2+ i3, (- 1) + INE 4- i| — | are complex numbers. 
11 


For the complex number 2 = 4 + ib, a is called the real part, denoted by Re z and 
b is called the imaginary part denoted by Im z of the complex number z. For example, 
if z = 2 + i5, then Re z = 2 and Im z = 5. 

Two complex numbers z, =a + ib and z, = c + id are equal if a = c and b = d. 


98 MATHEMATICS 


Example 1 jf 4 + i(3x — y) = 3 + i (- 6), where x and y are real numbers, then find 
the values of x and y. 
Solution we have 

4x + i (3x—y)=3+i(6) udi 
Equating the real and the imaginary parts of (1), we get 

4x = 3, 3x -y 2 - 6, 


3 33 
which, on solving simultaneously, give Cg and тет : 
5.3 Algebra of Complex Numbers 
In this Section, we shall develop the algebra of complex numbers. 


5.3.1 Addition of two complex numbers Let z, = a + ib and z, = с + id be any two 
complex numbers. Then, the sum 2, +z, is defined as follows: 

Z, +z, = (a + c) + i (b + d), which is again a complex number. 
For example, Q i3) + (-6 +15) 2 Q-6) +1(3+5) 244 i8 

The addition of complex numbers satisfy the following properties: 


(i) The closure law The sum of two complex numbers is a complex 
number, i.e., z, + z, is a complex number for all complex numbers 
2, and z,. 
(i) The commutative law For any two complex numbers 2, and z,, 
2522-22, 
(Ш) The associative law For any three complex numbers HE: 
(г, жә) з= +@+ 2). 
бу) The existence of additive identity There exists the complex number 
0 + i 0 (denoted as 0), called the additive identity or the zero complex 
number, such that, for every complex number z, z + 0 = z. 
(v) The existence of additive inverse To every complex number 
z = а + ib, we have the complex number — а + i(— b) (denoted as — 2), 
called the additive inverse or negative of z. We observe that Z+(-z)=0 
(the additive identity). 
5.3.2 Difference of two complex numbers Given an 
Z; the difference z, - z, is defined as follows: 
Z-z-z-*(-2z) 
For example, (6+ 30) – (2-0) = (6+ 37) +(-2+1)=4+4; 
апа Q- i- (6 +30) = (2-0) *(-6-3) 2-4 .. 4i 


y two complex numbers z, and 
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5,3,3 Multiplication of two complex numbers Let z =a + ib and z, 2 c + id be any 
two complex numbers, Then, the product z, z, is defined as follows: 

7/2 (ас- bd) + аа + bc) 
For example, (3 + 15) (2-кіб)-(3х2-5 х6) +13х6+5 х 2) = – 24 + 128 

The multiplication of complex numbers possesses the following properties, which 
we state without proofs. 


(i) 
(i) 
iii) 


(iv) 


(v) 


(vi) 


The closure law The product of two complex numbers is a complex number, 

the product z, z, is a complex number for all complex numbers 2, and 2, 

The commutative law For any two complex numbers 2, and 2,, 
Zz£z-24Z 

The associative law For any three complex numbers Z,, Zy 2» 
(z, 2) а= 4 (г, 2), 

Тһе existence of multiplicative identity There exists the complex number 

1+i0 (denoted as 1), called the multiplicative identity such that 2.1 = 2, 

for every complex number 2. 

The existence of multiplicative inverse For every non-zero complex 

number z = a + ib or a + Ба ж 0, b #0), we have the complex number 

d ney -b 
a+b а +? 
of z such that 


1 
(denoted by — orz'), called the multiplicative inverse 
2 


1 
z.—- (the multiplicative identity). 
2 


Тһе distributive law For any three complex numbers Z,, 2, 23 
(а) z (5*z-2znt4u5 
(b (*z)57Z225*255 


524 Division of two complex numbers Given any two complex numbers z, and z, 


Zi 


where z, #0, the quotient £e is defined by 


Z 1 


Z= z 


2 22 


For example, let 2,-6% 3i and 2,-2-і 


Then 


ZH M ui à 2 Ta 
* (зх) = (643i) E Na +i 2 “ау 
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- (643022) £[12-3+i(6+6)] - 16:127) 


5 
5.3.5 Power of i We know that 
2 
б-йі-(-і--, #=(?) =(-17=1 
5 (ау 2 өүөү 
i =(i ) (Ей ере ыы =(i ) =(-1)' =-1, etc 
disco es anit HDI TA 
Also, we have / арти i "ut 
ШЕКЕ DR ШЕ 
д) Nite? 
i'z—--—x-z-zi i =-—=-= 1 
TuS 3 il 
In general, for any integer К, i* = 1, i+! =i M+? 2 1, i Sj 


5,3.6 The square roots of a negative real number 
Note that ?2-1 and (-i?-?-2-1 
Therefore, the square roots of — 1 аге i, – i. However, by the symbol ,/—1 , we would 


mean i only. 
Now, we can see that i and —i both are the solutions of the equation x? + 1 = 0 or 


№=-1. 


Similarly (if (3) 223c 52-3 
аў = (8) P= 


Therefore, the square roots of —3 are УЗ і and - V3 i. 
Again, the symbol ,/ 3 is meant to represent 4/3; only, i.e, 4/23 = 4/31. 
Generally, if a is a positive real number, ~-a = Ja 4-1 = Va i, 


We already know that fax Jb = Jab for all positive real number a and b. This 
result also holds true when either a > 0, <0 ora «0, Ь> 0. Whatifa «0, b « 0? 


Let us examine. 


Note that 
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B =J-1 V- = (71) (1) (by assuming Jax Jb = Jab for all real numbers) 


= JI = 1, which is a contradiction to the fact that Gael, 
Therefore, Ja xb + ab if both a and b are negative real numbers. 
Further, if any of a and b is zero, then, clearly, Ja xb = ab = 0. 


537 Identities We prove the following identity 


2 
(д%а) =z + 22 +2212). for all complex numbers 2, and z,. 


Proof We һауе, (z, +2} = (2, + 2,) (Z, +2) 


(2 taz +2 + 2,) 2, (Distributive law) 
= +292, +2422 + 22 (Distributive law) 


(Commutative law of multiplication) 


2 2 
Z +2125 + 22; + 22 


zi *2zz + 22 
Similarly, we can prove ће following identities: 


; 2 

© (2-22) =7 -272 +2 

- 3 2 3 
à) (2+2) 224322 43zz +23 
T 3 
@ (4-2) = z =3222, +3222 — 2 


(іу) 2 -2 -(2 *tz)(a -2) 


In fact, many other identities which are true for all real numbers, can be proved 


to be true for all complex numbers. 


Example 2 Express the following in the form of a + bi: 


© eso (s) G) (-i) (2) Е 


(ИМ, 25010725 541-5 ws 
sim 6 CHG) gh = GO) erit? 


m е RES 
oe eaa үзү ес ү 
© Cii Д н) вв т erum 


Example 3 Express (5 ~ 3/) in the form a + ib. 
Solution We have, (5 - 3i) = $-3x 5? x (3) + 3x 5 (31) - (30: 
= 125 - 225i - 135 + 27i --10- 198i. 


Example 4 Express (3-2) (243 -i)in the form of a + ib 


Solution We have, (3 -2)(258-1). = (-/3 2i) (243-1) 
= 6+ eati Aa? = (6 2) (1 22i 


$4 The Modulus and the Conjugate of a Complex Number 
Let z= а + ib be a complex number. Then, the modulus of z, denoted by | z 1, is defined 
to be the non-negative real number Ма +b? „і.е. 121= a? +62 and ће conjugate 
of z, denoted as ғ, is the complex number a — ib, i.e, = =a- ib. 


For example, [3«i| e? = Jio. [2-5i|2 2 +(-5)? = 4/29, 
and 3+i=3-i, 2-5і-2%51,2%25 23i - 5 


Observe that the multiplicative inverse of the non-zero complex number z is 
given by 
——— CE SS. ДЕ .a-ib EA 
a+b a +h atb = дь = |: 
or 2 ¥=|:[ 
Furthermore, the following results can easily be derived. 
For апу two compex numbers z, and z, , we have 


Р 
© [2 2,|=||[2, 0) Е ы provided | z, |#0 


в TT —— --- - — 2 EA 
в) 22-22 (iv) к-де (а =F provided z, «0, 
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Example 5 Find the multiplicative inverse of 2 ~ 3i. 

Solution Letz=2- 3i 

Then :s243íand  |z[/2254(-3) =13 

Therefore, the multiplicative inverse of 2 — 3 is given by 
ЕЛЕСТЕРІН 

bef 130819: 79 

The above working can be reproduced іп the following manner also, 


a 243i 
2-3 (2-3)0*3) 


z's 


z's 


243i -243 2.3 
—*-—i 
S-oay m nb 
Example 6 Express the following in the form a + ib 
1 5« 2i " 
(1) 1-4 (ii) d 
542i 5+ V2 1+ 2i 5« 542i J2i-2 
i - Nippon um 
Solution (i) We һауе, i 1-42 1« Ji 1-2) 


QAM 0:50) сөй 
„реу. м 


x DOT 
-J ai n — mm anl 
e" "(e mount 


Express each of the complex number given in the Exercises | to 10 in the 
form a * ib. 


1. ШЕ) 2. 4^ E xoc 
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4. 3(7+1)+1(7+1) 5. (1- i) - C-1 +16) 


ENGR WG S qp AY sas, 
6. (ea) (68) 7. (89 (өң) (5%) 

1 ws бар 
8. (1-і! 9. БЕ 10. [2-3] 


Find the multiplicative inverse of each of the complex numbers given in the 
Exercises 11 to 13. 
1. 4- 31 12. 45 +31 ЕЗ 
14. Express the following expression іп ће form of a+ ib: 
(5-45) (3-5) 
(3+ V2i)-(V3-iv2) 


58 Argand Plane and Polar Representation 


< 


We already know that corresponding to 

each ordered pair of real numbers 

(x, y), we get a unique point in the XY- B(-2,3) 
plane and vice-versa with reference to a 
set of mutually perpendicular lines known 
as the x-axis and the y-axis. The complex x’ 
number x + iy which corresponds to the 
ordered pair (x, y) can be represented 
geometrically as the unique point P(x, y) 
in the XY-plane and vice-versa. 

Some complex numbers such as 
244i, -24 3i, 0+ 1i,2+0i,—5—2i and 
1 — 2i which correspond to the ordered 
pairs (2, 4), ( — 2. 3), (0, 1), (2, 0), ( —5, -2), and (1, - 2), respectively, have been 
represented geometrically by the points A, B, C, D, E, and F, respectively in 
the Fig 5.1. 


The plane having a complex number assigned to each of its point is called the 
complex plane or the Argand plane. 


Fig 5.1 
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Obviously, in the Argand plane, the modulus of the complex number 
х+іу = Jx + y is the distance between the point P(x, y) to the origin O (0, 0) 


(Fig 5.2). The points on the x-axis corresponds to the complex numbers of the form 
a + i 0 and the points on the y-axis corresponds to the complex numbers of the form 


Fig 5.2 


Y 
0 4 i b. The x-axis and y-axis in the Argand plane are called, respectively, the real axis 
and the imaginary axis. 
The representation of a complex number z = x + iy and its conjugate 
z = x — iy in the Argand plane are, respectively, the points P (x, y) and Q (x, - y). 
Geometrically, the point (x, — y) is the mirror image of the point (x, y) on the real 
axis (Fig 5.3). 


P(x, y) 


Q&,-y) 


Fig 5.3 
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5.5.1. Polar representation of a complex 
number Let the point P represent the non- 


zero complex number z = x + iy. Let the 
directed line segment OP be of length r and 
Ө be the angle which OP makes with the 
positive direction of x-axis (Fig 5.4). 

We may note that the point P is 
uniquely determined by the ordered pair of 
real numbers (r, 0), called the polar 
coordinates of the point P. We consider 
the origin as the pole and the positive 
direction of the x axis as the initial line. 


Y 
Fig 5.4 


We have, x = г cos Ө, у = r sin Ө and therefore, z = г (cos 0 + i sin 0). The latter 
is said to be the polar form of the complex number. Here rzļ x+ у? =|z| is the 
modulus of z and Ө is called the argument (or amplitude) of z which is denoted by arg z. 

For any complex number z # 0, there corresponds only one value of Ө in 
0€ Ө < 2r. However, any other interval of length 2л, for example — x < Ө <л, can be 
such an interval. We shall take the value of Ө such that — x < 0 < л, called principal 
argument of z and is denoted by arg z, unless specified otherwise. (Figs. 5.5 and 5.6) 


Y 
к 


Fig 5.5 (050<2л) 


a (ii) 


P POY Y 
ð 
Өө 
x’ X x X X 
о X о б X 

ө 

Y Y Y 

(iii) 


Fig56(-n«05m) 
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Example 7 Represent the complex number z=1+iV3 in the polar form. 
Solution Let | =r cos Ө, /3 = r sin Ө 


By squaring and adding, we get 1,43) 
г? (cos? 0 +510) = 4 
T r = JĀ =2 (conventionally, ғ>0) FEF қ 
Therefore, cos = 5, sin 8s g , which gives 07^ T 
x Fig 5.7 
Therefore, required polar form is. 2% 2{ ow} sin 3 ) 


The complex number 2 = 1+ iJ3 is represented as shown in Fig 5.7, 
-16 
Example 8 Convert the complex number тл into polar form. 


; 1 2-6: -16 1-і/ 
Solution The given complex number "1.2 = т: i= 


-16(1-iV3) 2161-5) = -A(1- i3) = -4 i43 (Fig 58). 


==———# 
raus 796 
Let -4=rcos Ө, 4/3 =rsin® р(-4, 4 
By squaring and adding, we get 0 
164 48 = r^ (cos 0 + sin'0) x’ x 
which gives 2 =64, ie, r2 8 
1 3 Я 
Непсе cos 0 = 75. зіп Ө = — Y 
2 Fig 58 
2х 
gür zas 
"y Te 


Find the modulus and the arguments of each of the complex numbers in 
Exercises 1 to 2. 


1. 2=-1- 13 2. z=- (йі 
Convert each of the complex numbers given in Exercises 3 to 8 іп the polar form: 


3. 1-4 4. -1+i 5. —1-i 
6:18 7. (4-і 8. i 
5.6 Quadratic Equations 


We are already familiar with the quadratic equations and have solved them in the set 
of real numbers in the cases where discriminant is non-negative, i.e., > 0, 
Let us consider the following quadratic equation: 


ах? +bx+c = 0 with real coefficients а, b, c and a #0. 

Also, let us assume that the b? — 4ас < 0. 

Now, we know that we can find the square root of negative real numbers in the 
set of complex numbers. Therefore, the solutions to the above equation are available in 
the set of complex numbers which are given by 


=b +b? —4ac _-b+V4ac—b? i 
2a 


Ж 
2а 


OW 


'A polynomial equation has at least one root." 


As a consequence of this theorem, the following result, which is of immense 
importance, is arrived at: 


“A polynomial equation of degree n has n roots.” 


Example 9 Solve 2+2=0 
Solution We have, x - 2 2 0 
or P=-2ie, x= £42 = +40 
Example 10 Solve x? x + 120 
Solution Here, P-4acz2]-4x1x151- 42-23 
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- +у— ed i 
Therefore, the solutions are given by x = =< = DES 
x 


Example 11 Solve ./5,2 4x45 =0 

Solution Here, the discriminant of the equation is 
P-4x45x45 21- 202-19 

Therefore, the solutions are 


-1:4-19 -14 Vi9i 
2/5 oye 


Solve each of the following equations: 
1. 2+3=0 2. 202 ex 4120 3. 2+ 3х+9=0 
4. -2+4+x-2=0 5. 02+ 3х+5=0 6. 2-х+2=0 


7. J2x27+x+V2=0 8. Jax! - ox 343 =0 


9. pereo 10. x4-41-20 


v2 


Miscellaneous Examples 


(3-24)(2--3І) 
Example 12 Find the conjugate of (1+ 2i)(2—i) © 


(3=2i)(2+3i) 


Solution We have , (11200-0) 


649i —4i 6 12*5i | 4—3i 


7 2-i-4i-2 . 443i 4-3i 


_ 48-36із201%15 63-16; 63 16, 
^. 164-9 D ЫС ЭЗ5\ (25 


(3—2i)(2+3i). 63 16. 
Therefore, conjugate of 12220-0). 8% +55! : 
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Example 13 Find the modulus and argument of the complex numbers: 


dei co 

Oe Oi 
Solution (i) We h: Iu. Нан C ы 0-і 
; DNI SRI QUID Ms 
Now, let us put 0 = r cos Ө, 1= гѕіп Ө 
Squaring and adding, 2 = 1 i.e., r = 1 so that 

cos Ө = 0, sin@=1 
n 
Therefore, 9 = 5 
1+1. ыж 

Hence, the modulus of 12; 5 1 and the argument is 2 


1-1. 1-11 


l i 
(1) We have Pi dent hi2 2 


1 
Let =r cos Ө, – 


1 
2 = гіп Ө 


1 Ls. 
Proceeding as in part (i) above, we get ” = т cos0 = т sin 55 


2 
-L 
Therefore § =— 
4 
tiene, the EUR E = is 
ence, the modulus o: lxi 18 x yo gumeni 1S 4 $ 


P a+ib 
Example 14 If x + iy = zip > Prove that деуі. 


Solution We have, 


(a+ib)(a+ib) a?—b«2abi a-b? 


=1 


2ab 


x+iy= 


(a-ib)(a+ib) азы = gape? 


i 
a +b? 
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Eu „Мах ар, 
atx- iy = зат oe 
9 1- у= ROI 


Therefore, 
(а? 2) 4a?b? (ad +022 
(a? +b’)? (a2-+b2)2 (а?+ь?у | 


Example 15 Find real Ө such that 


№ + у = (х + iy) (х- іу) = 


3+2іѕіпӨ is real 
——— is pur , 
van RN 
Solution We have, 


3-4- 2i sinü М (3+2151п0) (1 + 215110) 
1—2isinü (1-2івіпӨ)(1--21віп0) 


We are given the complex number to be real. Therefore 


8sin 08654450 
ЕГЕТЕ ая 
Thus Ө= лт, пє 2. 


(ші 


Example 16 Convert the complex number 25 — 7 — . 4 in the polar form. 


cos—-isin — 
3 3 


Solution We have, z = 


24-1) 1-43 ie 1e уз) 48-1, 4541, 


3+6isinð --2isin0 — 4sin?0 3-4sin' | 8i sin® 
14-4sin?0 ^ 14+4sin’@ 144sin?0 
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= x = = 
143i 1-V3i 1+3 2 


e 4541 


Now, = 8, = г5іпӨ 
ow, put 7 rcos 2 
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Squaring and adding, we obtain 


(8-11 (лыу 2 (v3) +1 ^r 
r (= ЯТ = i 


2 


Маа LY 


i i COsÜ—-— — sing = 
Hence, r-4/2 which gives 2,2 22 


Therefore, 6-7,7 _ 5л (Why?) 
ете Що 


Hence, the polar form i is 


айына) 


Miscellaneous Exercise оп Chapter 5 


2357? 
{ 1 
1. Evaluate: БН | : 


2. For any two complex numbers 2, and z,, prove that 
Re (2, 2) -Rez, Ке 2, - Imz, Imz; 


1 2 3-4 
3. Reduce E x Tra “у; | to the standard form . 


5+1 

- ib 2 qup 

4. - туа. 

If х-іу= me prove that (. ») "E 

5. Convertthe following in the polar form: 

17i ; 
PSU 143i 
(i) (2-1) Н (ii) 1-2i 


Solve each of the equation in Exercises 6 to 9, 
6. 34x 20. 52 ¥-2r+ 3-0 


8. 275! осо 


10 


18. 
19. 


1 
- Find the modulus and argument of the complex number 


- Find the modulus of "emn 
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21x? -28x 41020 


EE. Mm Eae 
z 22-iz -l-i,find БЕРЕТ 
(х+ї? оғы) 
ШЕ urne oi 2 2-3 
If a + ib ada] BOVE that а2 +b = (22 +1)" 


- Letz 22- iz, 2 2 i, Find 


2122 1 
+) Ri 122 soip == 
(i) 4 5 ) (i) E: | 


+21 
1-3i* 


- Find the real numbers x and y if (x — iy) (3 + 5i) is the conjugate of -6 — 24i. 


hi 


p 


и v 
- If (x  iyf = u + iv, then show that o nbi 


B-a 


- If œ and В are different complex numbers with |B|=1, then find 1-ар: 


Find the number of non-zero integral solutions of the equation 1—i * =2*. 
If (a + ib) (c + id) (e + if) (g + ih) = A + iB, then show that 
(а? + b’) (с + Ф) (её + р?) (8 + у = А? + В? 


1-і 
1-і 


POTE ЕН -і then find the least integral value of m. 
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Summary 


Ф A number of the form a + ib, where a and b аге real numbers, is called а 
complex number, a is called the real part and b is called the imaginary part 
of the complex number. 


® Let z, =a + ib and z, = + id. Then 
(i) z +z =(a+c)+i(b+d) 
G) 2,2, = (ac — bd) + i (ad + bc) 


Ф For any non-zero complex number z = a + ib (a + 0, b # 0), there exists the 


a . 2 1 
complex number ар Hoa , denoted by a or z', called the 


2 
a . -b 
Тар exe] een Наде А Mn cr 
multiplicative inverse of z such that (a + ib) E qu ee a =1+i0=1 
% For any integer К, i^ = 1, +! = i 6+2 2 — 1, 0+3=1 
Ф The conjugate of the complex number z = a + ib, denoted by Z , is given by 
7 -a- ib. 
$ The polar form of the complex number z = x + iy is r (соѕ0 + i sin0), where 


x 
r= 4x! у? (the modulus of z) and соз = 7.8110 = et (0 is known as the 
argument of 2. The value of Ө, such that — x « 0 € л, is called the principal 
argument of z. 
Ф A polynomial equation of л degree has л roots. 
® The solutions of the quadratic equation ax? + bx + c = 0, where a, b, c € R, 


-b+ JAac-b^i 


a # 0, b? — 4ac < 0, are given by x = 2 
а 
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- system was recognised by th 
_ mathematician Mahavira ( 
-inhis work ‘Ganitasara 
ds not a square (quantity)’, 
Indian mathematician, a 
. is no square root of a 
considered the problem of 


the solution of it, which 


. was discarded by him by ‘useless’. Albert Girard 

_ (about 1625) accepted e roc rs and said that this will 

enable us to get as man yynomial equation. Euler 

ind W.R. Hamilton (about 

T ordered pair of real numbers 

- (a, b) thus giving ita purely m ion and avoiding use of the so 
- called ‘imaginary numbers’. : 


— 4$ — 


Chapter 


LINEAR INEQUALITIES 


"Mathematics is the art of saying many things in many 
different ways. - MAXWELL ** 


6.1 Introduction 
In earlier classes, we have studied equations in one variable and two variables and also 
solved some statement problems by translating them in the form of equations. Now a 
natural question arises: *Is it always possible to translate a statement problem in the 
form of an equation? For example, the height of all the students in your class is less 
than 160 cm. Your classroom can occupy atmost 60 tables or chairs or both. Here we 
get certain statements involving a sign ‘<’ (less than), ‘>’ (greater than), < (less than 
or equal) and 2 (greater than or equal) which are known as inequalities. 

In this Chapter, we will study linear inequalities in one and two variables. The 
study of inequalities is very useful in solving problems in the field of science, mathematics, 
Statistics, optimisation problems, economics, psychology, etc. 


62 Inequalities 
Let us consider the following situations: 
(i) Ravi goes to market with Rs 200 to buy rice, which is available in packets of 1kg. 
The price of one packet of rice is Rs 30. If x denotes the number of packets of rice, 
which he buys, then the total amount spent by him is Rs 30x. Since, he has to buy rice 
in packets only, he may not be able to spend the entire amount of Rs 200. (Why?) 
Hence 

30x < 200 S0 


Clearly the statement (i) is not an equation as it does not involve the sign of equality. 


(ii) Reshma has Rs 120 and wants to buy some registers and pens. The cost of one 
register is. Rs 40 and that of a pen is Rs 20. In this case, if x denotes the number of 
registers and y, the number of pens which Reshma buys, then the total amount spent by 
her is Rs (40x + 20у) and we have 


40x + 20y < 120 n2) 
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Since in this case the total amount spent may be upto Rs 120. Note that the statement 
(2) consists of two statements 


40x 4- 20y « 120 (3) 
and 40x + 20у = 120 (4) 


Statement (3) is not an equation, i.e., it is an inequality while statement (4) is an equation. 
Definition 1 Two real numbers or two algebraic expressions related by the symbol 
‘<’, ‘>’, ‘S’ or ‘2’ form an inequality. 

Statements such as (1), (2) and (3) above are inequalities. 
3 <5; 7>5 are the examples of numerical inequalities while 
x<5;y>2;x > 3, y S 4 аге some examples of literal inequalities. 


3 <5 «7 (read as 5 is greater than 3 and less than 7), 3 < x < 5 (read as x is greater 
than or equal to 3 and less than 5) and 2 < y < 4 are the examples of double inequalities. 


Some more examples of inequalities are: 


ax+b<0 2. (5) 
ax+b>0 -“ (6) 
ax+b<0 tenu) 
ax+b20 . (8) 
ax + by<c .. (9) 
ax + by»c :- (10) 
ах + Бу<с ҚТ?) 
ах + у> c R i 
ax) bx-c&0 .. (13) 
аё +bx+c>0 04) 


Inequalities (5), (6), (9), (10) and (14) are strict inequalities while inequalities (7), (8), 
(11), (12), and (13) are slack inequalities. Inequalities from (5) to (8) are linear 
inequalities in one variable x when a # 0, while inequalities from (9) to (12) are linear 
inequalities in two variables x and y when а + 0, b + 0. 

Inequalities (13) and (14) are not linear (in fact, these are quadratic inequalities 
in one variable x when a # 0). 

In this Chapter, we shall confine ourselves to the study of linear inequalities in one 
and two variables only. 
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6:3 Algebraic Solutions of Linear Inequalities in One Variable and their 
Graphical Representation 
Let us consider the inequality (1) of Section 6.2, viz, 30x « 200 
Note that here x denotes the number of packets of rice. 
Obviously, x cannot be a negative integer or a fraction. Left hand side (L.H.S.) of this 
inequality is 30x and right hand side (RHS) is 200. Therefore, we have 
For x = 0, L.H.S. = 30 (0) = 0 < 200 (R.H.S.), which is true. 
For x = 1, L.H.S. = 30 (1) = 30 « 200 (R.H.S.), which is true. 
For x = 2, L.H.S. = 30 (2) = 60 < 200, which is true. 
For x = 3, L.H.S. = 30 (3) = 90 < 200, which is true. 
For x = 4, L.H.S. = 30 (4) = 120 < 200, which is true. 
For x = 5, L.H.S. = 30 (5) = 150 < 200, which is true. 
For x = 6, L.H.S. = 30 (6) = 180 < 200, which is true. 
For x= 7, L.H.S. = 30 (7) = 210 < 200, which is false. 


In the above situation, we find that the values of x, which makes the above 
inequality a true statement, are 0,1,2,3,4,5,6. These values of x, which make above 
inequality a true statement, are called solutions of inequality and the set {0,1 ,2,3,4,5,6) 
is called its solution set. 

Thus, any solution of an inequality in one variable is a value of the variable 
which makes it a true statement. 

We have found the solutions of the above inequality by trial and error method 
which is not very efficient. Obviously, this method is time consuming and sometimes 
not feasible. We must have some better or systematic techniques for solving inequalities. 
Before that we should go through some more properties of numerical inequalities and 
follow them as rules while solving the inequalities. 

You will recall that while solving linear equations, we followed the following rules: 


Rule 1 Equal numbers may be added to (or subtracted from) both sides of an equation. 


Rule 2 Both sides of an equation may be multiplied (or divided) by the same non-zero 
number. 

In the case of solving inequalities, we again follow the same rules except with a 
difference that in Rule 2, the sign of. inequality is reversed (i.e., ‘<‘ becomes уа, 
becomes ‘2’ and so on) whenever we multiply (or divide) both sides of an inequality by 
à negative number. It is evident from the facts that 

3 >2 while - 3 « — 2, 
-8«-7 while (- 8) (- 2) > (- 7) (— 2) , іе. 16 >14. 
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Thus, we state the following rules for solving an inequality: 


Rule 1 Equal numbers may be added to (or subtracted from) both sides of an inequality 
without affecting the sign of inequality. 
Rule 2 Both sides of an inequality can be multiplied (or divided) by the same positive 
number. But when both sides are multiplied or divided by a negative number, then the 
sign of inequality is reversed. 

Now, let us consider some examples. 


Example 1 Solve 30 x « 200 when 
(i) x is a natural number, (ii) x is an integer. 


Solution We are given 30 x « 200 


30x 200 қ 
ор. ду 507 (Rule 2), i.e., x < 20/3. 
G) When x is a natural number, in this case the following values of x make the 
statement true. 
1, 2, 3, 4, 5, 6. 
The solution set of the inequality is (1,2,3,4,5,6). 
(ii) When x is an integer, the solutions of the given inequality are 
wy — 3,-2,-1, 0, 1, 2, 3, 4, 5, 6 
The solution set of the inequality is (...,—3, —2,-1, 0, 1, 2, 3, 4, 5, 6} 


Example 2 Solve 5x — 3 < 3x +1 when 


(i) x is an integer, (i) x is a real number. 
Solution We have, 5x -3 < 3x + 1 
or 5х-3+3 < 3х+1 +3 (Rule 1) 
or 5х<3х-4 
or 5х-3х<3х%4-3х (Rule 1) 
or 2x«4 
or x«2 (Rule 2) 


(i) When x is an integer, the solutions of the given inequality are 
wy — 4, -3,-2,-1,0, 1 
(ii) When x is a real number, the solutions of the inequality are given by x < 2; 
i.e., all real numbers х which are less than 2. Therefore, the solution set of 
the inequality is хє (- %, 2). 
We have considered solutions of inequalities in the set of natural numbers, set of 
integers and in the set of real numbers. Henceforth, unless stated otherwise, we shall 
solve the inequalities in this Chapter in the set of real numbers. 
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Example 3 Solve 4x + 3 « 6x +7. 


Solution We have, 4x + 3 < 6x - 7 

ог  4x-6x«6x*4—6x 

or -2x<4 or х>-2 

i.e., all the real numbers which are greater than —2, are the solutions of the given 
inequality. Hence, the solution set is (—2, ос). 


5-2x x 
Example 4 Solve 12252) 
Solution We have 
35-2x х , 

3 6 
ог 2(5-2x) € х-30. 
or 10 — 4x € x - 30 
or -ӛх<-40, ie, x 2 8 


Thus, all real numbers x which are greater than or equal to 8 are the solutions of the 
given inequality, i.e., x € [8, ос). 


Example 5 Solve 7x + 3 < 5x + 9. Show the graph of the solutions on number line. 


Solution We have 7x + 3 < 5х + 9 or 
2x«60rx«3 
The graphical representation of the solutions are given in Fig 6.1. 


~< -3-2-1 0 12 34 56 
Fig 6.1 
3x-4. х+1 


Example 6 Solve 2 > Ner. . Show the graph of the solutions on number line. 


Solution We have 


or 


or 2(3х-4)>(х-3) 
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or 6x-82x-3 
or 5x25 or x21 


The graphical representation of solutions is given in Fig 6.2. 


-4-3-2-0 12 3 4 51% 
Fig 6.2 
Example 7 The marks obtained by a student of Class XI in first and second terminal 


examination are 62 and 48, respectively. Find the minimum marks he should get in the 
annual examination to have an average of at least 60 marks. 


Solution Let x be the marks obtained by student in the annual examination. Then 


62+48+х (6 
3 
Or 110 +x 2 180 
or x270 


Thus, the student must obtain a minimum of 70 marks to get an average of at least 
60 marks. 


Example 8 Find all pairs of consecutive odd natural numbers, both of which are larger 
than 10, such that their sum is less than 40, 

Solution Let x be the smaller of the two consecutive odd natural number, so that the 
other one is x +2. Then, we should have 


x>10 ab 
and x+(x+2)<40 42) 
Solving (2), we get 

2x+2<40 
ie, x< 19 RASI 
From (1) and (3), we get 

10<x<19 


Since x is an odd number, x can take the values 11, 13, 15, and 17. So, the required 
possible pairs will be 
(11, 13), (13, 15), (15, 17), (17, 19) 


5. 
7 


5; 


15. 


MATHEMATICS 


EXERCISE 6.1 
- Solve 24x < 100, when 
()  xisanatural number. (ii) x is an integer. 
Solve — 12x > 30, when 
(i) x is a natural number. (i) x is an integer. 
Solve 5x - 3 < 7, when 
(1) x is an integer. Gi) x is a real number. 
Solve 3x + 8 >2, when 
(i) xis an integer. Gi) x is a real number. 
Solve the inequalities in Exercises 5 to 16 for real x. 
4x+3<5x+7 6. 3x-7>5x-1 
3(x — 1) $2 (x- 3) 8. 3(2-x)22(1-x) 
Ж Ж AU 
+=+—<Il » =>=+1 
x 213 10 373 
30-2) 2502-х) 12. 1 Зх 4 556 
5 3 2X 5 3 
2 (2x + 3) – 10 < 6 (x — 2) 14. 37-(3x+5)>9x-8 (x - 3) 
x 1-2) (13-3) „в. 05-0. 02-2) 0-2) 
4 3 5 3 + 5 


Solve the inequalities in Exercises 17 to 20 and show the graph of the solution in each 
case on number line 


17. 


19. 
21. 


22. 


3x-2«2x41 18. 5х-3>3х-5 
x.(5x-2) (7x-3) 
52 2 ddp calc АЫ тығы 
3 (1-x) <2 (x - 4) 20. 2 3 5 


Ravi obtained 70 and 75 marks in first two unit test. Find the minimum marks he 
should get in the third test to have an average of at least 60 marks. 

To receive Grade “А” in a course, one must obtain an average of 90 marks or 
more in five examinations (each of 100 marks). If Sunita's marks in first four 
examinations are 87, 92, 94 and 95, find minimum marks that Sunita must obtain 
in fifth examination to get grade ‘A’ in the course. 

Find all pairs of consecutive odd positive integers both of which are smaller than 
10 such that their sum is more than 11. 

Find all pairs of consecutive even positive integers, both of which are larger than 
5 such that their sum is less than 23. 


LINEAR INEQUALITIES 123 


25. The longest side of a triangle is 3 times the shortest side and the third side is 2 cm 
shorter than the longest side. If the perimeter of the triangle is at least 61 cm, find 
the minimum length of the shortest side. 

26. A man wants to cut three lengths from a single piece of board of length 91cm. 
The second length is to be 3cm longer than the shortest and the third length is to 
be twice as long as the shortest. What are the possible lengths of the shortest 
board if the third piece is to be at least 5cm longer than the second? 

[Hint: If x is the length of the shortest board, then x , (x + 3) and 2x are the 
lengths of the second and third piece, respectively. Thus, x + (x +3) + 2x <91 and 
2x 2 (x + 3) + 5]. 


64 Graphical Solution of Linear Inequalities in Two Variables 


In earlier section, we have seen that a graph of an inequality in one variable is a visual 
representation and is a convenient way to represent the solutions of the inequality. 
Now, we will discuss graph of a linear inequality in two variables. 

We know that a line divides the Cartesian plane into two parts. Each part is 
known as a half plane. A vertical line will divide the plane in left and right half planes 
and a non-vertical line will divide the plane into lower and upper half planes 
(Figs. 6.3 and 6.4). 


vé 


Upper half 
plane 


Lower half 


Left half | Right half 
plane 


ye А! 
Fig 6.3 Fig 6.4 
A point in the Cartesian plane will either lie on a line or will lie in either of the half 
planes I or П. We shall now examine the relationship, if any, of the points in the plane 
and the inequalities ax + by < c or ax + by > c. 
Let us consider the line 
ax + byscaz0b #0 Hey 
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There are three possibilities namely: 
(i) ax+by= с (ii) ax+by>c (іі) ах+Ьу<с. 
In case (i), clearly, all points (x, y) satisfying (i) lie on the line it represents and 
conversely. Consider case (ii), let us first 
assume that b > 0. Consider a point P (0.8) Y 
on the line ax + by = c, b > 0, so that 
ав + b = с.ТаКе an arbitrary point 
Q (0, y) in the half plane II (Fig 6.5). 
Now, from Fig 6.5, we interpret, 


Q (a.y) 


I 


y>B (Why?) 
or bY >bB or aa+by>aa+ bp 
(Why?) x X 


or aatby>c 
ie, Q(o,Y) satisfies the inequality 
ax * by » c. 7 

Thus, all the points lying in the half 
plane II above the line ax + by = c satisfies 
the inequality ax + by > c. Conversely, let (о, B) be a point on line ax + by = c and an 
arbitrary point О(о,, y) satisfying 


Fig 6.5 


ах + by >c 
so that aq + by >c 
= aa + b ү > ао. + bB (Why?) 
Е: y^p (as b » 0) 


This means that the point (о, Y ) lies in the half plane II. 

Thus, any point in the half plane II satisfies ax 4- by > с, and conversely any point 
satisfying the inequality ax + by » lies in half plane II. 

In case b « 0, we can similarly prove that any point satisfying ax + by > c lies in 
the half plane I, and conversely. 

Hence, we deduce that all points satisfying ax + by >с lies in one of the half 
planes П or I according as b > 0 or b < 0, and conversely. 

Thus, graph of the inequality ax + by > c will be one of the half plane (called 
solution region) and represented by shading in the corresponding half plane. 
| а= Note |1 The region containing all the solutions of an inequality is called the 
solution region. ) : uH 
2. Inorderto identify the half plane represented by an inequality, it is just sufficient 
to take any point (a, b) (not online) and check whether it satisfies the inequality or 
not. If it satisfies, then the inequality represents the half plane and shade the region 
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which contains the point, otherwise, the inequality represents that half plane which 
does not contain the point within it. For convenience, the point (0, 0) is preferred. 
3. Ifan inequality is of the type ax + by 2 c or ax + by € c, then the points on the 
line ax + by = c are also included in the solution region. So draw a dark line in the 
solution region. 

4. Ifan inequality is of the form ax + by > c or ax + by < c, then the points on the 
line ах + by = c are not to be included in the solution region. So draw a broken or 
dotted line in the solution region. 


In Section 6.2, we obtained the following linear inequalities in two variables 
x and y: 40x + 20у < 120 И) 
while translating the word problem of purchasing of registers and pens by Reshma. 

Let us now solve this inequality keeping in mind that x and y can be only whole 
numbers, since the number of articles cannot be a fraction or a negative number. In . 
this case, we find the pairs of values of x and y, which make the statement (1) true. In 
fact, the set of such pairs will be the solution set of the inequality (1). 

To start with, let x = 0. Then L.H.S. of (1) is 

40x + 20y = 40 (0) + 20y = 20y. 
Thus, we have 

20у < 120 or y x 6 2 (2) 
For x = 0, the corresponding values of y can be 0, 1, 2, 3, 4, 5, 6 only. In this case, the 
solutions of (1) are (0, 0), (0, 1), (0,2), (0,3), (0,4), 
(0, 5) and (0, 6). 

Similarly, other solutions of (1), when 
х= 1, 2 and 3 аге: (1, 0), (1, 1), (1, 2), (1, 3), 
(1,4), (2, 0), (2, 1), (2, 2), (3, 0) 

This is shown in Fig 6.6. 

Let us now extend the domain of x and y 
from whole numbers to real numbers, and see 
what will be the solutions of (1) in this case. 
You will see that the graphical method of solution 
will be very convenient in this case. For this 
purpose, let us consider the (corresponding) 
equation and draw its graph. 

40x + 20y = 120 7.10) 

In order to draw ће graph of the inequality 
(1), we take one point say (0, 0), in half plane I 
and check whether values of x and y satisfy the 
inequality or not. 
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We observe that x = 0, y = 0 satisfy the * 
inequality, Thus, we say that the half plane I is the № 


graph. 

Thus, the graph of the given inequality is half 
plane 1 including the line itself. Clearly half plane ПІ 
is not the part of the graph. Hence, solutions of 
inequality (1) will consist of all the points of its graph 
(half plane I including the line). 


inequality involving two variables. 
Example 9. Solve 3x + 2y > 6 graphically. Y Fig67 
Solution Graph of 3x + 2y = 6 is given as dotted line in the Fig 6.8. 
This line divides the xy-plane in two half 
planes 1 and IL We select a point (not on the Y 


line), say (0, 0), which lies in one of the half %, s, 4 
planes (Fig 6.8) and determine if this point M % 
satisfies the given inequality, we note that 
3(0)* 2(0)» 6 
or 0» 6, which is false. | 
Hence, half plane l is not the solution region of Х 
the given inequality. Clearly, any point on the 
line does not satisfy the given strict inequality. 
In other words, the shaded half plane I 
excluding the points on the line is the solution 
region of the inequality, 
Example 10 Solve 3x — 6 2 0 graphically in 
two dimensional plane. 
Solution Graph of 3x — 6 = 0 is given in the 
Fig 6.9. 
We select a point, say (0, 0) and substituting it in 
given inequality, we see that: 
3(0)-620 or - 6 2 0 which is false, 
Thus, the solution region is the shaded region on 
the right hand side of the line x = 2, 
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Example 11 Solve y < 2 graphically, 
Solution Graph of y = 2 is given in the Fig 6.10. 

Let us select a point, (0, 0) in lower half 
plane I and putting у = 0 in the given inequality, 
we see that 

1x0«20r 0<2 which is true. 

Thus, the solution region is the shaded region. x: 
below the line y = 2. Hence, every point below 
the line (excluding all the points on the line) 
determines the solution of the given inequality. Fig 6.10 


Solve the following inequalities graphically in two-dimensional plane: 


E хеу<5 2. 2x *y26 3. Ахж4у5<12 
4, y*t822x 5. x-»$2 6 2x- M56 
7. -3x+2y2-6 8. M-5x«30 9, y«-2 
10. х>-3. 


WS Solution of System of Linear Inequalities in Two Variables 

In previous Section, you have leamt how to solve linear inequality in one or two variables 
graphically. We will now illustrate the method for solving a system of linear inequalities 
in two variables graphically through Y 


some examples. 


Example 12 Solve the following 
system of linear inequalities , 
х+у25 » (1) 
x-y$3 412) 


Solution The graph of linear equation 
x+ye5 

is drawn in Fig 6.11. 

We note that solution of inequality 
(1) is represented by the shaded region 
above the line x + y = 5, including the 
points on the line. 

On the same set of axes, we draw 
the graph of the equation x= y = З as Y Fig 6.11 
shown in Fig 6.11. Then we note that inequality (2) represents the shaded region above 


x 
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the line x — y = 3, including the points on the line. 
Clearly, the double shaded region, common to the above two shaded regions is 
the required solution region of the given system of inequalities. 


Example 13 Solve the following system 


of inequalities graphically ^ 
5х + 4y < 40 xit b 
x22 SA2) 
y23 554409) 


Solution We first draw the graph of 
the line 

5х + 4у = 40, х= 2 апау= 3 
Then we note that the inequality (1) 
represents shaded region below the line 
5x + 4y = 40 and inequality (2) represents 
the shaded region right of line x = 2 but 
inequality (3) represents the shaded region 
above the line y = 3. Hence, shaded region 
(Fig 6.12) including all the point on the lines 
are also the solution of the given system 
of the linear inequalities. 

In many practical situations involving 
system of inequalities the variable x and y 
often represent quantities that cannot have 
negative values, for example, number of 
units produced, number of articles 
purchased, number of hours worked, etc. 
Clearly, in such cases, x > 0, y > 0 and the 
solution region lies only in the first quadrant. 


Example.14 Solve the following system 
of inequalities 


8х + Зу € 100 ACD) 
x20 w (2) 
y20 4:3) 

Solution We draw the graph of the line 
8x + 3y = 100 


The inequality 8x + 3y < 100 represents the 
shaded region below the line, including the 
points on the line 8x +3y =100 (Fig 6.13). 
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Since x > 0, y > 0, every point in the 
shaded region in the first quadrant, 
including the points on the line and 
the axes, represents the solution of 
the given system of inequalities. 


Example 15 Solve the following 
system of inequalities graphically 


х%2у<8 Ni 
2x4 y <8 5202) 
x20 PEEN 
у>0 (4) 


Solution We draw the graphs of ^ 
the lines x + 2y = 8 and 2x + y = 8. 
The inequality (1) and (2) represent 
the region below the two lines, 
including the point on the respective lines. 

Since x> 0, y 2 0, every point in the shaded region in the first quadrant represent 
a solution of the given system of inequalities (Fig 6.14). 


Fig 6.14 


Solve the following system of inequalities graphically: 

 (23,у>2 2. 3х%2у<12, A 
3. 2x 4 y 26,3x &4y < 12 4. x* y 24, 2x- y 20 
5. 2х-у>і,х-2у<-1 6. х+у<6, х+у24 
7. 2х+ y 28, х+ 23210 8. х+у<9, y>x, x20 
9. 5х+4у <20, х2 1,22 

10. 3x + 4у < 60, x 43y € 30, x > 0, y20 

11. 2x+y24, х+у53, 2х-3у<6 

12. x-2y $3, 3x £ 4y 2129 207y21 

13. 4х + 3y < 60, y 2 2x, x23, x yzO 

14. 3x + 2у € 150, x  4y € 80, х<15, y20,x20 


15. х+2у<10,х+у>1,х-у<0,х>0,у20 
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Example 16 Solve — 8 < 5x – 3«7. 


Solution In this case, we have two inequalities, — 8 < 5х — 3 and 5x —3 <7, which we 
will solve simultaneously. We have -8€5x-3«7 


or -555х<10 or -1<х<2 
—3x 

Example 17 Solve - 5 € «8. 
5-3x 

Solution We have -5 < «8 


or -І0<5-3х<16 or —15<—-3х< 11 


5>х> ш 
ог >х2-% 
-11 
which can be written as ET < 5.59 
Example 18 Solve the system of inequalities: 
Soc] cpu noch) 
1-5х<1 wa (2) 


and represent the solutions on the number line. 


Solution From inequality (1), we have 


3x-7<5+x 
In б 25 (3) 
Also, from inequality (2), we have 

1-5х<1 
or —$x&-1046,x22 . (4) 


If we draw the graph of inequalities (3) and (4) on the number line, we see that the 
values of x, which are common to both, are shown by bold line in Fig 6.15. 


" > 
<-------- 79 
Spgs) AS. 61 0529 
Fig 6.15 


Thus, solution of the system are real numbers x lying between 2 and 6 including 2, 1.е., 
2<х<6 
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Example 19 In an experiment, a solution of hydrochloric acid is to be kept between 
30? and 35? Celsius. What is the range of temperature in degree Fahrenheit if conversion 


E. 5 
formula is given by C= 9 (F — 32), where C and F represent temperature in degree 


Celsius and degree Fahrenheit, respectively. 
Solution It is given that 30 « C « 35. 


5 
Putting С= ° (F — 32), we get 


5 
30 < 9 (Е-32) «35, 


9 9 
or 5 х (30) < (F - 32) < 5 х (35) 
ог 54 < (F - 32) < 63 
or 86 « F « 95. 


Thus, the required range of temperature is between 86° F and 95° F. 


Example 20 A manufacturer has 600 litres of a 12% solution of acid. How many litres 


of a 30% acid solution must be added to it so that acid content in the resulting mixture 
will be more than 15% but less than 18%? 


Solution Let x litres of 30% acid solution is required to be added. Then 
Total mixture = (x + 600) litres 
Therefore 30% x + 12% of 600 > 15% of (x + 600) 


and 30% x + 12% of 600 « 18% of (x + 600) 
30x 12 15 
— + = == 0 

or 100 + 100 (600) > 100 (x + 600) 
30x 12 18 

and 100 + 100 (600) < 100 (x + 600) 

or 30x + 7200 > 15x + 9000 

and 30x + 7200 < 18x + 10800 

or 15x > 1800 and 12x < 3600 

or x> 120 and x < 300, 


Des 120 « x « 300 
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Thus, the number of litres of the 30% solution of acid will have to be more than 
120 litres but less than 300 litres. 


Miscellaneous Exercise on Chapter 6 


Solve the inequalities in Exercises 1 to 6. 


1. 2<3х=4<5 2. 6$-3(2x-4)<12 
7х X x-2) 
ае -15<-----<0 
кизее ы 4. 5 
s -2a-À <2 в. 7081. 


Solve the inequalities in Exercises 7 to 10 and represent the solution graphically on 
number line. 

7. 5х+1>-24, 5x-1<24 

8. 2(x-1)<x4+5, 3(x+2)>2-x 

9, 3x-7>2(*-6), 6-x»11-2x 
10. 5 2х-7) -3 Qx «3 0, 2x 419 «6x «47. 
11. A solutionis to be kept between 68° F and 77° Е. What is the range in temperature 
in degree Celsius (C) if the Celsius / Fahrenheit (F) conversion formula is given by 


F 3c 327 
75 аг 1 


12. A solution of 8% boric acid is to be diluted by adding a 2% boric acid solution to 
it. The resulting mixture is to be more than 4% but less than 6% boric acid. If we have 
640 litres of the 8% solution, how many litres of the 2% solution will have to be added? 


13, How many litres of water will have to be added to 1125 litres of the 45% solution 
of acid so that the resulting mixture will contain more than 2596 but less than 3096 acid 
content? 


А 


14. IQ of a person is given by the formula 
e МА, 
PURA UM 


where MA is mental age and CA is chronological age. If 80 < IQ < 140 for a group of 
12 years old children, find the range of their mental age. 
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de Summary 

4 Two real numbers or two algebraic expressions related by the symbols <, >, € 
or 2 form an inequality. 

4 Equal numbers may be added to (or subtracted from ) both sides of an inequality. 

Ф Both sides of an inequality can be multiplied (or divided ) by the same positive 
number. But when both sides are multiplied (or divided) by a negative number, 
then the inequality is reversed. 

® The values of x, which make an inequality a true statement, are called solutions 
of the inequality. 

To represent x < a (or x > а) on a number line, put a circle on the number a and 
dark line to the left (or right) of the number a. 

Ф To represent x < a (or x 2a) ona number line, put a dark circle on the number 
а and dark the line to the left (or right) of the number x. 

Ф If an inequality is having € or > symbol, then the points on the line are also 
included in the solutions of the inequality and the graph of the inequality lies left 
(below) or right (above) of the graph of the equality represented by dark line 
that satisfies an arbitrary point in that part. 

Ф If an inequality is having < or > symbol, then the points on the line are not 
included in the solutions of the inequality and the graph of the inequality lies to 
the left (below) or right (above) of the graph of the corresponding equality 
represented by dotted line that satisfies an arbitrary point in that part. 

% The solution region of a system of inequalities is the region which satisfies all 
the given inequalities in the system simultaneously. 
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Chapter 7 


PERMUTATIONS AND COMBINATIO 


4 Every body of discovery is mathematical іп. form because there is no 
other guidance we can have - DARWIN% 


7.1 Introduction 


Suppose you have a suitcase with a number lock. The number 
lock has 4 wheels each labelled with 10 digits from 0 to 9. 
The lock can be opened if 4 specific digits are arranged in 2 
particular sequence with no repetition. Some how, you have 
forgotten this specific sequence of digits. You remember only 
the first digit which is 7. In order to open the lock, how many 
sequences of 3-digits you may have to check with? To answer 
this question, you may, immediately, start listing all possible 
arrangements of 9 remaining digits taken 3 аға time. But. 
this method will be tedious, because the number of possible occ 
sequences may be large. Here, in this Chapter, we shall learn 

some basic counting techniques which will enable us to answer this question without 
actually listing 3-digit arrangements. In fact, these techniques will be useful in determining 
the number of different ways of arranging and selecting objects without actually listing 
them. As a first step, we shall examine a principle which is most fundamental to the 
learning of these techniques. 


7.2 Fundamental Principle of Counting 


Let us consider the following problem. Mohan has 3 pants and 2 shirts.'How many 
different pairs of a pant and a shirt, can he dress up with? There are 3 ways in which 
a pant can be chosen, because there are 3 pants available. Similarly, a shirt can be 
chosen in 2 ways. For every choice of a pant, there are 2 choices of a shirt. Therefore, 
there are 3 x 2 — 6 pairs of a pant and a shirt. 
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Let us name the three pants as Р, P,, P, and the two shirts as 5), S,. Then, 
these six possibilities can be illustrated in the Fig. 7.1. 

Let us consider another problem 6 Possibilities 

of the same type. PS; 
Sabnam has 2 school bags, 3 tiffin boxes 
and 2 water bottles. In how many ways 
can she carry these items (choosing one 
each). 

A school bag can be chosen in 2 
different ways. After a school bag is 
chosen, a tiffin box can be chosen in 3 
different ways. Hence, there are 
2x 3 = 6 pairs of school bag and a tiffin 
box. For each of these pairs a water 
bottle can be chosen in 2 different ways. Fig 7.1 
Hence, there are 6 x 2 = 12 different ways in which, Sabnam can carry these items to 
school. If we name the 2 school bags as В, B, the three tiffin boxes as Т, T,, T, and 
the two water bottles as W,, W, these possibilities can be illustrated in the Fig. 7.2. 

12 Possibilities 
B 1 T iW 1 


Р |5; 
PS, 


PS; 
PSS, 


Р,5, 


Fig 7.2 
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In fact, the problems of the above types are solved by applying the following 
principle known as the fundamental principle of counting, or, simply, the multiplication 
principle, which states that 

"If an event can occur in m different ways, following which another event 
can occur in n different ways, then the total number of occurrence of the events 
in the given order is mxn.” 

The above principle can be generalised for any finite number of events. For 
example, for 3 events, the principle is as follows: 

"If an event can occur in m different ways, following which another event can 
occur in n different ways, following which a third event can occur in р different ways, 
then the total number of occurrence to ‘the events in the given order is m x nx p.” 

In the first problem, the required number of ways of wearing a pant and a shirt 
was the number of different ways of the occurence of the following events in succession: 

(i) the event of choosing a pant 

(1) the event of choosing a shirt. 

In the second problem, the required number of ways was the number of different 
ways of the occurence of the following events in succession: 

(i) Ше event of choosing a school bag 

(ii) the event of choosing a tiffin box 

(іі) the event of choosing a water bottle, 

Here, in both the cases, the events in each problem could occur in various possible 
orders. But, we have to choose any one of the possible orders and count the number of 
different ways of the occurence of the events in this chosen order. 


Example Find the number of 4 letter words, with or without meaning, which can be 
formed out of the letters of the word ROSE, where the repetition of the letters is not 
allowed. 
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s n ort letters was allowed, how many words can be formed? 
с сап easily understand that each of the 4 vacant places can be filled in succession 
in 4 different ways. Hence, the required number of words = 4 x 4 x 4 x 4 = 256. 


Example 2 Given 4 flags of different colours, how many different signals can be 
generated, if a signal requires the use of 2 flags one below the other? 


Solution There will be as many signals as there are ways of filling in 2 vacant places 


in succession by the 4 flags of different colours. The upper vacant place can 


be filled in 4 different ways by anyone of the 4 flags; following which, the lower vacant 
place can be filled in 3 different ways by anyone of the remaining 3 different flags. 
Hence, by the multiplication principle, the required number of signals = 4 x 3 = 12. 
Example 3How many 2 digit even numbers can be formed from the digits 
1, 2, 3, 4, 5 if the digits can be repeated? 


Solution There will be as many ways as there are ways of filling 2 vacant places 
ПІ in succession by the five given digits. Неге, in this case, we start filling in unit's 
place, because the options for this place are 2 and 4 only and this can be done in 2 
ways; following which the ten's place can be filled by any of the 5 digits in 5 different 
ways as the digits can be repeated. Therefore, by the multiplication principle, the required 
number of two digits even numbers is 2 x 5, i.e., 10. 

Example 4Find the number of different signals that can be generated by arranging at 
least 2 flags in order (one below the other) on a vertical staff, if five different flags are 
available. 

SolutionA signal can consist of either 2 flags, 3 flags, 4 flags or 5 flags. Now, let us 
count the possible number of signals consisting of 2 flags, 3 flags, 4 flags and 5 flags 


separately and then add the respective numbers. 
There will be as many 2 flag signals as there are ways of filling in 2 vacant places 


—. in succession by the 5 flags available. By Multiplication rule, the number of 


ways is 5 x 4 = 20. 
Similarly, there will be as many 3 flag signals as there are ways of filling in 3 


vacant places | _ | in succession by the 5 flags. 
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The number of ways is 5 x 4x 3 = 60. 
Continuing the same way, we find that 

The number of 4 flag signals 25x4x3x2- 120 
and the number of 5 flag signals =5x4x3x2x1=120 
Therefore, the required no of signals = 20 + 60 + 120 + 120 = 320. 


XERCISE 7.1 


1. How many 3-digit numbers can be formed from the digits 1, 2, 3, 4 and 5 
assuming that 
(1) repetition of the digits is allowed? 
(i) repetition of the digits is not allowed? 

2. Ноу many 3-digit even numbers can be formed from the digits 1,2, 3,4, 5, 6 if the 
digits can be repeated? 

3. How many 4-letter code can be formed using the first 10 letters of the English 
alphabet, if no letter can be repeated? і 

4. Ноу many 5-digit telephone numbers can be constructed using the digits 0 to 9 if 
each number starts with 67 and no digit appears more than once? 

5. A coin is tossed 3 times and the outcomes are recorded. How many possible 
outcomes are there? 

5. Given 5 flags of different colours, how many different signals can be generated if 
each signal requires the use of 2 flags, one below the other? 


7.3 Permutations 
In Example 1 of the previous Section, we are actually counting the different possible 
arrangements of the letters such as ROSE, REOS, ..., etc. Here, in this list, each 
arrangement is different from other. In other words, the order of writing the letters is 
important. Each arrangement is called a permutation of 4 different letters taken all 
at a time. Now, if we have to determine the number of 3-letter words, with or without 
meaning, which can be formed out of the letters of the word NUMBER, where the 
repetition of the letters is not allowed, we need to count the arrangements NUM, 
NMU, MUN, NUB, ..., etc. Here, we are counting the permutations of 6 different 
letters taken 3 at a time. The required number of words = 6 x 5 x 4 = 120 (by using 
multiplication principle). 

If the repetition of the letters was allowed, the required number of words would 
be 6 x 6 x 6 = 216. 
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Definition 1A permutation is an arrangement in a definite order of a number of 
objects taken some or all at a time. 

In the following sub Section, we shall obtain the formula needed to answer these 
questions immediately. 


7.3.1 Permutations when all the objects are distinct 


Theorem ! The number of permutations of n different objects taken r at a time, 
where 0 < r € п and the objects do not repeat isn(n—1)(n-2)..(n-r«*1), 
which is denoted by "Р. 


Proof There will be as many permutations as there are ways of filling in r vacant 


places[ | ЕС С by 


= r vacant places > 

the n objects. The first place can be filled in n ways; following which, the second place 
can be filled in (n — 1) ways, following which the third place can be filled in (n — 2) 
ways,..., the rth place can be filled in (n — (r — 1)) ways. Therefore, the number of 
ways of filling in ғ vacant places in succession is n(n – 1) (л – 2)... (п- (r— 1)) or 
n(n-1)(n-2)..(n-r*1) 

This expression for "P, is cumbersome and we need a notation which will help to 
reduce the size of this expression. The symbol n! (read as factorial л ог п factorial ) 
comes to our rescue. In the following text we will learn what actually n! means. 


72,2 Factorial notation The notation n! represents the product of first natural 
numbers, i.e., the product 1 x 2 x 3x ... X (n — 1) x n is denoted as n!. We read this 
symbol as “л factorial’. Thus, 1x 2x 3x 4... х(п-І)хп-п ! 

l=?! 

1x29 

1x2x3231 

1x2x3x4=4! and so on. 


We define 0 ! = 1 

We can write 5! -5х4!-5х4х3!-5х4х3х2! 
=5х4х3х2х 1! 

Clearly, for a natural number л 


n! =n(n — 1)! 
-п(в- 1) (п - 2)! [provided (n > 2)] 


=n(n — 1)(п- 2) (п- 3)! [provided (n > 3)] 


and so on. 
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Example 5 Evaluate @5! (ii) 7! (iii) 7 1— 5! 


Solution () 5!-1х2х3х4х5-120 
Gi) 7! 1x2x3x4x5x6x7 = 5040 
and (Ш) 7! — 512 5040 — 120 = 4920. 
7! 12! 
Example 6 Compute (i) 5! (ii) (10) (21) 


7! 7х6х5! 
Solution (i) We һауе 176 = 42 


12! — 12х11х(10! 
(10)(2) ^ (109)x(2) 


n! 
Example 7 Evaluate "Қ п-т) ‚ When n = 5, r=2, 


(ii) =6х 11=66. 


5! 
Solution We have to evaluate 2(5—2)! (since n = 5, r = 2) 


5! Slira 4x5 


We have 2(5-2)7 223301 2 


-10. 


1 1 X 
Example 8 Jf 8! th 9^ Top find x. 


x 


1 1 
Solution We have 8l + 9x8 ^ lOx9x8l 


Therefore 1++=—* ME 
dd a - 710х9 
50 х-100. 
EXERCISE 7.2. 
1. Evaluate 


()8! (і)4!-3! 
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8! IM x 
2. Is3!+4!=71? 3. Compute (1,221 4. If Gi * 71 gp find x 
n! 
5. Evaluate (n- Ji; when 
()n26,r-2 (ii) n=9, r=5. 


7.3.3 Derivation of the formula for "P. 


! 
P epops 


Let us now go back to the stage where we had determined the following formula: 
"PB2n(n-1)(n-2)... (n-r+1) 
Multiplying numerator and denomirator by (n — r) (n —r—1)...3x2x 1, we get 


TM n(n—1) (n-2)...(n— r-*1)(n—r)(n-r-1)..3x2x1 n 
i (n-r)(n-r-1)..3x2x1 = (п=ғ) 
E n! 
Thus P, = (п) where 0 <r <n 


This is a much more convenient expression for "P, than the previous one. 


n! 
In particular, when r= n, "Р, = o n! 
Counting permutations is merely counting the number of ways in which some or 
all objects at a time are rearranged. Arranging no object at all is the same as leaving 
behind all the objects and we know that there is only one way of doing so. Thus, we 


can have 


"Ple m) 


n! 
np = 
Thus r (n—r)! 


,0<ғ<п. 
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Theorem 2 The number of permutations of n different objects taken r at a time, 
where repetition is allowed, і л”. 
Proof is very similar to that of Theorem 1 and is left for the reader to arrive at. 
Here, we are solving some of the problems of the pervious Section using the 
formula for "P. to illustrate its usefulness. 
In Example 1, the required number of words = ^P, = 4! = 24. Here repetition is 
not allowed. If repetition is allowed, the required number of words would be 44 = 256, 
The number of 3-letter words which can be formed by the letters of the word 
6 6! 
NUMBER = P; 73 =4 x 5 x 6 = 120. Here, in this case also, the repetition is not 


allowed. If the repetition is allowed,the required number of words would be 6° = 216. 
The number of ways in which a Chairman and a Vice-Chairman can be chosen 
from amongst a group of 12 persons assuming that one person can not hold more than 


Р ! 
one position, clearly P, == =їїхї2 =132. 


7.3.4 Permutations when all the objects аге not distinct objects Suppose we have 
to find the number of ways of rearranging the letters of the word ROOT. In this case, 
the letters of the word are not all different. There are 2 Os, which are of the same kind. 
Let us treat, temporarily, the 2 Os as different, say, O, and O,. The number of 
permutations of 4-different letters, in this case, taken all at a time 
is 4!. Consider one of these permutations say, RO,O,T. Corresponding to this 
permutation,we have 2 ! permutations RO,O,T and RO,O,T which will be exactly the 
same permutation if O, and О, are not treated as different, i.e., if O, and O, are the 
same O at both places. 


4! 
Therefore, the required number of permutations — Іт 3x4-12. 
Permutations when О. О, are Permutations when O, О, are 
different. the same O. 


RO,O,T 
ЕО == ae БОО 


TO,0,R 
TOO Rig, tate ee ae док 
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вото, | 
ROT О; | > ROTO 
токо, | 
T O;R О, | > TORO 
RTO,0, | 
ВТО, О, | » RTOO 
TROj;O, | 
TRO,O, | > TROO 
0,0, R T] 
0, OTR] > OORT 
O,RO;T | 
0,RO,T | > OROT 
©, TO, Е] 
0, TO, RJ Жоо 
О, RTO, | 
0, ЕТО, | а а 
ГА 
O, TRO, | 
о, тко, | > OTRO 
О, O,TR | 
0, 0, TR| > COTE 


s of rearranging the letters of the word 


Let us now find the number of way 
in which I appears 2 times and T appears 


INSTITUTE. In this case there are 9 letters, 


3 times. 
Temporarily, let us treat these letters different and name them as I, L, Tp Т, Ses 


The number of permutations of 9 different letters, in this case, taken all at a time is 9 !. 
Consider one such permutation, say, 1, NT, SI, T, UE Т, Here if I, I, are not same 
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and ШЫЛЫ T, are not same, then 1,1, can be arranged in 2! ways and ‘ite T Т, can 
be arranged in 3! ways. Therefore, 2! x 3! permutations will be just the same permutation 
corresponding to this chosen permutation I,NT SLT,UET,. Hence, total number of 


! 
different permutations will be ЕЕ 


We сап state (without proof) the following theorems: 


Theorem 3 Тһе number of permutations of n objects, where p objects are of the 


n! 
same kind and rest are all different — "nl А 


In fact, we have а more general theorem. 
Theorem 4 The number of permutations of n objects, where p, objects are of one 
kind, p, are of second kind, ..., p, are of K^ kind and the rest, if any, are of different 
kind is ——— —-. 
Dy py... p! 


Example 9 Find the number of permutations of the letters of the word ALLAHABAD. 


Solution Here, there are 9 objects (letters) of which there are 4A's, 2 L’s and rest are 
all different. 


_9! 5x6x7x8x9 


Therefore, the required number of arrangements — 39] 2 


= 7560 


Example 10 How many 4-digit numbers can be formed by using the digits 1 to 9 if 
repetition of digits is not allowed? 


Solution Here order matters for example 1234 and 1324 are two different numbers. 


Therefore, there will be as many 4 digit numbers as there are permutations of 9 different 
digits taken 4 at a time. 


4 ҮП ! ! 
Therefore, the required 4 digit numbers — 9р, = (9 2 Т -2 =9 x 8 x 7 x 6 = 3024. 


Example 11 How many numbers lying between 100 and 1000 can be formed with the 
digits 0, 1, 2, 3, 4, 5, if the repetition of the digits is not allowed? 


Solution Every number between 100 and 1000 is a 3-digit number. We, first, have to 
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count the permutations of 6 digits taken 3 at a time. This number would be °P,. But, 
these permutations will include those also where 0 is at the 100's place. For example, 
092, 042, . . ., etc are such numbers which are actually 2-digit numbers and hence the 
number of such numbers has to be subtracted from ӨР, to get the required number. To 
getthe number of such numbers, we fix 0 at the 100’s place and rearrange the remaining 
5 digits taking 2 at a time. This number is *P,. So 


The required number = 6р, — 5p, =—-— 


=4x5x6 – 4x5=100 
Example 12 Find the value of n such that 
"P 5 


(i) "P, =42 "P, n>4 (ii) wip, a 07^ 
Solution (i) Given that 
"p, =42 "P, 
or n(n 1)(n—2) (1-3) (n= 4) = 4 nn- 1) (n-2) 
Since n>4 so п(п- 1) (n-2) #0 


Therefore, by dividing both sides by n(n — 1) (п- 2), we get 
(n-3 (n—4) = 42 


ог m -Tn – 30-0 
or n? — 10n + 3n — 30 
сог (n — 10) (п+ 3) =0 
ог n — 10 = 001 п+3=0 
ог п= 10 or n=.-3 


As n cannot be negative, so Л = 10. 
ае 
(i) Given that тір, гі 
Therefore Эп(п-1)(п-2) (n - 3) = 5(n- 1) (n - 2) (n - 3) (n - 4) 
or 3n = 5 (n—-4) [ав (п — D(n-2(n-3 40 n» 4l 


or n = 10. 
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and T, Jem T, are not same, then I, L can be arranged in 2! ways and 10m Т.) Т, сап 
be arranged in 3! ways. Therefore, 2! x 3! permutations will be just the same permutation 
corresponding to this chosen permutation TNT SLT UET, Hence, total number of 


! 
different permutations will be EE 


We can state (without proof) the following theorems: 


Theorem 3 The number of permutations of n objects, where p objects are of the 
n! 
same kind and rest are all different = pt 
In fact, we have a more general theorem. 
Theorem 4 The number of permutations of n objects, where P, objects are of one 
kind, р, are of second kind, ..., р, are of K^ kind and the rest, if any, are of different 
n! 


kind is : 
Pi! pj... Dy! 


Example 9 Find the number of permutations of the letters of the word ALLAHABAD. 


Solution Here, there are 9 objects (letters) of which there are 4A’s, 2 L’s and rest are 
all different. 


! 
Therefore, the required number of arrangements — 196 = KU HR 


= 7560 
412! 2 


\ 


Example 10 How many 4-digit numbers can be formed by using the digits 1 to 9 if 
repetition of digits is not allowed? 


Solution Here order matters for example 1234 and 1324 are two different numbers. 


Therefore, there will be as many 4 digit numbers as there are permutations of 9 different 
digits taken 4 at a time, 


р T; ! ! 
Therefore, the required 4 digit numbers — Эр, = (9 es -2 =9 x 8 x 7 x 6 = 3024. 


Example 11 How many numbers lying between 100 and 1000 can be formed with the 
digits 0, 1, 2, 3, 4, 5, if the repetition of the digits is not allowed? 


Solution Every number between 100 and 1000 is a 3-digit number. We, first, have to 
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count the permutations of 6 digits taken 3 at a time. This number would be 5P,. But, 
these permutations will include those also where 0 is at the 100's place. For example, 
092, 042, . . ., etc are such numbers which are actually 2-digit numbers and hence the 
number of such numbers has to be subtracted from ӨР, to get the required number. To 
get the number of such numbers, we fix 0 at the 100’s place and rearrange ће remaining 
5 digits taking 2 at a time. This number is °Р,. So 


The required number = Sp, —5р,=——— 


=4х5х6 – 4х5 = 100 


Example 12 Find the value of n such that 


ABUS 
G) "Р, =42 "Р, п>4 (ii) cp 73:774 
Solution (i) Given that 
пр, 242 "P, 
or п (п 1) (1—2) (1—3) (1—4) = 42 їл – 1) n-2) 
Since n>4 so n(n- 1) (n- 2) £0 


Therefore, by dividing both sides by n(n — 1) (n - 2), we get 
(n-3 (n-4) = 42 


or m — Tn – 30-0 
or n? — 10n + Зп – 30 
or (n — 10) (n+3)=0 
or п -1020or n+3=0 
or neo or n= -3 


Аз п cannot be negative, so п = 10. 

P 51 2р. а. 

(ii) Given that 7 Р, 3 
Therefore 3n (п – 1) (n-2) (n- 3) = 5(n — 1)(n-2) (n= 3) (n- 4) 
or 3n 25 (п– 4) [as (n - 1) (n-2) (0 - 40, n» 4l 


or п = 10. 
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Example 13Find r, if 5 *# =6 5P |. 


Solution We have 5 ^P, =6 °Р, 


4t 9! 

ог оге 

8/72 6x5 
or (4-r) (5-r«1)(5-r)(5-r - 1)! 
or (6 - 9(5- 9-6 
ог r — lir-24-0 
or Pr —8r—3r+24=0 
or (r — 8(r- 3)=0 
or r=8 or r=3. 


Hence т=8, 3. 


Example 14Find the number of different 8-letter arrangements that сап be made 
from the letters of the word DAUGHTER so that 
(i) all vowels occur together (ii) all vowels do not occur together. 


Solution()) There are 8 different letters in the word DAUGHTER, in which there 
are 3 vowels, namely, A, U and E. Since the vowels have to occur together, we can for 
the time being, assume them as a single object (AUE). This single object together with 
5 remaining letters (objects) will be counted as 6 objects. Then we count permutations 
of these 6 objects taken all at a time. This number would be ӘР, = 6!. Corresponding to 

` each of these permutations, we shall have 3! permutations of the three vowels A, О, E 
taken all at a time . Hence, by the multiplication principle the required number of 
permutations = 6 ! x 3 ! = 4320. 

(ii) If we have to count those permutations in which all vowels are never 
together, we first have to find all possible arrangments of 8 letters taken all at a time, 
which can be done in 8! ways. Then, we have to subtract from this number, the number 
of permutations in which the vowels are always together. 

Therefore, the required number 8!—6!x3!- 6!(7x8 — 6) 
2x6! (28-3) 

= 50х6!= 50 х 720 = 36000 
Example 15In how many ways сап 4 red, 3 yellow and 2 green discs be arranged іп 
a row if the discs of the same colour are indistinguishable ? 


Solution Total number of discs are 4 + 3 + 2 = 9. Out of 9 discs, 4 are of the first kind 
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(red), 3 are of the second kind (yellow) and 2 are of the third kind (green). 


Therefore, the number of arrangements — — =12 
4131 2! 

Example 16 Find the number of arrangements of the letters of the word 
INDEPENDENCE. In how many of these arrangements, 

(i) do the words start with P 

(ii) до all the vowels always occur together 

(iii) do the vowels never occur together 

(iv) do the words begin with I and end in P? 


Solution There are 12 letters, of which N appears 3 times, E appears 4 times and D 
appears 2 times and the rest are all different. Therefore 
12! 


——_ = 1663200 
3! 4! 2! 


The required number of arrangements 


(i) Let us fix P at the extreme left position, we, then, count the arrangements of the 
remaining 11 letters. Therefore, the required number of words starting with P are 
! 
- _1! . 138600 
3121 4! Г 
(i) There are 5 vowels іп the given word, which are 4 Es and 1 I. Since, they have 
to always occur together, we treat them as a single object EEEEI] for the time 
being. This single object together with 7 remaining objects will account for 8 
objects. These 8 objects, in which there are 3Ns and 2 Ds, cari be rearranged in 
8! 


3121 Ways Corresponding to each of these arrangements, the 5 vowels E, E, E, 


E and I can be rearranged in al ways. Therefore, by multiplication principle the 


required number of arrangements 


Gii) Тһе required number of arrangements - 
= the total number of arrangements (without any restriction) — the number 


of arrangements where all the vowels occur together. 
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(iv) 
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\ = 1663200 — 16800 = 1646400 
Let us fix I and P at the extreme ends (I at the left end and P at the right end). 
We are left with 10 letters. 
Hence, the required number of arrangements 


. How many 3-digit numbers can be formed by using the digits 1 to 9 if no digit is 


repeated? 


‚ How many 4-digit numbers are there with no digit repeated? 
. How many 3-digit even numbers can be made using the digits 


1,2, 3, 4, 6, 7, if no digit is repeated? 


. Find the number of 4-digit numbers that can be formed using the digits 1, 2, 3, 4, 


5 if no digit is repeated. How many of these will be even? 


, From a committee of 8 persons, in how many ways can we choose a chairman 


and a vice chairman assuming one person can not hold more than one position? 


, Find nif? вар =); 9) 


л. FindrifG) 5p 225p , (i)?p-$p,. 


9; 


10. 


1M. 


. How many words, with or without meaning, can be formed using all the letters of 


the word EQUATION, using each letter exactly once? 
How many words, with or without meaning can be made from the letters of the 
word MONDAY, assuming that no letter is repeated, if. 
(i) 4 letters are used at a time, (ii) all letters are used at a time, 
(ш) all letters are used but first letter is a vowel? 
In how many of the distinct permutations of the letters in MISSISSIPPI do the 
four I’s not come together? 
In how many ways can the letters of the word PERMUTATIONS be arranged if the 
(i) words start with P and end with S, (ii) vowels are all together, 
(Ш) there are always 4 letters between P and S? 


7.4 Combinations 

Let us now assume that there is a group of 3 lawn tennis players X, Y, Z. A team 
consisting-of 2 players is to be formed. In how many ways can we do so? Is the team 
of X: and Y different from the team of Y and X ? Here, order is not important. 
In fact, there are only 3 possible ways in which the team could be constructed. 
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Fig. 7.3 


These are XY, YZ and ZX (Fig 7.3). 
Here, each selection is called a combination of 3 different objects taken 2 at a time. 
In a combination, the order is not important. 

Now consider some more illustrations. 

‘Twelve persons meet in a room and each shakes hand with all the others. How do 
we determine the number of hand shakes. X shaking hands with Y and. Y with X will 
not be two different hand shakes. Here, order is not important. There will be as many 
hand shakes as there are combinations of 12 different things taken 2 at a time. 

Seven points lie on à circle. How many chords can be drawn by joining these 
points pairwise? There will be as many chords as there are combinations of 7 different 
things taken 2 at a time. 

Now, we obtain the formula for finding the number of combinations of n different 
objects taken r at a time, denoted by "C,.. 

Suppose we have 4 different objects A, B, C and D. Taking 2 at a time, if we have 
to make combinations, these will be AB, AC, AD, BC, BD, CD. Here, AB and BA are 
the same combination as order does not alter the combination. This is why we have not 
included BA, CA, DA, CB, DB and DC in this list. There are as many as 6 combinations 
of 4 different objects taken 2 at a time, i.e., “С, = 6. 

Corresponding to each combination in the list, we can arrive at 2! permutations as 
2 objects in each combination can be rearranged in 2! ways. Hence, the number of 
permutations = “С, X 21. 

On the other hand, the number of permutations of 4 different things taken 2 at à 


time = P. 
3 ““ ас 
Therefore ар, =*С, X 2! or (4- 242! т 


Now, let us suppose that we have 5 different objects А, В, С, D, E. Taking 3 at a 
time, if we have to make combinations, these will be ABC, ABD, ABE, BCD, BCE, 
CDE, ACE, ACD, ADE, BDE. Corresponding to each of these °C, combinations, there 
are 3! permutations, because, the three objects in each combination can be 
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rearranged in 3 ! ways. Therefore, the total of permutations = °C, x 3! 


SUE TIME 
Therefore 5p, = °C, x3! ог (5-3)! 3! © 


These examples suggest the following theorem showing relationship between 
permutaion and combination: 


Theorem 5 AP. 7C rs 0.87 «m. 


Proof Corresponding to each combination of "C, we have ғ! permutations, because 
r objects in every combination can be rearranged in ғ! ways. 
Hence, the total number of permutations of n different things taken r at a time 


is "C. x r!. On the other hand, it is "р, Thus 


"B.C, xrl, 0crzn. 


n! x. " n! 
Remarks 1. From above (п) C, xr! ie. с, ЕГІГЕТІ А 


In particular, if r- n, "С, = =1, 


2. We define "C, = 1, i.e., the number of combinations of n different things taken 


n! n! 
3. MÁS ала a в , the f BO LER. з T 24 50. 
б(л—0)! 1= "Су, the formula е (n rji is applicable for г = 0 also. 


Hence 
! 
аб. э 
г r!(n-rji 0S rn. 
4 "€ oz n! n! 
. n-r = 


PERMUTATIONS AND COMBINATIONS 151 


i.e., selecting r objects out of n objects is same as rejecting (п — г) objects. 
5. "С, = "С, a=b ora=n-b,ie,n=at+b 
Theorem 6 "C, 4^ C,,— aster 


n! n! 


Proof We hav СЕСЕ rU ee 
roo e have r rl (а-а (r-D(n-r«1! 


EST ii (сағ) (а-г)! 


= И ==) 


S n! siehe i (n+1)! "c 
7 (r-1n-r)^ r(n-r+1) | "Қазі-) 0” 


Example 17 If "C, = "С,, find "Суу. 


Solution We have "C, = "C; 


j n! n! 
beo 9(n-9)  (n-8)'8 
1 ysl 
or 0 m8 or n- 829 or п=17 


Therefore "С, = МОР 


s to be constituted from a group of 2 men and 


Example 18 A committee of 3 persons i; 
done? How many of these committees would 


3 women. In how many ways can this be 

consist of 1 man and 2 women? 

Solution Here, order does not matter. Therefore, we need to count combinations. 

There will be as many committees as there are combinations of 5 different persons 
: 5 5! 4x5 

taken 3 at a time. Hence, the required number of ways = Сз == 

selected from 2 men іп ^C, ways and 2 women can be 


Now, 1 man can be 
3C, ways. Therefore, the required number of committees 


selected from 3 women in 
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а GG ал Ne 
py 2 

Example 19 What is the number of ways of choosing 4 cards from a pack of 52 
playing cards? In how many of these 

(i) four cards are of the same suit, 

(ii) four cards belong to four different suits, 

(ili) аге face cards, 

(iv) two аге red cards and two are black cards, 

(v) cards are of the same colour? 


Solution There will be as many ways of choosing 4 cards from 52 cards as there are 
combinations of 52 different things, taken 4 at a time. Therefore 


52 52! 49x50x51x52 
The required number of ways = 4— Alas 7 2x3x4 


= 270725 


(i) There are four suits: diamond, club, spade, heart and there are 13 cards of each 
suit. Therefore, there are "С, ways of choosing 4 diamonds. Similarly, there are 
ЭС, ways of choosing 4 clubs, ^C, ways of choosing 4 spades and ЗС, ways of 
choosing 4 hearts. Therefore 
The required number of ways = PC, + PC, "C, ЭС. 

13! 


4x—— = 2860 
4! 9! 


ІІ 


(ii) There are13 cards in each suit. 


Therefore, there are ^C, ways of choosing 1 card from 13 cards of diamond, 
PC, ways of choosing 1 card from 13 cards of hearts, ^C, ways of choosing 1 ў 
card from 13 cards of clubs, С, ways of choosing 1 card from 13 cards of 
spades. Hence, by multiplication principle, the required number of ways 
= PC, XBC, xX CxPBC,- 134 
(iii) There аге 12 face cards and 4 are to be slected out of these 12 cards. This can be 


12! 
done in "C 4 ways. Therefore, the required number of ways = PE = 495. 
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(iv) There are 26 red cards and 26 black cards. Therefore, the required number of 
ways = C, X 26 


gA 
26 
= po = (325) = 105625 


2! 24! 
(v) 4 red cards can be selected out of 26 red cards in “С, ways. 
4 black cards can be selected out of 26 black cards іп C, ways. 
Therefore, the required number of ways = “С, + 25, 


! 
NO 26! 


= 29900. 


4! 22! 


оне "C, find "С, 

2. Determine n if 
Oe ‚:"С,= 12:1 (i) *C,2"C,= 11:1 

3, How many chords can be drawn through 21 points on à circle? 

4, Inhow many ways can a team of 3 boys and 3 girls be selected from 5 boys and 
4 girls? 

s, Find the number of ways of selecting 9 balls from 6 red balls, 5 white balls and 5 
blue balls if each selection consists of 3 balls of each colour. 

g. Determine the number of 5 card combinations out of a deck of 52 cards if there 
is exactly one ace in each combination. 

т. In how many ways can one select a cricket team of eleven from 17 players in 

which only 5 players can bowl if each cricket team of 11 must include exactly 4 

bowlers? 

A bag contains 5 black and 6 red balls. Determine the number of ways in which 

2 black and 3 red balls can be selected. 

9. Inhow many ways can à student choose à programme of 5 courses if 9 courses 
are available and 2 specific courses are compulsory for every student? 


Miscellaneous Examples 
Example 20 How many words, with or without meaning, each of 3 vowels and 2 
consonants can be formed from the letters of the word INVOLUTE ? 


Solution™ the word INVOLUTE, there are 4 vowels, namely, 1,0,E,Uand 4 


consonants, namely, N, V, L and T. 
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The number of ways of selecting 3 vowels out of ИЕ 54 | 
The number of ways of selecting 2 consonants out of 4 = ©х= 6: | 
Therefore, the number of combinations of 3 vowels and 2 consonants is 
4x62 24, 
Now, each of these 24 combinations has 5 letters which can be arranged among 
themselves in 5 ! ways. Therefore, the required number of different Words is 
24 x 5 ! = 2880, 
Example 21 А group consists of 4 girls and 7 boys. In how many ways can a team of 
5 members be selected if the team has (i) no girl ? (ii) at least one boy and one girl ? 
(iii) at least 3 girls ? 
Solution (i) Since, the team will not include any girl, therefore, only boys are to be 
Selected. 5 boys out of 7 boys can be selected in "C, ways, Therefore, the required 


(а) 1 boy and 4 girls (b) 2 boys and 3 girls 
(с) 3 boys and 2 girls (d) 4 boys and 1 girl. 
1 boy and 4 girls сап be selected in бох "C, ways. 
2 boys and 3 girls can be selected in бух ^C, ways. 
3 boys and 2 girls can be selected in "C, x "C, ways. 
4 boys and 1 girl can be selected in TX ^C, ways. 
Therefore, the required number of ways 
=, X Citi х “С, +7 з ХС;+7С, ©. 
=7+84+210+ 140 = 441 
(ій) Since, the team has to consist of at least 3 eirls, the team can consist of 
(a) 3 girls and 2 boys, or (b) 4 girls and ] boy. 
Note that the team cannot have all 5 girls, because, the group has only 4 girls. 
3 girls and 2 boys can be Selected in CX "C, ways. 
4 girls and 1 boy can be selected in *C, x "C, ways. 
Therefore, the required number of ways 
ШЫНЫ Еи 
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Example 22Find the number of words with or without meaning which can be made 
using all the letters of the word AGAIN. If these words are written as in a dictionary, 
what will be the 50^ word? 


SolutionThere are 5 letters in the word AGAIN, in which A appears 2 times. Therefore, 


5! 
the required number of words - 2 -60, 


To get the number of words starting with A, we fix the letter A at the extreme left 
position, we then rearrange the remaining 4 letters taken all at a time. There will be as 
many arrangements of these 4 letters taken 4 at a time as there are permutations of 4 
different things taken 4 at a time. Hence, the number of words starting with 


4 
A= 4! = 24. Then, starting with С, the number of words =» = 12 as after placing G 


at the extreme left position, we are left with the letters A, A, I and N. Similarly, there 
are 12 words starting with the next letter I. Total number of words so far obtained 
=24+ 12 + 12 =48. 

The 49" word is NAAGI. The 50" word is NAAIG. 

Example 23How many numbers greater than 1000000 can be formed by using the 
digits 1, 2, 0, 2, 4, 2, 4? 

SolutionSince, 1000000 is a 7-digit number and the number of digits to be used is also 
7. Therefore, the numbers to be counted will be 7-digit only. Also, the numbers have to 
be greater than 1000000, so they can begin either with 1, 2 or 4. 

6! 4x5x6 ( 
The number of numbers beginning with 1 = зу 5 -60,а8 when 1 is 
fixed at the extreme left position, the remaining digits to be rearranged will be 0, 2, 2, 2, 
4, 4, in which there are 3, 2s and 2, 4s. 
Total numbers begining with 2 


6  3x4x5x6 


= ——= = 180 
2! 2! 2 


6! 
and total numbers begining with 4 HC "a amid = 120 


156 MATHEMATICS 


Therefore, the required number of numbers = 60 + 180 + 120 = 360. 
Alternative Method 


7! ee 
The number of 7-digit arrangements, clearly, 3217 420 But, this will include those 


numbers also, which have 0 at the extreme left position. The number of such 
6! 
arrangements 31 21 (by fixing 0 at the extreme left position) = 60, 


Therefore, the required n 


= 60 = 360. 


Example 24 In how man 
two boys are together? 


Y ways can 5 girls and 3 boys be seated in a row 80 that no 


Solution Let us first seat the 5 girls. This can be done in 5! ways. For each such 
arrangement, the three boys can be seated only at the cross marked places. 
XGxGxGxGxGx 
There are 6 cross marked places and the three boys can be seated in 
Hence, by multiplication principle, the total number of ways 
=5! xP, = Six 


=4х5х2х3х4х5х6 = 14400. 


*Р, ways. 


Miscellaneous Exercise on Chapter 7 


How many words, with or without meaning, each of 2 vowels and 3 consonants 
can be formed from the letters of the word DAUGHTER ? 
2. i 


wels and consonants occur together? 
3. A committee of 7 has to be formed from 9 boys and 4 girls. In how many ways 
can this be done when the committee consists of: 
(i) exactly 3 girls ? (ii) atleast 3 girls? (ін) atmost 3 girls ? 
4. 


tter of the word EXAMINATION are 


* 


* 


* 
* 
* 


% 
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listed as in a dictionary, how many words are there in this list before the first 
word starting with E ? 

How many 6-digit numbers can be formed from the digits 0, 1, 3, 5, 7 and 9 
which are divisible by 10 and no digit is repeated ? 

The English alphabet has 5 vowels and 21 consonants. How many words with 
two different vowels and 2 different consonants can be formed from the 
alphabet ? 

In an examination, a question paper consists of 12 questions divided into two 
parts i.e., Part I and Part П, containing 5 and 7 questions, respectively. A student 
is required to attempt 8 questions in all, selecting at least 3 from each.part. In 
how many ways can a student select the questions ? 

Determine the number of 5-card combinations out of a deck of 52 cards if each 
selection of 5 cards has exactly one king. 

It is required to seat 5 men and 4 women in a row so that the women occupy the 
even places. How many such arrangements are possible ? 

From a class of 25 students, 10 are to be chosen for an excursion party. There 
are 3 students who decide that either all of them will join or none of them will 
join. In how many ways can the excursion party be chosen ? 

In how many ways can the letters of the word ASSASSINATION be arranged 
so that all the S's are together ? 


Summary 
Fundamental principle of counting If an event can occur in m different 
ways, following which another event can occur in n different ways, then the 
total number of occurrence of the events in the given order is m x n. 
The number of permutations of п different things taken r at a time, where 
: n! 
repetition is not allowed, is denoted by "P, and is given by "P, = cri MET 


where 0 < r $ n. 

п! =1х2х3х..хп 

лі = пх(п- 1)! 

The number of permutations of n different things, taken r at a time, where 


repeatition is allowed, isn’. . ; "did 
The number of permutations of n objects taken all at a time, where p, objects 
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are of first kind, p, objects are of the second kind, ..., р, objects are of the К“ 
n! 
kind and rest, if any, are all different is Di! pa L. pul 


The number of combinations of n different things taken r at a time, denoted by 


n! 


"С, , is given by "C, = COST 0<г<л. 


Historical Note 


The concepts of permutations and combinations can be traced back to the advent 
of Jainism in India and perhaps even earlier. The credit, however, goes to the 
Jains who treated its subject matter as a self-contained topic in mathematics, 
under the name Vikalpa. 

Among the Jains, Mahavira, (around 850) is perhaps the world's first 
mathematician credited with. providing the general formulae for permutations and 
combinations. 

In the 6th century B.C., Sushruta, in his medicinal work, Sushruta Samhita, 
asserts that 63 combinations can be made out of 6 different tastes, taken one at a 
time, two at a time, etc, Pingala, a Sanskrit scholar around third century B.C., 
gives the method of determining the number of combinations of a given number 
of letters, taken one at a time, two at a time, etc. in his work Chhanda Sutra. 
Bhaskaracharya (born 1114) treated the subject matter of permutations and 
combinations under the name Anka Pasha in his famous work Lilavati. In addition 
to the general formulae for "C, and "P, already provided by Mahavira, 
Bhaskaracharya gives several important theorems and results concerning the 
subject. ў 

Outside India, the subject matter of permutations and combinations had its 
humble beginnings in China in the famous book I-King (Book of. changes). It is 
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hat "C = "C, for specific values 
w writer came up with the 


the formula for "С. However, 
n and r. In 1321, Levi Ben 
formulae for "P, , "P, and 

The first book which ; 
permutations and combinati 
Bernoulli (1654 — 1705), 


essentially the theory of permutations 


of the subject matter of 

by a Swiss, Jacob 
1713. This book contains 
ions as is known today. 
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Chapte 


BINOMIAL THEOREM 


Mathematics is a most exact science and its conclusions are capable of 
absolute proofs. - С.Р. STEINMETZ % 


81 Introduction 

In earlier classes, we have learnt how to find the squares 
and cubes of binomials like a + b and a — b. Using them, we 
could evaluate the numerical values of numbers like 
(98): = (100 – 2)’, (999)? = (1000 — 1), ete. However, for 
higher powers like (98)°, (101)°, etc., the calculations become 
difficult by using repeated multiplication. This difficulty was 
overcome by a theorem known as binomial theorem. It gives 
an easier way to expand (a + b)", where n is an integer or a 
rational number. In this Chapter, we study binomial theorem 
for positive integral indices only. 


8.2 Binomial Theorem for Positive Integral Indices vp P. 
Let us have a look at the following identities done earlier: 

(а+ bY = 1 a+b#0 

(a+ b)'=a+b 


(a+ b? = а? + 2ab + b? 
(a+ by = а? + За?Ь + 3ab? + b? 
(a+ b} = (а + by (a + b) = а + Ab + бар + 4ab? + b^ 
In these expansions, we observe that 
(i) The total number of terms іп the expansion is one more than the index. For 
example, in the expansion of (a + b} , number of terms is 3 whereas the index of 
(a + by is 2. 
(i) Powers of the first quantity ‘a’ go on decreasing by 1 whereas the powers of the 
second quantity ‘b’ increase by 1, in the successive terms. 
(ii) In each term of the expansion, the sum of the indices of a and Б is the same and 
is equal to the index of a+ b. 
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We now arrange the coefficients in these expansions as follows (Fig 8.1): 


Index Coefficients 
0 1 
1 1 1 
2 1 2 1 
3 1 3 3 1 
42,4 4 6 4 1 
Fig 8.1 


Do we observe any pattern in this table that will help us to write the next row? Yes we 
do. It can be seen that the addition of 1’s in the row for index 1 gives rise to 2 in the row 
for index 2. The addition of 1, 2 and 2, 1 in the row for index 2, gives rise to 3 and 3 in 
the row for index 3 and so on. Also, 1 is present at the beginning and at the end of each 
row. This can be continued till any index of our interest. 

We can extend the pattern given in Fig 8.2 by writing a few more rows. 


Index Coefficients 


0 1 

1 vla. дер 

2 J^ Abo. d 
3 3 


Pascal's Triangle 
The structure given in Fig 8.2 looks like a triangle with 1 at the top vertex and running 
down the two slanting sides. This array of numbers is known as Pascal's triangle, 
after the name of French mathematician Blaise Pascal. It is also known as Meru 
Prastara by Pingla. 

Expansions for the higher powers of a binomial are also possible by using Pascal's 
triangle. Let us expand (2x + 3у) by-using Pascal's triangle. The row for index 5 is 

1 5 JOY 2105-7 Sb 
Using this row and our observations (i), (ii) and (iii), we get 
(2x + 3у)5 = (2х) + 5(2х)* Gy) + 10(2х) (By)? +10 (2х)? (Зу)? + 5(2х)(Зу)* HBV 
= 32:8 + 240x^y + 720x°y* + 1080:2? +:810ху* + 243у°. , 
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Now, if we want to find the expansion of (2x + 3y)"", we are first required to get 
the row for index 12. This can be done by writing all the rows of the Pascal's triangle 
till index 12. This is a slightly lengthy process. The process, as you observe, will become 
more difficult, if we need the expansions involving still larger powers. 

We thus try to find a rule that will help us to find the expansion of the binomial for 
any power without writing all the rows of the Pascal's triangle, that come before the 
row of the desired index. 

For this, we make use of the concept of combinations studied earlier to rewrite 


n! 


the numbers in the Pascal's triangle. We know that "C, = OE ‚0< rsnand 
n is a non-negative integer. Also, "С,= 1 = "С, 
The Pascal’s triangle can now be rewritten as (Fig 8.3) 
Index Coefficients 
0 °C 
1 qe» 1 
С с 
; eb е) 
2 2 2 G 2 
(DN ЛЕД (Е) 
3 3 3 с 3 3 
(SU AUS СЗ) (=) 
4 4 G 4 G 4 сүт 4 с 
ОСО оу (C1 
5 5 5c 5 5 5 5 


5 1 G 
(71) 5) (10 (10) (-5) (71) 
Fig 8.3 Pascal’s triangle 


Observing this pattern, we can now write the row of the Pascal's triangle for any index 
without writing the earlier rows. For example, for the index 7 the row would be 


Mec Me Me SCC ы ер 
Thus, using this row and the observations (i), (ii) and (iii), we have 
(a + by = "C, a+ 7C,a° + 1C ab? + "C ab? + TC œb + IC ab + "Cabs + 7C,b’ 
An expansion of a binomial to any positive integral index say n can now be visualised 


using these observations. We are now іп a position to write the expansion of a binomial 
to any positive integral index. 
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$.2.1 Binomial theorem for any positive integer n, 
(a + by = "Ca" + "Cab + "Ca"? + eC, apr aC Bt 
Proof The proof is obtained by applying principle of mathematical induction. 
Let the given statement be 
P(n) : (a + b)" = "Ca" + "Ca^ ' + "Ca" р "Суар + "С" 
For n = 1, we have 
P (1) : (a + b)! ='Ca' + 'Cb'=atb 
Thus, P (1) is true. 
Suppose P (А) is true for some positive integer k, ie. à 
(a + bý = Cat Сасы IC tb? + + *C bi 47 (1) 
We shall prove that P(k + 1) is also true, i.e., 
(a+ byt! =! ait! + IC ab UC AO + ct EC apt 
Now, (a Ы! = (a + Б) (a + Б) 


= (a + b) (C d & СЬ + IC di? Pe! C, ab ^C, b) 
[from (1)] 


= EE +C db +C W tut C, PH- '+ C ab IC db 
«сазы а. XC, ab + Ср"! 


[by actual multiplication] 
zat a (көле?) а + (C, € C)a*7 pha 
жес) ab + СЬ! [grouping like terms] 


EUCH k+l + Ге e ** C a'b? ++ Exi abr Porc сере 
(by using **'C=1, Са кы and 'C,-1-'*'C,,) 


Thus, it has been proved that P (k + 1) is true whenever P(K) is true. Therefore, by 
principle of mathematical induction, P(n) is true for every positive integer п. 


We illustrate this theorem by expanding (x + 2 
(x42) = Cx C2 + Car E ERZ or 604224 Стая 52-27. 
= х6 + 1225 + 60° + 16059 +24022 + 192x + 64 
Thus (х + 2)° = л + 1226 + 60x + 16022 +24022 + 192x + 64. 
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Observations 


жа 
-k pk 
The notation YG, а" Б stands for 
k=0 


nO aD EMG GD) E Сатр + AUC ab, where b? = 1 = а"". 


Hence the theorem can also be stated as 


n 

(a+b = "С, а" 

k=0 

The coefficients "C, occuring in the binomial theorem are known as binomial 
coefficients. 
There are (n+1) terms in the expansion of (a+b)", i.e., one more than the index. 
In the successive terms of the expansion the index of a goes on decreasing by 
unity. It is n in the first term, (1-1) in the second term, and so on ending with zero 
in the last term. At the same time the index of b increases by unity, starting with 
zero in the first term, 1 in the second and so on ending with n in the last term. 
In the expansion of (a+b)", the sum of the indices of a and b is n + 0 = п in the 
first term, (n — 1) + 1 =n in the second term and so on 0 + п = n іп the last term. 
Thus, it can be seen that the sum of the indices of a and b is n in every term of the 
expansion. 


8.2.2 Some special casesIn the expansion of (a + Б), 


(i) 


Thus 


Taking a = x and b = — y, we obtain 
G-»* = [х + Cr 
= "Cx" Ср (у) + "С -у) Су)? +... + "С, (-уу 
= Ctr Cx ty + Ct ey? ау + Gly "C, у 
Cahir жату tC at 2 у? du op (1)? 1C yh 


Using this, we have (-2у) = °C x – C (2y) + Су? (2у)? -5C (2y) + 


(ii) 


Thus 


°C, x(2y)*— °С,(2у)> 
= ж -10x+y + 40x°y? — 80x? + 80ху* — 32у. 
Taking a = 1, b =x, we obtain 
@+ xy = ^C +C (0V + "COy- 2 АС 
= Ch Gir nOn E Gu acc 
(1 xy = "C "Cx C! IC uos С 
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In particular, for x = 1, we have 
OP = "C, ТЕ а С 
(ii) Taking a = 1, b=- x, we obtain 
а- 39 = "C,-"Cx "Ox — СС 
In particular, for x = 1, we get 
0="C, = "C, °C) = (СС 


267) 
Example 1 Expand (ғ 2) ,x#0 


SolutionBy using binomial theorem, we have 
1 3 4 н A. J 3 i 3 2 3 9 3 4 
x m. «Сұр ^C ОИ ШЕР GER ne ФО). gj "Sa s 
3 9 27 81 
2423 .—463.—:944X.— э + = 
x x © LR 


108 81 
= 3% 4126-5484 — t7. 
xs ipic 


Example 2 Compute (98). 
Solution We express 98 as the sum ОГ difference of two numbers whose powers are 
easier to calculate, and then use Binomial Theorem. 


Write 98 = 100 — 2 


Therefore, (98) = (100 — 2)? 
= 5C, (100) — °C, (1002 + °C, (100)22 


= °С, (100) (2) + °C, (100) (2) – °С, (2) 
= 10000000000 — 5 x 100000000 x 2 + 10 x 1000000 x 4 — 10 x 10000 


x 8+5x 100x 16-32 
= 10040008000 — 1000800032 = 9039207968. 


_ Example 3 Which is larger (1.01)!9999 or 10,000? 
Solution Splitting 1.01 and using binomial theorem to write the first few terms we 


have 
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(1.01)! = (1 + 0.01)! 

= C + 100000C (0.01) + other positive terms 

= | + 1000000 x 0.01 + other positive terms 

= 1 + 10000 + other positive terms 

> 10000 

Hence (1.01)! > 10000 
Example 4 Using binomial theorem, prove that 6"-5n always leaves remainder 
1 when divided by 25. 


Solution For two numbers a and b if we can find numbers q and r such that 
а= bq + г, then we say that b divides a with q as quotient and ғ as remainder. Thus, in 
order to show that 6"— 5n leaves remainder 1 when divided by 25, we prove that 
6"— 5n = 25k + 1, where К is some natural number. 


We have 
A * ay 2'C, + 'Са+ "Cua +... + "Са" 
Бога -5,ме рей 


(Ic "C+ СЭ "C „+ М5" 


es (6)" = 1 + Sn + 52."C, + 53."C, +... + 5" 

ie. 6" – 5n= 145? (Cre +... + 5") 

ог 6 — Sn= 1+ 25 ("С,+5 "С, +... + 572) 

or 6" —Sn=25k+1 where k= СОС ы sro. 


This shows that when divided by 25, 6" — 5n leaves remainder 1. 


EXERCISE 8.1 


Expand each of the expressions in Exercises 1 to 5. 


2 5 
1. (1-2 2. (2-3) 3. Qx-3y 
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54) Н) 
uL | m s TX 
8755 x 
Using binomial theorem, evaluate each of the following: 
6. (96) 7. (102) 8. (101)* 
. (99) 
р Using Binomial Theorem, indicate which number is larger (1. 1)! or 1000. 


11. Find (a + b)* – (a — b). Hence, evaluate «В+ 42 Joy ie ДЕР xo» 


12. Find (x + 1) + (x — 1) Hence or otherwise evaluate (,/2 + 1)° + (2, - 1%. 
13. Show that 9"*' — 8n — 9 is divisible by 64, whenever n is a positive integer. 


14. Prove that УЗ "С, = 4", 
то 


83 General and Middle Terms 

1. In the binomial expansion for (a + by, we observe that the first term is 
"C,a", the second term is "C, a" b, the third term is "C, "7b", and so on. Looking 
at the pattern of the successive terms we can say that the (r + 1)" term is 
"Сазы. The (г + 1)" term is also called the general term of the expansion 
(a + Бу. It is denoted by Т... Thus Т, = "C, ab. 

2. Regarding the middle term in the a (а + Ьу”, we have 

G) If n is even, then the number of terms in the expansion will be n + 1. Since 


2 Wiese 
nis even so n + 1 is odd. Therefore, the middle term is AIRE ле; 


8 th 
For example, in the expansion of (x + 2y)*, the middle term is р +1 | ie, 


5% term. 


(ii) If n is odd, then n +1 is even, 50 there will be two middle terms in the 
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th th 
n n+l ; қ 
expansion, namely, = | term and Еш ) term. So in the expansion 


Tea E. 
(2x — y’, the middle terms are TUE ,ie., 4% and T *l| ,ie,5* term. 


р РЕБЕЗ 
3. Inthe expansion of | X + F ‚ where x #0, the middle term is cd 4 


i.e., (n + 1)" term, as 2n is even. 


It is given by E (+) = "C (constant). 

This term is called the term independent of x or the constant term. 
Example 5 Find a if the 17^ and 18^ terms of the expansion (2 + a)? are equal. 
Solution The (ғ + 1)" term of the expansion (“жуу is given by ШО ny, 
For the 17" term, we have, r+ 1 = 17, ie., r= 16 
Therefore, El Ms С (2)99 16 gis 

=C „2% gis 

Similarly,  Т„=%С 2» ат 
Given that T, 2T, 
So "C. a8 = 0С. (2)9 ат 


EOS Nise 


"Therefore ES EE = 2% 
n.e 
n “Су хо 750 17 . 33! 
ig, Sa STER NR RICE = 
Bil ea e T1702 DE 


Example 6 Show that the middle term in the expansion of (1-х) is 
1.3.5..(2n - 1) 


2 2n x", where n is a positive integer. 
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th 
! | 2 
Solution As 2n is even, the middle term of the expansion (1 + x)" is (z T ) d 


i.e., (n + 1)" term which is given by, 


Qn! a 
n! n! 


Tq = еа =x)" = ys = 


2nQn-1) Qn-2) „4321, 
Т nn A 


_ 12.34...2n-2) 2п-1) Qn) y 


nin! 
(1.3.5... (2n -1)][2.4.6...(2n)] 
E nin! T 
[L35.Qn-DP'[23.n] , 
г. pini т 


Б [1.3.5..(2n - 1)] n! PORC 


nin! 


_ 1.3.5..n-1) 
n! 
Example 7 Find the coefficient of x*y° in the expansion of (x + 2y)*. 
Solution Suppose 35)? occurs in the (r + 1)* term of the expansion (x + 2y)’. 
Now Tm | Oia IC x baw © 
Comparing the indices of x as well as y in x5? and in T,,,, we get r= 
Thus, the coefficient of ху? is 


9! 23 987, 
0-25-22 =672. 
0,255 08735 


2 XT 


37 


Example 8 The second, third and fourth terms іп the binomial expansion (x + a)" are 


240, 720 and 1080, respectively. Find x, a and n. 
Solution Given that second term T, = 240 
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We have quu a 
So "Cant. а = 240 2 (1) 
Similarly E 45 = 720, (2) 
and "Ca"? a? = 1080 5 (3) 
Dividing (2) by (1), we get 
Вес РО)! гаї. 
"Сота 240 1% Gol x 
a 6 
or к. БЕ) - (4) 
Dividing (3) by (2), we have 
a 9 
x 2(n-2) NC 
From (4) and (5), 
6 9 
Apos 20122) : Thus, n 2 5 


a 
Hence, from (1), 5x4a = 240, and from (1 = 2 


Solving these equations for a and x, we get x = 2 and a = 3; 


E xample 9 The coefficients of three consecutive terms in the expansion of (1 + а)" 
are in the ratiol: 7 : 42. Find n. 


Solution Suppose the three consecutive terms in the expansion of (1 4- a)" are 
(ғ- 1)", r^ and (r + 1)" terms. 
The (r — 1)" term is "C, ,a'-?, and its coefficient is "C, ,. Similarly, the coefficients 
of r^ and (ғ + 1)^ а аге "С, , and Са respectively. 

Since the coefficients are in d ratio 1 : 7 : 42, so we have, 


La l 8r+9=0 (1) 
n = 4,Le€,n-8r49-2 ^n 
слет | 
С 7 
and EM = 42 Qie,n-7re120 VIN) 


Solving equations(1) and (2), we get п = 55. 
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Find the coefficient of 

1, xin (х+ 3)* 2. ab in (a - 2b)” . 
Write the general term in the expansion of 

3. (х2- у) 4, (2- ух), х #0. 


5. Find the 4? term in ће expansion of (x — 2) |524 


18 
1 
6. Find the 13" term in the expansion of ЕЗ ‚ х 0. 


Find the middle terms in the expansions of 


ED 3 10 
e ee = 27 
„б 22 


9. In the expansion of (1 + а)””, prove that coefficients of a" and а" are equal. 
10. The coefficients of the (r— 1)", r^ and (r + 1)" terms in the expansion of (x + 1)" 
are in the ratio 1 : 3 : 5. Find n and r. 
11. Prove that the coefficient of x" in the expansion of (1 + x)" is twice the coefficient 
of x' in the expansion of (1 +x)""!. 
12. Find a positive value of m for which the coefficient of x in the expansion 
(1 + х)" is 6. 


Miscellaneous Examples 


6 
32 
Example 10 Find the term independent of x in the expansion of E ТЕЗУ | . 


за IER 
Solution We have T,,, = k ES (x) 
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6-2r 
D (21) ECT с 22-3 
шу” 
The term will be independent of x if the index of x is zero, i.e., 12 — 3r = 0. Thus, r=4 
P 5 


Hence 5% term is independent of x and is given (ае рей E = 1: 


Example 11 If the coefficients оға”, a’ and a’*! in the expansion of (1 -- a)" are in 
arithmetic progression, prove that n?— n(4r + 1) + 47-22 0. 


Solution The (r + 1)" term in the expansion is "Са". Thus it can be seen that а” occurs 
in the (r + 1)" term, and its coefficient is "С. Hence the coefficients of a'- ' a’ and 
ar ает. r "C, and "C, |, respectively. Since these coefficients are in arithmetic 
progression, so we have, OE Ot ЕЕ 2."C.. This gives 


n! n! n! 
++ = 2 Ж; 
(r-D)!@-r+)! (+0) (иг)! rY(n—r)! \ 


| 1 1 
Bes (r-D! i-r) (n=r) (п 1)! ia G1) (r) (r —1)! (n-r—1)! 
1 
=2х- ~ _ 
r(r—-1)! (пр) (n—r-))! 
1 1 td 1 
b (r-D! (n-r-1)! (п) (п-ғ+1) (+1) (ғ) 
=2x 1 
(r-0! (п - Dra ғ) 
; EINEN ТЕР, 
6% (п—ғ+1) (n—r) ЗГЕ r(n—ry 
rr*D*(n-r(n-ri) 2 
i (n-r)(n-r+1)r(r+1) ЕТЕ 
ог Qr*D*(n-n(n-r«)22(D(-r«1) 


or Meteor л ars? r= аг re rinri) 
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or п – 4пг-п+ 42-2 =0 
ie. п п(4г+ 1) +42-2=0 


Example 12 Show that the coefficient of the middle term in the expansion of (1 + xy" is 
equal to the sum of the coefficients of two middle terms in the expansion оЁ(1 + 3)" -*. 


Solution As 2n is even so the expansion (1 + х)" has only one middle term which is 
2n th 
ЕЙ һе, (n + 1)” term. 


The (n + 1)^ term is "Cx". The coefficient of x" is "C, 
Similarly, (2n — 1) being odd, the other expansion has two middle terms, 


n-1+1)" 2n 2| EIS ; 
апа ET +1] ie, n and (n + 1)" terms. The coefficients of 


2 
these terms are "-'C, , and ІС, respectively. 
Now 
мс + m-IC = mC [Asi i: "С, ="* ІСІ. as required. 
Example 13Find the coefficient of a* in the product (1 + 2a)! (2 — a) using binomial 
theorem. 


Solution We first expand each of the factors of the given product using Binomial 
Theorem. We have 
(1 + 2a) 2C, ^C, Qa) + ‘C, 2а) + °C, (ғау + ‘C, Qa)* 
2144 Qa) + 6(4a?) + 4 (81) + 16a*. 
= 1 + 8a + 24a? + 328? + 16а 
and (2-2) -%, (27-7, (2)! (а) + °С, (2) (ay. – °С, (2)? (а) 
+ 5C, (2) (а)*– °С, (ay 
= 32 — 80a + 802? - 40a° + 10a’ – а 
Thus (1 + 2a)* (2 — а)? 
= (1 + 8а + 24а? + 32a°+ 16a*) (32 -80a + 80а?2— 400° + 10a*- a?) 


two brackets need not be carried out. We write only 


The complete multiplication of the А 
if we note that a’. а-а. The terms 


those terms which involve а“. This сап be done 


containing a* are 
1 (102) + (8a) C405) + (244? (8043) + (3247 С 80a) + (16a*) (32) = – 4384 
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Thus, the coefficient of a* in the given product is — 438. 
Example 14 Find the r^ term from the end in the expansion of (x + a)". 


Solution There are (n + 1) terms in the expansion of (x + a)". Observing the terms we 
can say that the first term from the end is the last term, i.e., (n + 1)" term of the 
expansion and n + 1 = (л + 1) — (1 — 1). The second term from the end is the л" term 
of the expansion, and n = (n + 1) – (2. — 1). The third term from the end is the (n — 1)^ 
term of the expansion and n — 1 = (п + 1) – (3 – 1) and so on. Thus r^ term from the 
end will be term number (л + 1) — (r — 1) = (n — r + 2) of the expansion. And the 
(n — г + 2)" term is "С DOE bien 

18 

| ‚„х>0. 


n-r*l 


1 
23/x 


Example 15 Find the term independent of x in the expansion of [s * 


18-r ү 
Solution We have T, , FON (Vx) EJ 
Vx 


18-2r 


1 
We get r = 9. The required term is "С; 39° 


Example 16 The sum of the coefficients of the first three terms іп the expansion of 


m 
Б 5 5 , x * 0, m being а natural number, is 559. Find the term of (һе expansion 
containing X. 

" H 3 l 
Solution The coefficients of the first three terms of (% = a ae Ga C3) "С. 
and 9 "С,. Therefore, by the given condition, we have 


f 9m (m —1) 


2 =559 


"C, -3 "Cie 9 "C, = 559, ie, 1 - 3m 
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which gives m= 12 (m being a natural number). 


3 r 
Now Тат ML. = "CC 3y x23 


r 


Since we need the term containing X°, so put 12 — 3r=3 ie. r=3. 

Thus, the required term is "C, C эў, beu 5940 х. 

Example 17 If the coefficients of (r — 5)* and (2r - 1)" terms in the expansion of 

(1 +x)* are equal, find r. 

Solution The coefficients of (r — 5y^ and Qr — 1)? terms of the expansion (1 + Ay 

are "Ch and "C, , respectively. Since they are equal so MC MC rco 

Therefore, either r — 6-2ғ-2 or r-6 = 34 - Qr — 2) 

[Using the fact that if "C,="C,, then either r=porr="— pl 

es we vs r=-4 ОЕ being a natural number, r = — 4 is not possible. 
о, r= 14. 


Miscellaneous Exercise on Chapter 8 
1. Finda, bandn in the expansion of (а + by if the first three terms of the expansion 
are 729, 7290 and 30375, respectively. 
Find a if the coefficients of х and х in the expansion of (3 + ax) are equal. 


Find the coefficient of x in the product (1+2x)° (1-х) using binomial theorem. 
prove that a — b is a factor of a" — b", whenever 


Ww N 


4. Ifa and b are distinct integers, 
nis a positive integer. 
[Hint write a" = (a — b * by and expand] 
6 


5. Evaluate (з + 2) - (3 - 42) 
6. Find the value of (e t уа? - i) + (2 = E 2 


7. Findan approximation of (0.99) using the first three terms of its expansion. 
g. Find n, if the ratio of the fifth term from the beginning to the fifth term from the 


1 n 
end in the expansion of (8 * a is 46:1. 
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4 
х2 
9. Expand using Binomial Theorem ( ET. | ‚х0. 


10. Find the expansion of (3x — 2ax + 3a?y using binomial theorem. 


Summary 
@ The expansion of a binomial for any positive integral n is given by Binomial 
Theorem, which is (а + b)" = "Са" + "Са" 1р + ед ж.а 


called Pascal's triangle. 
e The general term of an expansion (a + b)" is Т, |- manc p. 


th 
n 
еш the expansion (a + b)", if n is even, then the middle term is the Ga | 


: п+1\ (пы 
term.If n is odd, then the middle terms are ОГ and | ——H | terms. 


Historical Note 


The ancient Indian mathematicians knew about the coefficients in the 
expansions of (x + у)", 0€ n € 7 ent of these coefficients was in 
the form of a diagram call ded by Pingla in his book 
Chhanda shastra (200B.C.). ement is also found in the 


work of Chinese mathematici: -sh he term binomial coefficients 
was first introduced by the Ge hael Stipel (1486-1567) in 
approximately 1544. Bombelli cients in the expansion of 
(a + Б)", for n = 1,2 ...,7 and m for n = 1, 2,..., 10. The 
arithmetic triangle, popularly е and similar to the Meru- 


Prastara of Pingla was co 
(1623-1662) in 1665. 
The present form of the b 


ТСЕ AKA 
du triange arithmetic, wri 


| mathematician Blaise Pascal 


Hie ntegral values of n appeared in 
Trate and published posthumously in 


1665. 


Chapter 9 


4 Natural numbers are the product of human spirit. — DEDEKIND * 


91 Introduction 

In mathematics, the word, “sequence” is used in much the 
same way as it is in ordinary English. When we say that a 
collection of objects is listed in a sequence, We usually mean 
that the collection is ordered in such a Way that it has an 
identified first member, second member, third member and 
so on. For example, population of human beings or bacteria 
at different times form a sequence. The amount of money 
deposited in a bank, over à number of years form a sequence. 
Depreciated values of certain commodity occur in a 


sequence. Sequences have important applications in several Fibonacci 
(1175-1250) 


spheres of human activities. 5 
Sequences, following specific patterns are called progressions. In previous class, 
we have studied about arithmetic progression (A.P).In this Chapter, besides discussing 


more about A.P.; arithmetic mean, geometric mean, relationship between A.M. 


and G.M., special series in forms of sum to n terms of consecutive natural numbers, 
sum to n terms of squares of natural numbers and sum to n terms of cubes of 


natural numbers will also be studied. ' 


9.2 Sequences 
Let us consider the following examples: | 
on gap of 30 years, we are asked to find the 


Assume that there is à generati: 
number of ancestors, i.e., parents, grandparents, great grandparents, etc. that a person 


might have over 300 years. 


Here, the total number of generations — ^ z10 
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The number of person's ancestors for the first, second, third, ..., tenth generations аге 
2, 4, 8, 16, 32, ..., 1024. These numbers form what we call a sequence. 

Consider the successive quotients that we obtain in the division of 10 by 3 at 
different steps of division. In this process we get 3,3.3,3.33,3.333, ... and so on. These 
quotients also form a sequence. The various numbers occurring in a sequence are 
called its terms. We denote the terms of a sequence by a, a, a, ..., а, ..., etc., the 
subscripts denote the position of the term. The n" term is the number at the л® position 
of the sequence and is denoted by a, The n^ term is also called the general term of the 
sequence. 

Thus, the terms of the Sequence of person’s ancestors mentioned above are: 
a,=2,4,=4,4,=8,..., а„ = 1024. 
Similarly, in the example of successive quotients 
a = 3, a, = 3.3, a, = 3.33, ..., 4, = 3.33333, etc. 

A sequence containing finite number of terms is called a finite sequence. For 
example, sequence of ancestors is a finite Sequence since it contains 10 terms (a fixed 
number). 

A sequence is called infinite, if it is not a finite sequence. For example, the 
Sequence of successive quotients mentioned above is an infinite sequence, infinite in 
the sense that it never ends. 

Often, it is possible to express the rule, which yields the various terms of a sequence 
in terms of algebraic formula. Consider for instance, the sequence of even natural 
numbers 2, 4, 6, ... 

Here 4 22-22x] a4,=4=2x2 


45 = 46 = 2 x 23, a, = 48 = 2 x 24, and so on. 


In fact, we see that the n^ term of this Sequence can be written as а = 2n, 
Mas nisa natural number, Similarly, in the Sequence of odd natural numbers 13:5... 
the n" term is given by the formula, 4, = 2n — 1, where n is a natural number. 


ға nc 


п n-2 n-I 


This sequence is called Fibonacci Sequence. 
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In the sequence of primes 2,3,5,7,..., we find that there is no formula for the п" 
prime. Such sequence can only be described by verbal description. 

, In every sequence, we should not expect that its terms will necessarily be given 
by a specific formula. However, we expect a theoretical scheme or a rule for generating 
the terms d,, а„а,,...,а„... in succession. 

In view of the above, a sequence can be regarded as a function whose domain 
is the set of natural numbers or some subset of it of the type (1, 2, 3...k}. Sometimes, 
we use the functional notation a(n) for ay. 


9.3 Series 
Let à. а„а,,...,а„ be a given sequence. Then, the expression 
а, + a, t, t... Gs 


is called the series associated with the given sequence .The series is finite or infinite 
according as the given sequence is finite or infinite. Series are often represented in 


compact form, called sigma notation, using the Greek letter У, (sigma) as means of 
indicating the summation involved. Thus, the series a, + 45 + d; +... + ап is abbreviated 


n 
«Уа, 

k=l 
Remark: When the series is used, it refers to the indicated sum not to the sum itself. 
For example, 1 + 3 + 5 + 7 is a finite series with four terms. When we use the phrase 
“sum of a series,” we will mean the number that results from adding the terms, the 


sum of the series is 16. 
We now consider some examples. 


Example 1 Write the first three terms in each of the following sequences defined by 
the following: 


n-3 
(i) а, =2п+ 5, Gi) а= 4 - 
Solution (i) Here a, = 2n +5 

Substituting n = 1, 2, 3, we get 
а, =2(1)+5=7, а,=9,а, = п 
Therefore, the required terms are 7, 9 and 11. 


-3 а c % 
(i) Here a, ==- Thus, qe ay aaa 
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Hence, the first three terms are -4, -1 and 0. 
Example 2 What is the 20* term of the sequence defined by 
aņ=(n-1)(2-n)(3 +n)? 
Solution Putting n = 20 , we obtain 
а= (20 — 1) (2 — 20) (3 + 20) ` 
= 19x (- 18) x (23) = — 7866. 
Example 3 Let the sequence 4, be defined as follows: 
4,-l,a =a |%2%гп>2, 
Find first five terms and write corresponding series. 
Solution We have 
a=l,a =a +2=1 %2-3,4,-а,%2-3%2-5, 
4,54,%2-5%2-7,4,-а,%2-7%2-9, 


Hence, (һе first five terms of the sequence are 1,3,5,7 and 9. The corresponding series 
is1+3+5+7+9 +... 


EXERCISE 9.1 


Write the first five terms of each of the sequences in Exercises 1 to 6 whose nt 
terms are; 


n 

I. a,2n(n42) 2, Gay Sar 
2n-3 745 
4. а= 5. а= (1)! sm 6 a, =n” 7 


n 

6 
Find the indicated terms in each of the sequences in Exercises 7 to 10 whose n^ 
terms are: 


т" 


Pars Ar атан а 9, а, = 0 


n(n—2)_ 


9. a, = (-1-'n* а 10. а, = ; 
$ ni3 ^n. 
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Write the first five terms of each of the sequences in Exercises 11 to 13 and obtain the 
corresponding series: 


П. а =3,а, 73a, ,* 2foralln»1 12. д=-1,а,= 2, n22 
қ n 


13. a,=a,=2,4a,=a4, гі n»2 
14. The Fibonacci sequence is defined by 
l=a,=a,anda,=a, , t à, ,п>2. 


Пл 
Find ECC. богп-1,2,3,4,5 


n 


9.4 Arithmetic Progression (A.P.) 
Let us recall some formulae and properties studied earlier. 

A sequence d, Gy, dy... й„... 18 called arithmetic sequence or arithmetic 
progression if a,,,=a,+d,né N, where a, is called the first term and the constant 
term d is called the common difference of the A.P. 


Let us consider an A.P. (in its standard form) with first term a and common 
difference d, i.e., a, a +d, a + 2d, ... 


Then the n^ term (general term) of the A.P. is a, =a + (n — 1) d. 
We can verify the following simple properties of an A.P. : 
(i) If a constant is added to each term of an A.P., the resulting sequence is 


also an A.P. 
(ii) If a constant is subtracted from each term of an А.Р., the resulting 


sequence is also an A.P. 
Gii) If each term of an А.Р. is multiplied by a constant, then the resulting 


sequence is also an A.P. J 
(iv) -If each term of an A.P. is divided by a non-zero constant then the 


resulting sequence is also an A.P. 
Here, we shall use the following notations for an arithmetic progression: 
a = the first term, / = the last term, d = common difference, 


n= the number of terms. 
S = the sum to n terms of A.P. 


Let a, a d, a + 2d, 4 a + (n — 1) d be an A.P. Then 
1 =а+(п-1)4 
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s, -5Ba*(-pa] 


n 
We can also write, S, — 21454 
Let us consider some examples. 


Example 4In an A.P. if т® term is n and the n' term is m, where m + n, find the pth 
term, 


Solution We have а,та%(т-1)4-п, зы (1) 
ала а =а+(п-1)а=т (2) 
Solving (1) and (2), we get 
(m n) а= п-т, or dz-1, i (3) 
and a=n+m-1 e (4) 


Therefore азаз(р-1м 
=п+т-1+(р- 1) (1) =п+т-р 
Hence, the p^ term is n + т-р. 


Example 51f the sum of n terms of an A.P. is пР+ n(n -DQ, where P and Q 


are constants, find the common difference, 
Solution Let аа... à, be the given A.P. Then 


1 
5,-а tata, t.a 44 =nP + 270-100 


Therefore Sz a= P, S, са, ta -2P4Q 

So that 4,-5,-5,-Р-0 

Hence, the common difference is given Бу4-а,- a,=(P+Q)-P=Q. 

Example 6 The sum of n terms of two arithmetic Progressions are in the ratio 
(3n 8) : Cn + 15). Find the ratio of their 12" terms. 


Solution Let аа, and d, d, be the first terms and common difference of the first 
and second arithmetic Progression, respectively. According to the given condition, we 
have 

Sumtontermsof first A.P. _ 3n+8 


Sum tonterms of second A.P. 75415 
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2124 *m-U4] 


. 3n*8 
or 5 ра, +0100 7п+15 
2a,+(n—1)d, _ 3n+8 
or 2а,%(п- )4, 7п+15 0 
12" termof first A.P. aj +11d, 
Bow 12" termof second АР a; +1 1d, 
2a 22d, 3х23%8 | : 
2а,%224, 7х23415 [By puting n 23.8 ЧЛ 
a,*lld, _ 12" termoffirst A.P. _ 7 
Therefore E: = 


а,+114, 12" term of second A.P. 716 


Hence, the required ratio is 7 : 16. 

Example 7The income of a person is Rs. 3,00,000, in the first year and he receives an 
increase of Rs.10,000 to his income per year for the next 19 years. Find the total 
amount, he received in 20 years. 

Solution Here, we have an A.P. with a = 3,00,000, d = 10,000, and n = 20. 

Using the sum formula, we get, 


ES E [600000 + 19 x 10000] = 10 (790000) = 79,00,000. 
Hence, the person received Rs. 79,00,000 as the total amount at the end of 20 years. 


9.4.1 Arithmetic mean Given two numbers a and b. We can insert a number A 
between them so that a, A, b is an A.P. Such a number A is called the arithmetic mean 
(A.M.) of the numbers a and b. Note that, in this case, we have 
a+b 
А-а=ЁР=А, пее E 
We may also interpret the A.M. between two numbers a and b as their 


a+b We have, thus 


average ‚ For example, the A.M. of two numbers 4 and 16 is 10. 


constructed an A.P. 4, 10, 16 by inserting a number 10 between 4 and 16. The natural 
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question now arises : Can we insert two or more numbers between given two numbers 
so that the resulting sequence comes out to be an A.P. ? Observe that two numbers 8 
and 12 can be inserted between 4 and 16 so that the resulting sequence 4, 8, 12, 16 
becomes an A.P. 

More generally, given any two numbers a and b, we can insert as many numbers 
as we like between them such that the resulting sequence is an A.P. 


Let А, A, A, ..., A, be л numbers between a and b such that СТАА. А... 
A,, b is an A.P. 


Here, b is the (n + 2)^ term, i.e, b- a + [(n + 2) – 1]d =a+(n+1)d. 


This gives UR : 
ntl 
Thus, п numbers between a and b are as follows: 
р-а 
A,=a+d=a+t HE 
2(b—a) 
A, =a+2d=a+ inm 
3(b—a) 
A,=a+3d=a+ ЖЕ 
n(b—a) 
A,=a+t+nd=a+ Bem 
Example 8 Insert 6 numbers between 3 and 24 such that the resulting sequence is | 


an A.P. 


Solution Let Ap A, A, A, A, and A, be six numbers between 3 and 24 such that 
3, А, As A, A, Ap A, 24 are in АР. Here, a = 3, b = 24, n = 8. 

Therefore, 24 = 3 + (8 1) d, so that 4-3. 

Thus А =а+4=3+3=6; А,=а+24=3+2х3-=9; | 
А,та%34-343х3-12: А,-аз44-3%4х3-15; | 
A,=a+5d=34+5x3=18: A,=a+6d=3+6x3=21, 

Hence, six numbers between 3 and 24 are 6, 9, 12, 15, 18 and 21. 


. Between 1 and 31, m numbers have been inserted in su 
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Find the sum of odd integers from 1 to 2001. 

Find the sum of all natural numbers lying between 100 and 1000, which are 
multiples of 5. 

In an А.Р, the first term is 2 and the sum of the first five terms is one-fourth of 
the next five terms. Show that 20" term is -112. 


How many terms of the A.P. - 6, -2 , — 5, ... are needed to give the sum -257 


In an АР, if p^ term is 1 and q^ term is el prove that the sum of first pq 


terms is 1 (ра +1), where p # 9. 

If the АКЕ... a certain number of terms of the A.P. 25, 22, 19, ... is 116. Find the 
last term. 

Find the sum to n terms of the A.P., whose k term is 5k + 1. 

If the sum of terms of an A.P. is (pn + qn’), where p and q are constants, 
find the common difference. 

The sums of n terms of two arithmetic progressions are in the ratio 
5n + 4: 9n + 6. Find the ratio of their 18^ terms. 

If the sum of first p terms of an A.P. is equal to the sum of the first q terms, then 


find the sum of the first (p + q) terms. 
Sum of the first p, q and r terms of an A.P. are a, b and c, respectively. 


a b c 
Prove that —(q-r*-G- p)+—(p-q)=9 

р q r 
The ratio of the sums of m and n terms of an А.Р, is т: n°. Show that the ratio 
of m^ and n? term is (2m 1) : (2n - 1). { 
If the sum of л terms of an A.P. is 3n2 + 5n and its m^ term 15 164, find the value 
of m. 


Insert five numbers between 8 and 26 such that the resulting sequence is an A.P. 


Wir is the A.M. between а and b, then find the value of n. 
ch a way that the resulting 


sequence is an A. P. and the ratio of 7^ and (m- 1)" numbers is 5 : 9. Find the 


value of m. 
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17. A man starts repaying a loan as first instalment of Rs. 100. If he increases the 
instalment by Rs 5 every month, what amount he will pay in the 30" instalment? 

18. The difference between any two consecutive interior angles of a polygon is 5°, 
If the smallest angle is 120°, find the number of the sides of the polygon. 


9.5 Geometric Progression (G. P.) 


Let us consider the ы sequences: 


c -l 
(i) 2,4,8,16... w+ 9°27’ 81 "243. (iii) .01,.0001,.000001,... 
In each of these sequences, how their terms progress? We note that each term, except 


the first progresses in a definite order. 


қ а а а 
In (i), ме have а|-2,-2-2,-%-2,-4-2 and so on. 
а, а, a; 


In (ii), we observe, a, = 1 А 2 e s гі a - -l and so on. 
9 


, , 
ORES ады” 3020; 


Similarly, state how do the terms іп (iii) progress? It is observed that іп each case, 
every term except the first term bears a constant ratio to the term immediately preceding 


it. In (i), this constant ratio is 2; in (ii), it is -i and in (iii), the constant ratio is 0.01. 


Such sequences are called geometric sequence or geometric progression abbreviated 
«СОР, 
A sequence а, a, а,..,а,, ... is called geometric progression, if each term is 


4 
а 


non-zero and ——— = r (constant), for k = 1. 
By letting a, = a, we obtain a geometric progression, a, ar, ar^, ar*,...., where а 
is called the first term and r is called the common ratio of the G.P. Common ratio in 


geometric progression (i), (ii) and (iii) above are 2, -\ and 0.01, respectively. 


As in case of arithmetic progression, the problem of finding the n^ term or sum of n 
terms of a geometric progression containing a large number of terms would be difficult 
without the use of the formulae which we shall develop in the next Section. We shall 
use the following notations with these formulae: 

а = the first term, r = the common ratio, / = the last term, 


SEQUENCES AND SERIES 187 


п = the numbers of terms, 
S, = the sum of first n terms. 


9,5.1 General term of a С.Р. Let us consider а С.Р. with first non-zero term ‘a’ and 
common ratio ‘r’. Write а few terms of it. The second term is obtained by multiplying 
a by r, thus а, = ar. Similarly, third term is obtained by multiplying а, by r. Thus, 
a, = ay = ar^, and so on. В 

5 We write below these and few more terms. 
l*term-za,-24-— ағ, 2™ term = a, = ar = ar^, 3" term = à, = а? = ar 
4^ term = а, = ar = ar^, 5^ term = a; = ar^ = ar? 
Do you see a pattern? What will be 16" term? 

а= ar! = ar? 
Therefore, the pattern suggests that the п® term of a G.P. is given by 

тағ”. 

Thus, а, G.P. сап be written as a, ar, ar^, ar, ата, ar, аб, аты. saccording 


as С.Р. is finite or infinite, respectively. 
The series a + ar + ar +... tar"! or a+ ar +а +... + ат +...аге called 


finite or infinite geometric series, respectively. 
9.5.2. Sum to n terms of a G.P. Let the first term of a G.P. be a and the common 
ratio be r. Let us denote by S, the sum to first n terms of С.Р. Then 
S,=a+ar қап gt ar „Д 
Саѕе 1 If r= 1, ме have 5 =а+а+а+ ka (ntes) = 10 


Саѕе 2 If rz 1, multiplying (1) by r, we have 
rS =ar tar + ar +. HAM 
Subtracting (2) from (1), we get (1 - r) 5,-4а- ar -ай-”) 


КО] 


a(l-r" n 
This gives Әһ = «0 ог = ar 
E r- 


Example 9 Find the 10^ and n^ terms of the G.P. 5, 25.125... - 
Solution Here a = 5 and r = 5. Thus, а = 5(5)%! = 5(5) = 519 
and а, = а" = 5(5)"! = 5". 

Example10 Which term of the GP. 2,8,32, . 


given G.P. Here a = 2 and r = 4. 
5536 = 4^7! 


.. up to n terms is 131072? 


Solution Let 131072 be the n? term of the 
Therefore 1310722, 2 A |0 
Thisgives 4-24" 


So that n— 1 28, 1e, nz 9- Hence, 131072 is the 9% term of the (Gr 
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Example11 In a GP., the 3" term is 24 and the 6" term is 192.Find the 10% term, 
Solution Here, a, = ar? = 24 (1) 
and ақта” =192 (0) 


Dividing (2) by (1), we get r - 2. Substituting г = 2 in (1), we get a = 6. 
Hence а= 6 (2? = 3072. 


Example12 Find the sum of first n terms and the sum of first 5 terms of the geometric 


A 214 
series 1+—+—+... 
37/9 


2 
Solution Here a = 1 and r = 3: Therefore 


5 
In particular, S; 15) | = 3x2 = aU. 


3 $ 
Example 13 How many terms of the G.P. EM are needed to give the 


3069 
sum 51 


Solution Let n be the number of. terms needed. Given that a = 3, r= 5 and 5, Бе 


512 
Since S ea sr 
adden 
31-1) 
Therefore 3069 _ 2: el goede 
STD Me ot 


2 
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3069 1 
or 3072 E d 
1^. Зо 12 
Br y^ 173072 3072 1024 
or 2” = 1024 2 2", which gives n = 10. 


19357 
Example 14 The sum of first three terms of a GP. is m and their product is — 1. 


Find the common ratio and the terms. 


Solution Let = — . a, ar be the first three terms of the GP. Then 


—+ar+a=— 2. 

2 arta 2 (1) 
2,0 

апа (4 (ШЕ 0 

From (2), we get а? = — 1, ie, a 7— 1 (considering only real roots) 


Substituting a = –1 in (1), we have 
1 13 
~=-1-r=— or 127 25r 12 - 0. 
r 12 


" 3 4 
This is a quadratic in r, solving, We get r=- i or- PA 


3 
Thus, the three terms of С.Р. аге: $, 7 


Example 15 Find the sum of the sequence 7, T1, 111, 7777, ... to п terms. 


Solution This is not a G.P., however, we can relate it to a СР. by writing the terms as 


Sn= 74774717 + 7777 +... to n terms 


2 [9+99+999+9999+ .. „to nterm] 


© 


- J fao- +00? _1)+(10° =1)+010* - D 4. terms] 


© 
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E (тн. 9900-0.) 
= See oa а 79 WEE ad J 


00» 10? - 10) +..n terms) —(L- 1-1...» terms)] 
9| 10-1 9 


Solution Here а = 2,r=2andn=10 


a (r" —]) 
Using the sum formula ES E 
We have So = 22" — 1) = 2046 


Hence, the number of ancestors preceding the person is 2046, 
9.5.3 Geometric Mean (G.M.) The geometric mean of two positive numbers а 


Let G,, G,,..., С, be л numbers between positive numbers а and b such that 
4G,G,G.....G, p is a GP. Thus, Ь being the (n + 2)" term,we have 


a 
f by 2 3 
Hence б, =ar=q| 2 ; or ES 
ha. 4%) G,=ar? = (2) 7 G, =ar? = (2) ER 
a a 
9, таа үу 
а 
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Therefore 256 = r^ giving r = + 4 (Taking real roots only) 

For г = 4, we have G, = ar = 4, G, = ar = 16, G, = ar = 64 

Similarly, for г = — 4, numbers are — 4,16 and — 64. 

Hence, we can insert 4, 16, 64 between 1 and 256 so that the resulting sequences are 
inG.P. 

W6 Relationship Between A.M. and G.M. 

Let A and G be A.M. and G.M. of two given positive real numbers a and b, respectively. 
Then 


Аг andG =Vab 


Thus, we have 


i в= “Ы. Jab See 
(va-vo) 
if 27-2 Г(1) 


From (1), we obtain the relationship А > б. 
Example 18 If A.M. and G.M. of two positive numbers а and b are 10 and 8, 
respectively, find the numbers. Я 

atb (1) 


Solution Given that AM. = a 
and G.M.=Vab =8 ` mia 
From (1) and (2), we get 
at+b=20 ip 
ab = 64 niet 


Putting the value of a and b from (3), (4) in the identity (a — Oba a »- Mo 


we get 
(a — by? = 400 — 256 = 144 

or а-Б= +12 

Solving (3) and (5), we obtain 
a=4,b=16ora=16,b=4 

Thus, the numbers a and b are 4, 16 or 16, 4 respectively. 


бей 6)) 


6. 


Find the 20" and л" terms of ће С.Р. 24897 
Find the 12" term of a G.P. whose 8" term is 192 and the common ratio is 2. 
The 5%, 8% and 11% terms of a G.P. are p, 4 and s, respectively. Show 


that 47 = ps. 


.. The 4" term of a С.Р. is square of its second term, and the first term is — 3. 


Determine its 7^ term. 


. Which term of the following sequences: 


(а) 2,242,4,...is 128? (b) 43,3,3/3,...15729 ? 
GENUS is — — ? 
© 3'g'25"" ^ 19683 


For what values of x, the numbers — 2, x,— i are in G.P.? 


Find the sum to indicated number of terms in each of the geometric progressions in 
Exercises 7 to 10: 


11. 


12. 


0.15, 0.015, 0.0015, ... 20 terms. 


V7, o1. 347... n terms. 


. 1,-a, а, – a’, ... п terms (if a z— 1). 
, 5,2,5, A terms (f£ x z x 1). 


11 
Evaluate SS (2-39 


k=l 


The sum of first three terms of a G.P. is = and their product is 1. Find the 
common ratio and the terms. 


3, How many terms of G.P. 3, 3°, 3°, ... are needed to give the sum 120? 
4, The sum of first three terms of a G.P. is 16 and the sum of the next three terms is 


128. Determine the first term, the common ratio and the sum to n terms of the G.P. 


5, Given a С.Р. with а = 729 and 7" term 64, determine 5.. 
. Find a G.P. for which sum of the first two terms is — 4 and the fifth term is 


4 times the third term. 


. Ifthe 4", 10" and 16" terms of a G.P. are x, y and z, respectively. Prove that x, 


y z are in G.P. 


18. 
19. 


30. 


31. 


w 
nr 


. Find the value of л so that 
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Find the sum to n terms of the sequence, 8, 88, 888, 8888... . 
Find the sum of the products of the corresponding terms of the sequences 2, 4, 8, 


16, 32 and 128, 32, 8, 2, 5 4 


. Show that the products of the corresponding terms of the sequences а, а” ar, 


сағ”! and A, AR, AR?, ... АВ"! form a G.P, and find the common ratio. 


. Find four numbers forming a geometric progression in which the third term is 


greater than the first term by 9, and the second term is greater than the 4" by 18. 


. Tf the p^, q^ and y^ terms of a G.P. are a, b and c, respectively. Prove that 


“сыт = 1. 
If the first and the n^ term of a С.Р. are а and b, respectively, and if P is the 


product of n terms, prove that P? = (ab)". 
Show that the ratio of the sum of first n terms of a G.P. to the sum of terms from 


a 
(n + 1)^ to (2n)^ term 15 —- 


. If a, b, c and d are in С.Р. show that 


(2 + b+ ©) (Ё + 2 + Ф) = (ab + Бс + са». 


. Insert two numbers between 3 and 81 so that the resulting sequence is G.P. 


а" а B 
may be the geometric mean between 
a^ +b" 


a and b. 


. The sum of two numbers is 6 times their geometric mean, show that numbers 


are in the ratio (24242): (9-242). 


29. If A and G be A.M. and G.M. respectively between two positive numbers, 


prove that the numbers are A £l А+С (А-6): 


The number of bacteria in а certain culture doubles every hour. If there were 30 
bacteria present in the culture originally, how many bacteria will be present at the 


end of 2™ hour, 4^ hour and п" hour ? 
What will Rs 500 amounts to in 10 years after its deposit in a bank which pays 


annual interest rate of 10% compounded annually? 


. If A.M. and G.M. of roots of a quadratic equation are 8 and 5, respectively, then 


obtain the quadratic equation. 
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97 Sum to n Terms of Special Series 
We shall now find the sum of first n terms of some special series, namely; 
() 142434... +n (sum of first п natural numbers) 
(i) 12+ 22+ 32+... + n'(sum of squares of the first n natural numbers) 
Gi) 159254 34... ré (sum of cubes of the first n natural numbers). 
Let us take them one by one. 


В п(п+1) : 
() S=l+ 2+3 +... +n, then S, = ринду (See Section 9.4) 


(i) Here S=1?+2?+ 3...4m 
We consider the identity K — (k – 1? = 3€ – 3k+ 1 
Putting k = 1, 2..., n successively, we obtain 
12-02 = 3 (1) -3 (1) +1 
23 12 = 3 (2) - 3 (2) + 1 
33 – 23 = 3(3)2- 3 (3) + 1 


т- (п 1) = 3 (п) – 3 (п) + 1 
Adding both sides, we get 
D-0923(70420 43 4.4 п2) –- 3 (1+2+3 +... + л) + п 


т =3 Ўз Уук+п 
k=1 kzl 


By (i), we know that Yactenese ens 01D 
k=l 
co l5 Зп(п+1) 1 
Hence 5,- ук 4 Um epee st = Ол 3 +n) 
Š n(n+1)(2n+1) 
A 6 


(ii) Неге S = 13 + 23 + ...4n° 
We consider the identity, (К + 1) – kt = 4/6 + 6€ + 46+ 1 
Putting k = 1, 2, 3... n, we get 
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2: - 1 2 AD? + 601) + 4(1)+1 
34 24 = AQy + 602) + 40) +1 
4 — 34 = 4) + 63) + 4(3) + 1 


(п- D (n - 2j e 4n oy + 6n 28 68-241 
n*-(n—- 1) = 4(n - D? 6(n – 1} А(п- 1)+1 
(n+ pt- nt = 4n'+ бп? + 4п +1 

Adding both sides, we get 
(n+ 1)%—1*= A(3+ 243 ++ т) + 6(1 + +32 + „+ т) + 
аа +2+3+.+п)+п 


лі ДА" E 
k=l k=l k=1 
From parts (i) and (ii), we know that 
ML dopo ы сы 
k=1 2 k=l 6 


Putting these values in equation (1), we obtain 
n їу(2л +1) 4п(п+1 
AY P enean +6п? Las ыйш+ыш+у 410019 
k=1 6 2 
or MO ET ои 
2g 20 +0 
= п(п + 1). 
РД 
п? (п +1) [п (nt 1) 
ШИК SN 


Hence, S 
nce 4 4 


Example 19 Find the sum to n terms of the series: 5 + 11 +19 +29 + 41... 
Solution Let us write 

5,55% 1 4 19429 +- FA + 4, 
or S,- 54 11419 ж.а, 0,3 * 4; 


On subtraction, we get 
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0=5+[6+8+10+ 12 + „(п — 1) terms] – а, 


s xs (-002: 09-25 


254(n-1) (п+4) 2! «3n 1 


Hence $- Ya, Dre +з een 
k=l k=l 1 


k=l 


» nie Dns) зр, eret | 


Example 20 Find the sum to n terms of the series whose n? term is л (n3). 
Solution Given that a, 2 n (n + 3) =n’ + Зп 


Thus, the sum to n terms is given by 
n n n 

с = а= У +зук 
т k=l k=l 


п(п+1) Qn +1) pont) n D) (1+5) 
6 2 3 с 


Find the sum to n terms of each of the series in Exercises 1 to 7. 
1, 1х2+2х3+3х4+4х5+.. 2. 1х2х3+2х3х4+3х4х5 +... 


1 1 1 
3, 3x 45x22 * 7x 9 +... 4. MO am 4d 


5. $«6 4 T +... + 20 6. 3x846x11 49x 14+... 
7, V - (P2) + (12 + 22 + 32) +... 

Find the sum to n terms of the series in Exercises 8 to 10 whose т" terms is given by 
8. n (п+1) (14). 9, п + 2" 

10. (2п –1)? 
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Miscellaneous Examples 


Example21 If p*, q^, r^ and s" terms of an A.P. are in GP, then show that 
(p - 4 4- (r — 5) are also in GP. 


Solution Here 


a,=at (р-)4 TO 
a,=at (q-l)d 20102) 
а =а 4 (r-1) d 228) 
a za*(s-Dd a (4) 


s 
Given that 4, 4, 4, and a, are in GP. 


So а, 300 Quis n qst. 225) 


Similarly aja йин (why 2) 2. (6) 
-r d 


Hence, by (5) and (6) 


р-4 4-? 
TROP INTR à 
Example 22 If а, b, c are in GP. and igi =p? = cz: prove that x, у, z are 1n АР 
ү, 
Solution Let a*= Ы =c =k Then 
ack, b= and c Е. 2100) 
Since a, b, c are in GP., therefore, 
№ тас 2,0) 
Using (1) in (2), we get 
jp = k+, which gives 2y = ^+ 1 


Hence, x, y and z are in A.P. 


Example 23 If a, b, c, d and p are different real numbers such that 
(а + B+ cp! – Xab + be + cd) p + (b+ + Ф) € 0, then show that a, b, c and d 


are in GP. 


Solution Given that 
ЖС 22.4 ~@ 
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But L.H.S. 
= (ap — 2abp + b’) + (Б2р? – 2bep + с?) + (cip? – 2cdp + Ф), 
which gives (ap — Б)? + (bp — cy. + (cp — dy z0 t. (2) 


Since the sum of squares of real numbers is non negative, therefore, from (1) and (2), 
we have, (ap —b) + (bp — cy + (ср - 42 = 0 


or ар-Ь= 0, р-с= 0, ср-1= 0 


а 
==р 
с 


ЕЕ 
is implies that 7 => 
Hence a, b, c and d are in GP. 


Example 24 If p,q,r are in GP. and the equations, рх? + 2qx + r = 0 апа 


ef 


d 
42 + 2ex + f = 0 have a common root, then show that —,—,— are in A.P. 
par 
Solution The equation px? + 2gx + r= 0 has roots given by 


se 295 [ад —4rp 


2p 


Since р ‚д, r are in GP. 4? = pr. Thus xz-2 but =4 is also root of 
p 


p 
dx?  2ex + f = 0 (Why ?). Therefore 


2 
454) ы 20, 
p p 
or dq* — 2eqp + fp’ = 0 Gl) 
Dividing (1) by pg? and using q? = pr, we get 


d, 2e, fog ee Mati 
p oq pr q pr 
Hence н are in A.P. 
par 


17. 


18 
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Miscellaneous Exercise On Chapter 9 


Show that the sum of (m + п)" and (m — п)" terms of an AP. is equal to twice 
the т" term. 

If the sum of three numbers in А.Р., is 24 and their product is 440, find the 
numbers. 

Let the sum of n, 2n, 3n terms of an A.P. be S,, S, and S, respectively, show that 
S, = 3(5, – S) 

Find the sum of all numbers between 200 and 400 which are divisible by 7. 
Find the sum of integers from 1 to 100 that are divisible by 2 or 5. 


.. Find the sum of all two digit numbers which when divided by 4, yields 1 as 


remainder. 
If f is a function satisfying f (x +y) = fix) fy) for all x, y € N such that 


К) = З and У, 70) =120, find the value of л. 
х-і 


The sum of some terms of GP. is 315 whose first term and the common ratio are 
5 and 2, respectively. Find the last term and the number of terms. 


. The first term of a GP. is 1. The sum of the third term and fifth term is 90. 


Find the common ratio of GP. 


. Thesum of three numbers in GP. is 56. If we subtract 1, 7,21 from these numbers 


in that order, we obtain an arithmetic progression. Find the numbers. 
A GP. consists of an even number of terms. If the sum of all the terms is 5 times 
the sum of terms occupying odd places, then find its common ratio. 


. The sum of the first four terms of an AP. is 56. The sum of the last four terms is 


112. If its first term is 11, then find the number of terms. 


atbx b+ex ct dx ) 

If arbx Eos ee цеп show that a, b, c and d are in GP. 
a-bx b-cx <- ) 

Let S be the sum, P the product and R the sum of reciprocals of n terms in a GP. 

Prove that P?R" = S". 


. The p^, q^ and r^ terms of an A.P. are a, b, 6 respectively. Show that 


арР ax 7t 


(Nea 7 
fa Ізі „b 1.1) (2+2) are in AP., prove that 4, b, c are in A.P. 
bie a b 


If a, b, c, d are in ОР, prove that (q^ + b"), (^ + c», (œ + d") are in GP. 
Tf a and b are the roots Aet ignia dae roots of? 109.460, 
where а, b, с, d form a GP. Prove that (q +P): (4=р) = 17:15. 


200 


19, 


26. 
27. 


28. 


29. 


30. 
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The ratio of the A.M. and G.M. of two positive numbers a and b, is m : n. Show 
that a:b=(m+ Vm? En ): (п- Vn? -т) : 


Tf a, b, c are in А.Р; b, c, d are in G.P. and are in A.P. prove that a, c, e 


1 
are in G.P. 4 
Find the sum of the following series up to n terms: 
(1) 5 + 55 +555 +... (ii) .6 +. 66 +. 666+... 
Find the 20" term of the series 2 x 4 + 4 x 6 +6 x 8+... + n terms. 
Find the sum of the first л terms of the series: 3+ 7 413 +21 431 +... 
If S, S,, S, are the sum of first n natural numbers, their squares and their 


УРУ). 


м |= 


" 
c 


cubes, respectively, show that 982 = S, (1 + 8S)). 
Find the sum of the following series up to n terms: 
ТАЗ 23,9233 


1 1+3 1+3+5 


1x2? +2х3 +... +пх(п+1)2 _3п+5 
1°х2+2?х3+..+п?х(п+1) Зп+1. 

A farmer buys a used tractor for Rs 12000. He pays Rs 6000 cash and agrees to 
pay the balance in annual instalments of Rs 500 plus 1296 interest on the unpaid 
amount. How much will the tractor cost him? 

Shamshad Ali buys a scooter for Rs 22000. He pays Rs 4000 cash and agrees to 
pay the balance in annual instalment of Rs 1000 plus 10% interest on the unpaid 
amount. How much will the scooter cost him? 

A person writes a letter to four of his friends. He asks each one of them to copy 
the letter and mail to four different persons with instruction that they move the 
chain similarly. Assuming that the chain is not broken and that it costs 50 paise to 
mail one letter. Find the amount spent on the postage when 8" set of letter is 
mailed. 

A man deposited Rs 10000 in a bank at the rate of 596 simple interest annually. 
Find the amount in 15" year since he deposited the amount and also calculate the 
total amount after 20 years. 

A manufacturer reckons that the value of a machine, which costs him Rs. 15625, 
will depreciate each year by 20%. Find the estimated value at the end of 5 years. 
150 workers were engaged to finish a job in a certain number of days. 4 workers 
dropped out on second day, 4 more workers dropped out on third day and so on. 


Show that 
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It took 8 more days to finish the work. Find the number of days in which the work 
was completed. 


Summary | 

% By a sequence, we mean an arrangement of number in definite order according 
to some rule. Also, we define a sequence as a function whose domain is the 
set of natural numbers or some subsets of the type (1, 2, 3, ....k}. A sequence 
containing a finite number of terms is called a finite sequence. A sequence is 
called infinite if it is not a finite sequence. 

Ф Let a, à, ay ... be the sequence, then the sum expressed as a, + a, +а, +... 
is called series. A series is called finite series if it has got finite number of 
terms. 

Ф An arithmetic progression (А.Р.) is a sequence in which terms increase or 
decrease regularly by the same constant. This constant is called common 
difference of the A.P. Usually, we denote the first term of A.P. by a, the 
common difference by d and the last term by /. The general term or the л” 
term of the A.P. is given by a, =a + (n — 1) d. 

The sum S, of the first n terms of an A.P. is given by 


S, =5[20+(n-1)d]=5(a+!). 


) a+b, 
Ф The arithmetic mean A of any two numbers a and b is given by 75. 1%; the 


sequence a, A, b is in A.P. 

ФА sequence is said to be a geometric progression or G.P., if the ratio of any 
term to its preceding term is same throughout. This constant factor is called 
the common ratio. Usually, we denote the first term of a G.P. by a and its 
common ratio by ғ. The general or the n^ term of G.P. is given by а= ar"^'. 
The sum S, of the first n terms of G.P. is given by 
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"e umi T PONE 
r-1 l-r 


% The geometric mean (G.M.) of any two positive numbers a and b is given by 


Vab i.e., the sequence a, G, b is G.P. 


Historical Note 


Evidence is found that Babylonians, some 4000 years ago, knew of arithmetic and 
geometric sequences. According to Boethius (510), arithmetic and geometric 
sequences were known to early Greek writers. Among the Indian mathematician, 
Aryabhatta (476) was the first to give the formula for the sum of squares and cubes 
of natural numbers in his famous work. Aryabhatiyam, written around 
499. He also gave the formula for finding the sum to n terms of an arithmetic 
sequence starting with p" term. Noted Indian mathematicians Brahmgupta 
(598), Mahavira (850) and Bhaskara (1114-1185) also considered the sum of squares 
and cubes. Another specific type of sequence having important applications in 
mathematics, called Fibonacci Sequence, was discovered by Italian mathematician 
Leonardo Fibonacci (1170-1250). Seventeenth century witnessed the classification 
of series into specific forms. In 1671 James Gregory used the term infinite series in 
connection with infinite sequence. It was only through the rigorous development of 
algebraic and set theoretic tools that the concepts related to sequence and series 
couldbeformulated suitably. 


2, 
— ж» -- 


Chapter 


( STRAIGHT LINES ) 


** Geometry, as a logical system, is a means and even the most powerful 


means to make children feel the strength of the human spirit that is 
of their own spirit. — H. FREUDENTHAL% 


10.1 Introduction 


We are familiar with two-dimensional coordinate geometry 
from earlier classes. Mainly, it is a combination of algebra 
and geometry. A systematic study of geometry by the use 
of algebra was first carried out by celebrated French 
philosopher and mathematician René Descartes, in his book 
‘La Géométry, published in 1637. This book introduced the 
notion of the equation of a curve and related analytical 
methods into the study of geometry. The resulting 
combination of analysis and geometry is referred now as 
analytical geometry. In the earlier classes, we initiated 
the study of coordinate geometry, where we studied about 
coordinate axes, coordinate plane, plotting of points in a 
plane, distance between two points, section formulae, etc. All these concepts are the 


René Descartes 
(1596 -1650) 


basics of coordinate geometry. 

Let us have a brief recall of coordinate geometry done in earlier classes. To 
recapitulate, the location of the points (6, — 4) and (3,0) 
(3,0) in the XY-plane is shown in Fig 10.1. 

We may note that the point (6, — 4) is at 6 units 
distance from the y-axis measured along the positive 
x-axis and at 4 units distance from the x-axis 
measured along the negative y-axis. Similarly, the 
point (3, 0) is at 3 units distance from the y-axis 
measured along the positive x-axis and has zero 
distance from the x-axis. 

We also studied there following important 
formulae: 


----------ң6-4) 


Fig 10.1 
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1. Distance between the points P (x, y,) and О (x, y,) is 


Ж 


РО- (x aA | *(», -у) 
For example, distance between the points (6, — 4) and (3, 0) is 


VG - 6) + (0 4): 2 916 2 5 units. 


lI. The coordinates of a point dividing the line segment joining the points (х, y,) 


mx;tnx, my,* 2) 


and (x,, y,) internally, in the ratio m: n are 
0929 á | m+n > m+n 


For example, the coordinates of the point which divides the line segment joining 


: , 3 1(—3)+3.1 
A (1,-3) and B (3, 9) internally, in the ratio 1: 3 are given by Х= TOXRE AM =0 
1.9+3.(-3) 
=- =0. 
ам 1+3 


HI. In particular, if m = n, the coordinates of the mid-point of the line segment 


; y 
joining the points (x, y,) and (x,, y,) are («ен зе»), 


IV. Area of the triangle whose vertices are (x, y,), (x, у,) and (x, y.) is 


1 
3| 025) v)» - 
For example, the area of the triangle, whose vertices are (4, 4), (3, — 2) and (- 3, 16) is 


H 4(-2 16) + 3(16 — 4) + (-3)(4 + 2)| L5. 27. 

Remark If the area of the triangle ABC is zero, then three points A, B and C lie on 
a line, i.e., they are collinear. 

In the this Chapter, we shall continue the study of coordinate geometry to study 
properties of the simplest geometric figure — straight line. Despite its simplicity, the 
line is a vital concept of geometry and enters into our daily experiences in numerous 
interesting and useful ways. Main focus is on representing the line algebraically, for 
which slope is most essential. 


10.2 Slope of a Line 
Aline in a coordinate plane forms two angles with the x-axis, which are supplementary. 
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The angle (say) Ө made by the line / with positive 
direction of x-axis and measured anti clockwise 
is called the inclination of the line. Obviously 
0° < 0 < 180° (Fig 10.2). 

We observe that lines parallel to x-axis, ог 
coinciding with x-axis, have inclination of 0°. The 
inclination of a vertical line (parallel to or 
coinciding with y-axis) is 90°. 

Definition 1 If Ө is the inclination of a line 
1, then tan Ө is called the slope or gradient of 
the line /. 

The slope of a line whose inclination is 90° is not 
defined. 

The slope of a line is denoted by m. 

Thus, m = tan Ө, Ө # 90° 

It may be observed that the slope of x-axis is zero and slope of y-axis is not defined. 


10.2.1 Slope of a line when coordinates of any two points on the line are given 
We know that a line is completely determined when we are given two points on it. 
Hence, we proceed to find the slope of a 
line in terms of the coordinates of two points 
on the line. 

Let Р(х, y) and Q(x,, y,) be two 
points on non-vertical line | whose inclination 
is Ө. Obviously, x, * X» otherwise the line 
will become perpendicular to x-axis and its 
slope will not be defined. The inclination of 
the line / may be acute or obtuse. Let us 
take these two cases. 

Draw perpendicular QR to x-axis and 
PM perpendicular to RQ as shown in 
Figs. 10.3 (i) and (ii). 


Y 


Case 1 When angle Ө is acute: 

In Fig 10.3 (i), ZMPQ = 9. 
Therefore, slope of line / = т = tan Ө. 
MQ »-» T) 
MP %=ХҖ 


But in AMPQ, we have tan0- 
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From equations (1) and (2), we have M 


3-75 


х-Х 


т- 


QG y.) 


Case I. When angle Ө is obtuse: 
In Fig 10.3 (ii), we have 
ZMPQ = 180° — Ө. 


Therefore, 0 = 180° — ZMPQ. 
Now, slope of the line / 


Fig 10. 3 (ii) 


m = tan Ө 
tan ( 180° — ZMPQ) = – tan ZMPQ 


I 


.MQ - MM poo 
MP X-x, Vä 
Consequently, we see that in bath the cases the slope т of the line through the points 
(x,, y,) and (x, y,) is given by m= xU 
Е n= 
10.2.2 Conditions for parallelism and perpendicularity of lines in terms of their 


slopes In a coordinate plane, suppose that non-vertical lines 1, and 1, have slopes m, 
and m, respectively. Let their inclinations be a and Y 
B, respectively. 
If the line L is parallel to L (Fig 10.4), then their 
inclinations are equal, i.e., 
@ = B, and hence, tan о: = tan В 1, 
Therefore m, = m, i.e., their slopes are equal. 


Conversely, if the slope of two lines l, and 1, 2 
is same, i.e., О x 
m, =m. 
WWE Fig 10.4 
Then tan 0: = tan В. 


By the property of tangent function (between 0° and 180°), œ = B. 
Therefore, the lines are parallel. 
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Hence, two non vertical lines 1, and l, are parallel if and only if their slopes 
are equal. 


If the lines Z, and 1, are perpendicular (Fig 10.5), then B = о + 90°. 
Therefore,tan В = tan (œ + 90°) 
1 


z-c0btg m = 
tan œ 
1 
ie., т, = m, or т, т, =-1 
Conversely, if m, m, = — 1, i.e., tan о tan B-- 1. 


Then tan o = — cot В = tan (В + 90°) or tan (B – 90°) 
Therefore, œ and В differ by 90°. 
Thus, lines /, and 1, are perpendicular to each other. 


Hence, two non-vertical lines are perpendicular to each other if and only if 
their slopes are negative reciprocals of each other, 


г 1 
Le, m= --- or, m, m, - — 1. 
т 


Let us consider ће following example. 


Example 1 Find the slope of the lines: 

(a) Passing through the points (3, — 2) and (-1, 4), 

(b). Passing through the points (3, - 2) and (7, — 2), 

(c) Passing through the points (3, — 2) and (3, 4), 

(d) Making inclination of 60° with the positive direction of x-axis. 
Solution (a) The slope of the line through (3, – 2) and (- 1, 4) is 
асо) 6. d 


укр ae oi E 

(b) The slope of the line through the points (3, — 2) and (7, - 2) is 
I=) 0 et: 

‚7—3 + 


т= 


(c) The slope of the line through the points (3, — 2) and (3, 4) is 
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ЕЕЗ etii not defined 
77323 -QgWhichis not defined. 
(d) Here inclination of the line о = 60°. Therefore, slope of the line is 


т = (ап 60° = 3. 


10.2.3 Angle between two lines When we think about more than one line in a plane, 
then we find that these lines are either intersecting or parallel. Here we will discuss the 


angle between two lines in terms of their slopes. 
Let L, and L, be two non-vertical lines with slopes m, and m,, respectively. If 0, 
and 0, are the inclinations of lines L, and L,, respectively. Then 


m,=tana, and т, = (апо,. 

We know that when two lines intersect each other, they make two pairs of 
vertically opposite angles such that sum of any two adjacent angles is 180°. Let 0 and 
ф be the adjacent angles between the lines L, and L, (Fig10.6). Then 

9 =a, — a, and q, a, # 90°. 
tan œ, —tan oy, - 
Therefore tan 0 = tan (a, — œ) ete л. (as 1 + mm, 0) 
1+ tan а) tan œ 1+ тт, В 
and ф = 180° — Ө so that 


tan ф = tan (180° – Ө ) = — tan 9 = — ne ,а51+ тт, #0 
1+ тт, iD 


у L, 


Now, there arise two cases: 
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т = т 


| Case I If lm is positive, then tan Ө will be positive and tan ф will be negative, 
12 


which means @ will be acute and will be obtuse. 


mı- mı 


Case II If me is negative, then tan Ө will be negative and tan ф will be positive, 
за 


which means that Ө will be obtuse and ф will be acute. 

Thus, the acute angle (say Ө) between lines L, and L, with slopes т, and m, 
respectively, is given by 
m;-m, 
1-т,т; 


The obtuse angle (say ф) can be found by using ф 2180? — Ө. 


tan 0 — 


„as l+mm #0 СІ) 
л TE 
Example 2 If the angle between two lines is 1 and slope of one of the lines is 2, find 


the slope of the other line. 
Solution We know that the acute angle Ө between two lines with slopes m, and m, 


-m 

is given by апд = аи (0 
1 

Letm,- 5, т, = тап @=7 


Now, putting these values іп (1), we get 


n т-1 
ane d or l= F , 
4 lem ИСИК 
1 1 
which give: se al oh i T2 
acis He m 1-2 т 


Therefore m=3 or т>-4 
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Hence, slope of the other line is 
1 

3 or ni Fig 10.7 explains the 


reason of two answers. 


Fig 10. 7 


Example 3 Line through the points (-2, 6) and (4, 8) is perpendicular to the line 
through the points (8, 12) and (x, 24). Find the value of x. 
Solution Slope of the line through the points (- 2, 6) and (4, 8) is 

8-6 21 
4-(3) 6 3 
Slope of the line through the points (8, 12) and (x, 24) is 

24-12. 12 
2 x-8 x-8 


Since two lines are perpendicular, 
m, m, = —1, which gives 


m= 


10.2.4 Collinearity of three points We 
know that slopes of two parallel lines are 
equal. If two lines having the same slope 
pass through a common point, then two 
lines will coincide. Hence, if A, B and C 
are three points in the XY-plane, then they 
will lie on a line, i.e., three points are 
collinear (Fig 10.8) if and only if slope of 
AB - slope of BC. Fig 10. 8 


Slope of AB = slope of BC 
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Example 4 Three points P (h, К), Q (x, у) and К (x, у,) lie on a line. Show that 
(һ-х)(,-у) = K- y) Gs - x). 


Solution Since points P, Q and R are collinear, we have 
Slope of PQ = Slope of QR, i venie эр 
ope o = Slope o! RO; 57 
" xi $^ x-h %-Х 
К-у = 27 Xi 
x h-X XE 
or (h-x)-») = (k- y) = x). 
X 


Example 5 In Fig 10.9, time and 
distance graph of a linear motion is given. 
Two positions of time and distance are 
recorded as, when T =0, О =2 and when 
T=3, D=8. Using the concept of slope, 
find law of motion, i.e., how distance 
depends upon time. 


Distance (D) 


Solution Let (T, D) be any point on the 
line, where D denotes the distance at time 
T. Therefore, points (0, 2), (3, 8) and 


(T, D) are collinear so that Fig 10.9 
8-2 D-8 2, "6(f53)-3(00-9) 
3-0 T-3 
or D =2(Т + 1), 
which is the required relation. 
EXERCISE 10.1 


1. Draw a quadrilateral in the Cartesian plane, whose vertices are (- 4, 5), (0, 7), 
(5, — 5) and (— 4, 22). Also, find its area. 

2. The base of an equilateral triangle with side 2a lies along the y-axis such that the 
mid-point of the base is at the origin. Find vertices of the triangle. 

3. Find the distance between P (x, У) and Q (x, у,) when : (i) PQ is parallel to the 

y-axis, (ii) PQ is parallel to the x-axis. > 

Find a point on the x-axis, which is equidistant from the points (7, 6) and (3, 4). 

Find the slope of a line, which passes through the origin, and the mid-point of the 

line segment joining the points P (0, — 4) and B (8, 0). 


a 


212 


6. 


Ts 


8. 
9. 


10. 
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Without using the Pythagoras theorem, show that the points (4, 4), (3, 5) and 
(-1, -1) are the vertices of a right angled triangle. 

Find the slope of the line, which makes an angle of 30° with the positive direction 
of y-axis measured anticlockwise. 

Find the value of x for which the points (x, — 1), (2,1) and (4, 5) are collinear. 
Without using distance formula, show that points (- 2, — 1), (4, 0), (3, 3) and (3, 2) 
are the vertices of a parallelogram. 

Find the angle between the x-axis and the line joining the points (3,-1) and (4,2). 


11. The slope of a line is double of the slope of another line. If tangent of the angle 


12. 


13. 
14. 


1 
between them is 3 find the slopes of the lines. 


A line passes through (x, y,) апа (h, k). If slope of the line is m, show that 
k-y,2 m (h — x). 
; 2 a b 
If three points (A, 0), (a, b) and (0, k) lie on a line, show that i5 + T =1, 
Consider the following population and year graph (Fig 10.10), find the slope of the 
line AB and using it, find what will be the population in the year 2010? 


Y 


(1995, 97) 


92 
(1985, 92) 


Population in Crores 


1985 1990 1995 2000 2005 2010 
Years 


Fig 10.10 


10.3 Various Forms of the Equation of a Line 
We know that every line in a plane contains infinitely many points on it. This relationship 
between line and points leads us to find the solution of the following problem: 
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How can we say that a given point lies on the given line? Its answer may be that 
for a given line we should have a definite condition on the points lying on the line. 
Suppose P (x, y) is an arbitrary point in the XY-plane and L is the given line. For the 
equation of L, we wish to construct a statement or condition for the point P that is 
true, when P is on L, otherwise false. Of course the statement is merely an algebraic 
equation involving the variables x and y. Now, we will discuss the equation of a line 
under different conditions. 


10.3.1 Horizontal and vertical lines If a horizontal line L is at a distance a from the 
x-axis then ordinate of every point lying on the line is either a or а [Fig 10.11 (a)]. 
Therefore, equation of the line L is either y= a or y = — a. Choice of sign will depend 
upon the position of the line according as the line is above or below the y-axis. Similarly, 
the equation of a vertical line at a distance b from the y-axis is either x = b or 
x= —b [Fig 10.110)]. 


ү' (а) Fig 10.11 (b) ү 


Example 6 Find the equations of the lines 
parallel to axes and passing through 
(5273); 


Solution Position of the lines is shown in the 
Fig 10.12. The y-coordinate of every point on 
the line parallel to x-axis is 3, therefore, equation x' 
of the line parallel tox-axis and passing through 
(-2, 3) is y = 3. Similarly, equation of the line M 
parallel to y-axis and passing through (2, 3) 
9, 


19.12 fore Suppose that 
Ро y) à fied poist on a com vertical 
іші. ose shope im. Lot Р, y) be as 
metry potet om L (Pig 1017). 

TAI ope of L is 


meh, Me, y vom (x-x) 


Thon, the potat (x. у) lies oo the line with through the fixed , 
W and у i. сооб мм he кка" Pv 
>-қе-а.-.) 

F sampi 7 Fond бы equation Of the line through (~ 2, 3) with slope - 4 
Sektion Mem ot = 4 nd given ром (о, 5) 8-2) 
Wy siege intere ept бата fames 
him, фен» of ды give Y 

35-420 
Ayo SO wh is the 
тымен 


Ты бене үймө P, Р. nt Р. 
^ er г пам 
epe Ре doge аР, 


equation of the line passing through the points (а, У) and (з, у) в vem by 


у-у aa) 0 
3175 


5 Waite the equation of the line through the poiat (1, <1) amd (1. 5. 


Here x, = 1, y, = — 1, x, = 3 and y, = S. Using two-poist form (2) above 
the equation of the line, we have 


y-(-)= ӨҢ, 


=3х + y +4 = 0, which is the required equation. 


Mope-intercept form Sometimes a line is known to un with Из slope amd ae 
on one of the axes. We will now find equations of such tees. 
1 Suppose a line L with slope m cuts the y-axis at «distance с from the origis 
10.15). The distance c is called the у- 
ercept of the line L. Obviously, 
Mondinates of the point where the line meet 
the y-axis are (0, c). Thus, L has slope m 
Md passes through a fixed point (0, с). 
Therefore, by point-slope form, the equation 
"Li 

у=с=т(х-0) ot jamt ғ 
Thus, the point (x, y) on the line with slope 
n and y-intercept c lies on the line if and т... 
ай i» 

ye mx жс Ба 
Note that the value of c will be positive or negative socaning ax the intact n mabe 
0 the positive or negative side of the y-axis, respectively. “.. 
Cae П Suppose ме th shpa a ain e CÁO 

уетк-4) = 
Мата» may derive this equation themselves by бе меш өндекі im in Che È 


' 
Example 9 Write the equation of the lines for which ма 0 = 5 зіме ndn 


, 
мас of the line and 0) yimerceiis = у Ot iid 
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1 
Solution(i) Here, slope of the line is m = tan Ө = 2 and y - intercept c = — 
Therefore, by slope-intercept form (3) above, the equation of the line is 
Ar a or 2y-x43-0, 
2972 
which is the required equation. 


1 
(ii) Here, we һауе m = tan Ө = 2 and 4-4, 


Therefore, by slope-intercept form (4) above, the equation of the line is 
- 36-4 or 2y-x*4-0, 


which is the required equation. 


10.3.5 Intercept - formSuppose a line L makes x-intercept a and y-intercept b on the 
axes. Obviously L meets x-axis at the point L 
(a, 0) and y-axis at the point (0, b) (Fig .10.16). 
By two-point form of the equation of the line, 
we have 


yet e Li or ay=—bx+ab , 
0-а 


x у 
1 —+-=] 
1.е., c . 


Thus, equation of the line making intercepts 
a and b on x-and y-axis, respectively, is 


Fig 10.16 


Жа „нугу 
eRe ШАБ) 


Example 10Find the equation of the line, which makes intercepts —3 and 2 on the 
X- and y-axes respectively. 


SolutionHere a = —3 and b = 2. By intercept form (5) above, equation of the line is 


Ain or 2x-3y46-0. 
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10.3.6 Normal formSuppose a non-vertical line is known to us with following data: 
(i) Length of the perpendicular (normal) from origin to the line. 
Gi) Angle which normal makes with the positive direction of x-axis. 

Let L be the line, whose perpendicular distance from origin О be OA = p and the 
angle between the positive x-axis and OA be ХОА = 0. The possible positions of line 
L in the Cartesian plane are shown in the Fig 10.17. Now, our purpose is to find slope 
of L and a point on it. Draw perpendicular AM on the x-axis in each case. 


Y 


x Fig 10.17 (iv) 
the coordinates of the 


(ili) 


In each case, we have OM =p cos o and МА = p sin à so that 
point A are (p cos 0), p sin @). 


Further, line L is perpendicular to OA. Therefore 
1 1 Оң 
sino ` 


Th ine L = - ano 
e slope of the line L = Slope of OA tan © 


C080 and point A( pcos®, P sin о) on it. Therefore, by 


sino 
Point-slope form, the equation of the line L is 


Thus, the line L has slope — 


. 218 MATHEMATICS 


050 


у= ріпо= -20%9(5- pcos) ог xcoso- ysin о = p(sin2 + созо) 
or X COS © + y sin 0-р. 

Hence, the equation of the line having normal distance p from the origin and angle (0 
which the normal makes with the positive direction of x-axis is given by 

x cos © + y sin @ = p (0) 

Example 11 Find the equation of the line whose perpendicular distance from the 
origin is 4 units and the angle which the normal makes with positive direction of x-axis 
is 15°. Y 
Solution Here, we are given p = 4 and 
@ = 15? (Fig10.18). 


Now cos 15°= KEEA! 
2/2 
43-1 

Pesos xcd 5 

and sin 15 22 (Why?) 


By the normal form (6) above, the equation of the © 
line is | 


351 321 
0 5 0. -- РЕ. = 
x cos 15" * ysin15°=4 or ТЕ ага у=4 ог (УЗ +1) (V3 1)y 28/2. 


This is the required equation. 


Fig 10.18 


Example 12 The Fahrenheit temperature F and absolute temperature K satisfy a 
linear equation. Given that K = 273 when F = 32 and that K = 373 when F = 212. 
Express K in terms of F and find the value of F, when K = 0. 

Solution Assuming F along x-axis and K along y-axis, we have two points (32, 273) 
and (212, 373) in XY-plane. By two-point form, the point (F, K) satisfies the equation 


100 - 


373-273 
K-2735— — - (E— 2293-2 v px 
2D (F-32) or K-273 Tabs 32) 
5 
K==(F-32 
or 5 )+273 ОЧУ 


which is the required relation. 


zt 


2 
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When K = 0, Equation (1) gives 
5 
= (Е 273 ог Е-32 -- 9. 491.4 or Е- -4594, 


Alternate methodWe know that simplest form of the equation of а line is y = mx +c. 
Again assuming F along x-axis and K along y-axis, we can take equation in the form 


К-тЕжс Еле 
Equation (1) is satisfied by (32, 273) and (212, 373). Therefore 

2732 32m c ban) 
and 373 =212т+ с ES) 
Solving (2) and (3), we get 

5 2297 

m= 9 and c= 9^ 

Putting the values of m and c in (1), we get 
25g DE (4) 


which is the required relation. When K = 0, (4) gives F =- 459.4. 


In Exercises 1 to 8, find the equation of the line which satisfy the given conditions: 


1. Write the equations for the x-and y-axes. 
1 
- Passing through the point (— 4, 3) with slope 2. 


2 Passing through (0, 0) with slope m. 

* Passing through (2. 245 ) and inclined with the x-axis at an angle of 75°: 

- Intersecting the x-axis at a distance of 3 units to the left of origin with slope -2. 

- Intersecting the y-axis at a distance of 2 units above the origin and making an 
angle of 30° with positive direction of the x-axis. 

7. Passing through the points (1, 1) and (2, - 4). 


an tk Ww N 
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8. Perpendicular distance from the origin is 5 units and the angle made by the 
perpendicular with the positive x-axis is 30°. 

9, Тһе vertices of А РОК are P (2, 1), О (22, 3) and К (4, 5). Find equation of the 
median through the vertex R. 

10. Find the equation of the line passing through (—3, 5) and perpendicular to the line 
through the points (2, 5) and (-3, 6). 

11. Aline perpendicular to the line segment joining the points (1, 0) and (2, 3) divides 
it in the ratio 1: n. Find the equation of the line. 

12. Find the equation of a line that cuts off equal intercepts on the coordinate axes 
and passes through the point (2, 3). 

13.  Findequation of the line passing through the point (2, 2) and cutting off intercepts 
on the axes whose sum is 9. 

14. Find equation of the line through the point (0, 2) making an angle Е with the 
positive x-axis. Also, find the equation of line parallel to it and crossing the y-axis 
at a distance of 2 units below the origin. 

15. The perpendicular from the origin to a line meets it at the point (—2. 9), find the 
equation of the line. 

16. The length L (in centimetre) of a copper rod is a linear function of its Celsius 
temperature C. In an experiment, if L = 124.942 when C = 20 and L= 125.134 
when C = 110, express L in terms of C. 

17. Тһе owner of a milk store finds that, he can sell 980 litres of milk each week at 
Rs 14/litre and 1220 litres of milk each week at Rs 16/litre. Assuming a linear 
relationship between selling price and demand, how many litres could he sell 
weekly at Rs 17/litre? 

18. P (a, Б) is the mid-point of a line segment between axes. Show that equation 
of the line is ~ + 2=2, 

OU 

19. Point R (Л, К) divides a line segment between the axes in the ratio 1: 2. Find 
equation of the line. 

20. By using the concept of equation of a line, prove that the three points (3, 0), 

(- 2, — 2) and (8, 2) are collinear. 

10.4 General Equation of a Line 


In earlier classes, we have studied general equation of first degree in two variables, 
Ax + By + C = 0, where A, B and C are real constants such that A and B are not zero 
simultaneously. Graph of the equation Ax + By + C = 0 is always a straight line. 
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Therefore, any equation of the form Ax + By + C = 0, where A and В аге not zero 
simultaneously is called general linear equation or general equation of a line. 


10.4.1 Different forms of Ax + By + C = 0 The general equation of a line can be 
reduced into various forms of the equation of a line, by the following procedures: 


(a) Slope-intercept form If B 0, then Ax + By + C = 0 can be written as 


НЕ 5 or у=тх+с 1 
) B B x EN) 


h m А and с 
where == went 
B 


We know that Equation (1) is the slope-intercept form of the equation of a line 


NE мге 
whose slope is в’ and y-intercept is ^ - 


С : 
If B = 0, then x= LA ,which is a vertical line whose slope is undefined and 


e c 

x-intercept is 777. 

ntercept 15 A 

(b) Intercept form If C #0, then Ax + By + C = 0 can be written as 
x y жету 
a On Е 
Sass a b ~ 
A B 

h b =: 

where a- 000 UE 


We know that equation (2) is intercept form of the equation of a line whose 
© 


c 
x-intercept is — A and y-intercept is 7 B 
WC cQ then Ax + By- Cie T as Ax + By = 0 which ating 


passing through the origin and, therefore, has zero intercepts on the axes. 


(c) Normal form Letxcos@+Y sin @ =p be the normal form of the line represented 


by the equation Ax + By + C=0.0r Ax + By =- C. Thus, both the equations are 


ue 
same and therefore, собо sino Р 
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Ap du iei 
which gives cos - са and sin о = Uc 
ApY (Bp) 
р 
2,2 ds EE е р ML 
Now sin w+ cos o ( >) ( 3) 
2 G 
2:3 = 
e Р С А?+В? T di А?+В? 
А 
Therefore coso=t -=-= and sino = + 
А?+В А+ p? 


Thus, the normal form of ће equation Ax + By + C = 0 is 
X COS @ + y sin (0 = p, 
A B 


€ 
where cos œ= £—— ———-. біп = + and pzt—— — —. 
А?+в? VA? p? VA? p? 


Proper choice of signs is made so that P should be positive. 


Example 13Equation of a line i is 3x — 4y + 10 = 0. Find its (i) slope, (ii) x - and 
y-intercepts. 


Solutior(i) Given equation 3x — 4y + 10 = 0 can be written as 


a 5 
Ando x Ы) 


3 
Comparing (1) with у = тх + c, we have slope of the given line as т = 4° 


(ii) Equation 3x — 4y + 10 = 0 can be written as 


фут MOS AA A 
3x-4y=-10 or ШО Б 1 22) 
91/62 
: у ; 10 
Comparing (2) with as we have x-intercept as a = bci and 


y-intercept as b = = 


b 
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Example 14Reduce the equation Ух + y —8 = 0 into normal form. Find the values 


of p and о. 
SolutionGiven equation is 
V3x+y-8=0 EX 
Mm 2 ау. 
Dividing (1) by (v3) t (1)* 22, we get 
Bel ya or cos 30? x^ sin 30° y=4 n2) 


Comparing (2) with x cos œ + y sin @ = p, we get p = 4 and @ = 30°. 
Example15Find the angle between the lines y-V3x-5 = (апі 43y-x4620. 


SolutionGiven lines аге 


y-V3x-5=00r у= /3х+5 (D 
1 
and J8y —x+6=00r ye 20) 
1 


Slope of line (1) is m, = 4/3 and slope of line (2) is m, = |. 
The acute angle (say) 0 between two lines is given by 
тэ-ті 


tan@= 219) 


1+ mm; 


Putting the values of m, and m, in (3), we get 


8 I—3 ae 
tan0 = es -| xh 


1 
1-У3х-- 
Уз 5 


which gives Ө = 30°. Hence, angle between two lines is either 30° or 180° — 30° = 150°. 


Example 16Show that two lines ax by +e: = 0 and axtbytc.=9, 


where b,, b, # 0 are: 
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amas 


(i) Parallel if 4-42 | and (ii) Perpendicular if аза: + bib; = 0. 


1 2 


Solution Given lines can be written as 


у=-“х-© а) 
b bh Ed 
a2 с? 
We түт а у блар 126) 
апа Fa » (2) 
Slopes of the lines (1) and (2) are m= — 21 and m,- Sa. respectively. Now 


bi 2 


(i) Lines are parallel, if m,= m, which gives 


a аі аз 
man дан аса ат 


Ы b b ы 
(ii) Lines аге perpendicular, if тут, = — 1, which gives 


a а; 
To or aa, + bb, = 0 


Example 17 Find the equation of a line perpendicular to the line x — 2. y+3=0 and 
passing through the point (1, — 2). 
Solution Given line х-2у--3-0 can be written as 

3 


1 
ha Qr aD) 


1 
Slope of the line (1) is m = 2 - Therefore, slope of the line perpendicular to line (1) is 
1 
m,=-—=-2 
m, 
Equation of the line with slope — 2 and passing through the point (1, — 2) is 
y-(-2)5-2(-1) or у= -2x, 


Which is the required equation. 
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10:5 Distance of a Point From a Line 


The distance of a point from a line is the length of the perpendicular drawn from the 

point to the line. Let L : Ax + By + C = 0 be a line, whose distance from the point 

P (x, y) is d. Draw a perpendicular PM from the point P to the line L (Fig10.19). If 
Y 


L:Ax*By*C-0 
$. 


H Р(х, y) 


Fig10.19 
the line meets the x-and y-axes at the points Q and 


C C х 
of the points are 4-5 o) and R (o. EJ . Thus, the area of the triangle POR 


is given by 


R, respectively. Then, coordinates 


^ _2 area (APQR) 
area (АРОК) = > PM.QR , which gives РМ= QR | 


[o сүс x 
Xx (5) Ces) o) 
i| €, с.с. 
“в A АВ 


D) 


Also, area (APQR) = : 


or заа APQR) = 9 |ui e By, on 


ПЕШТІ е 


Substituting the values of area (APQR) and QR in (1), we get 
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pu Ах+В»+С| 


|A? +B? 


or т ЕТ: 
Thus, the perpendicular distance (d) of a line Ax + Ву+ С = 0 from a point (x,, у) 
is given by 

jj Ax +By,+C| 
[A24 p? 

10.5.1 Distance between two 

parallel linesWe know that slopes 
of two parallel lines are equal. 
Therefore, two parallel lines can be 
taken in the form 

y=mx c, (1) 

and y=mx+ ©, mae) 
Line (1) will intersect x-axis at the point X’ 


с, 
А Ез o) as shown in Fig10.20. 


Fig10.20 


Distance between two lines is equal to the length of the perpendicular from point 
A to line (2). Therefore, distance between the lines (1) and (2) is 


ЕЕЕ VEU 
d--3 
ү 1-т " 4 1+т? 


Thus, the distance d between two parallel lines y = mx + c, and у= mx +c, is given by 


ЕСІ 9-6 | 
1+ т? Ў 


If lines are given in general form, i.e., Ax + Ву + C, = 0 and Ax + By + C= 0, 
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then above formula will take th f | : 2 1 
е the form 
A? T B? 


Students can derive it themselves. 
Example 18 Find the distance of the point (3, — 5) from the line 3x — 4y -26 = 0. 
Solution Given line is 3x-4y 226 20 41100) 
Comparing (1) with general equation of line Ax + By + C= 0, we get 
A23,B - -4 and C=— 26. 
Given point is (x, y,) = (3, —5). The distance of the given point from given line is 
і Ах +В» +C|_ \3.3+(-4)(-5)- 26 з 
J A+B 3 +(-4) "3 


ле 19 Find the distance between the parallel lines 3x — 4y +7 = 0 and 


Examp 
3x-4y* 520 

Solution Here A = 3, B 2-4, C, 2 7 and C, = 5. Therefore, the required distance is 
|7-5 2 


NIIT UN 


1. Reduce the following equations into slope - intercept form and find their slopes 


and the y - intercepts. 
(i) x+7y=0, (4) 6x+3y-5=0, (iii) y =0. 
j. Reduce the following equations into intercept form and find their intercepts on 
the axes. 
(i) 3x+2y-12=0, (4) 4x —3y=6, (іі) 3y+2=0. 
3. Reduce the following equations into normal form. Find their perpendicular distances 
from the origin and angle between perpendicular and the positive x-axis, 


б) х-/3у%8-0, @ y-2=% (іі) х-у-4 
4, Find the distance of the point (-1, 1) from the line 12(x + 6) -5(у- 2). 


5, Find the points on the x-axis, whose distances from the line - + Y = аге 4 units. 


6. Find the distance between parallel lines 
(i) 15x + 8y —34 2 0 and 15x+8y+31=0 (ü) LG y) pz 0 and (x+y) 21780] 
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7. Find equation of the line parallel to the line 3x-4y+2=0 and passing through 
the point (—2, 3). 

8. Find equation of the line perpendicular to the line x — 7y + 5 = 0 and having 
x intercept 3. 

9, Find angles between the lines V3x+y =] and x+ “Зу zl. 

10. The line through the points (Л, 3) and (4, 1) intersects the line 7x — 9 y —19 = 0. 
at right angle. Find the value of A. 

11. Prove that the line through the point (х, у) and parallel to the line Ax + By + C 20 is 

А (x x) +B (у-у) = 0. 

12. Two lines passing through the point (2, 3) intersects each other at an angle of 60°. 
If slope of one line is 2, find equation of the other line. 

13. Find the equation of the right bisector of the line segment joining the points (3, 4) 
and (-1, 2). 

14, Find the coordinates of the foot of perpendicular from the point (-1, 3) to the 
line 3x - 4y - 16 = 0. 

15. The perpendicular from the origin to the line y = mx + c meets it at the point 
(-1, 2). Find the values of m and c. 

16. If p and q are the lengths of perpendiculars from the origin to the 
lines xcosg — y sing = k cos 20 and x sec 0 + y cosec Ө = k, respectively, prove 
that p? + 4g? = 2. 

17. In the triangle ABC with vertices A (2, 3), B (4, —1) and C (1, 2), find the equation 
and length of altitude from the vertex A. 

18. If p is the length of perpendicular from the origin to the line whose intercepts on 


1 bred 


the axes are a and b, then show that 5 = 5+: 
Dim b 


Miscellaneous Examples 


Example 20If the lines 2x4 y-320, 5x+ky-3=0 and 3х-у-2-0 are 
concurrent, find the value of k. 
SolutionThree lines are said tó be concurrent, if they pass through a common point, 
i.e., point of intersection of any two lines lies on the third line. Here given lines are 
2x+y-3=0 SHED 
5x -ky-320 22) 
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3x-y-2=0 i3) 
Solving (1) and (3) by cross-multiplication method, we get 
x y 


or xzl, y-l. 


-2-3 -9:4 -2-3 
Therefore, the point of intersection of two lines is (1, 1). Since above three lines are 
concurrent, the point (1, 1) will satisfy equation (2) so that 


5.14 k.1-3200rkz-2. 


Example 21 Find the distance of the line 4x — y = 0 from the point P (4, 1) measured 
along the line making an angle of 135° with the positive x-axis. 


SolutionGiven line is 4x — y = 0 

In order to find the distance of the 
line (1) from the point P (4, 1) along 
another line, we have to find the point 
of intersection of both the lines. For 
this purpose, we will first find the 
equation of the second line 
(Fig 10.21). Slope of second line is 
tan 135° = —1. Equation of the line 
with slope — 1 through the point 
P (4, 1) is 


Fig 10.21 


y- is-ie- 092905220 22) 


Solving (1) and (2), we get x = 1 and y = 4 so that point of intersection of the two lines 
is Q (1, 4). Now, distance of line (1) from the point P (4, 1) along the line (2) 
= the distance between the points P (4, 1) and Q (1, 4). 


= (1-4: « (4-1) = 34/2. units. 


Example 22Assuming that straight lines work as the plane mirror for a point, find 
the image of the point (1, 2) inthelinex-3y 44707. ^ 


SolutionLet Q (h, k) is the image of the point P (1, 2) in the line 
х-3у%4-0 42100) 
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Y' Fig10.22 
Therefore, the line (1) is the perpendicular bisector of line segment PQ (Fig 10.22). 


E 


Hence Slope DEL pO =e ГІ 
E PQ Slope of line x-3y+4=0 


so that Ll or 3ht+k=5 due 
3 
TONS h+1 k+2 

and the mid-point of PQ, i.e., point i a will satisfy the equation (1) so that 

һ-1 k+2 

—-3 (Б? )+4=0 or h-3k--3 eng 

2 2 
s 6 7} 

Solving (2) and (3), we get h = апі k= 5 қ 


В 7 
Hence, ће image of ће point (1, 2) in the line (1) is B 1) 


Example 23 Show that the area of the triangle formed by the lines 


2 

(а-а) 
y-mi-tc,y-m;xtc;andx-0is 2————. 
2|m, — mj 
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Solution Given lines are 


ysm,x-ec, ID 
у-т,хжс, 212) 
Жже0 EC) 


We know that line y = mx + c meets 
the line x = 0 (y-axis) at the point 
(0, c). Therefore, two vertices of the 
triangle formed by lines (1) to (3) are 
P (0, с) and Q (0, с.) (Fig 10. 23). 

Third vertex can be obtained by 
solving equations (1) and (2). Solving 
(1) and (2), we get 


x= (6-а) ара у= (тс, -mc ) Fig 10.23 


(m m.) ; (m -m;) 


(с, -а) (тесте) 


Therefore, third vertex of the triangle is R ce EU Tu ET 
1 


Now, the area of the triangle is 


- Я - с, — ТС; 
0 " тс E: } OG (c,-¢)+0 Ше PRI | 


m, =m, m -m m, =m, 


(e) 


=. 


2|т— т 


Y 


Example 24 A line is such that its segment 
between the lines 

S5x-y+4=0 and 3x + 4y-4=0is bisected 
at the point (1, 5). Obtain its equation. 


Solution Given lines are 
5х-у+4=0 = 0 uh Fig 10.24 
3x+4y-4=0 - (2) 

Let the required line intersects the lines (1) 
and (2) at the points, (0), В,) and (0., В), 
respectively (Fig10.24). Therefore 84 Т 


5a, – B, +4 =0 and 


-4-0 
30,+4В,-4=0 my 


5x-y+4=0 Y 
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4-30, 
or В = 50, + 4апа B,= із 


We are given that the mid point of the segment of the required line between (О, B) 
and (œ, D.) is (1, 5). Therefore 


01+02 л and ВВ, s 
2 2 
5a) +44 4902 
or a,+0;=2 and — 
or @+0:=2 and 200,-3а,-20 550) 
Solving equations in (3) for о, and 0, we get 
26 20 26 222 
= =— =5.—+4=—— 
a, 23 and a, 23 and hence, P, 23 23 
Equation of the required line passing through (1, 5) and (o, B.) is 
222 
UE үрө ИД Be oM 
y-5z Е lor y-5- 26” (x-1) 
23 
or 107x- 3y — 92 = 0, 


which is the equation of required line. 


Example 25 Show that the path of a moving point such that its distances from two 
lines 3x – 2y = 5 and 3x + 2y = 5 are equal is a straight line. 


Solution Given lines are 
3х-2у-5 2.1) 
and 3x+2y=5 052) 
Let (h, k) is any point, whose distances from the lines (1) and (2) are equal. Therefore 
[3h - 2k —5| |3 2k —5| 
“ІІ p~~ or Bh-2k-5|-Bh42k —5 
V9+4 V9+4 | | | |, 


which gives 3h – 2k-5 = 3h + 2&— 5 ог— (3h —2k-5) =3h 4 2-5. 
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$ 5 
Solving these two relations we get k = 0 or h = >. Thus, the point (h, k) satisfies the 


B 


5 
equations y = 0 or x= 3 , which represent straight lines. Hence, path of the point 


equidistant from the lines (1) and (2) is a straight line. 


өл 


. Find the equation of a line drawn perpendicular to the line 


Miscellaneous Exercise on Chapter 10 


Find the values of k for which the line (k-3) x – (4 – А) y + & -7k + 6 = 0 is 


(a) Parallel to the x-axis, 
(b) Parallel to the y-axis, 
(c) Passing through the origin. 


. Find the values of Ө and p, if the equation x cos Ө + y sinO =p is the normal form 


of the line 4/3 x 4 y 4 2 — 0. 
Find the equations of the lines, which cut-off intercepts on the axes whose sum 
and product are 1 and — 6, respectively. 


x 
What are the points on the y-axis whose distance from the line 3 ді is 


4 units. 

Find perpendicular distance from the origin of the line joining the points (соб, sin Ө) 
and (cos ф, sin 0). 

Find the equation of the line parallel to y-axis and drawn through the point of 
intersection of the lines x — 7y + 5 = 0 and 3x + y = 0. 


* $ = lthrough the 


elx 


point, where it meets the y-axis. 

Find the area of the triangle formed by the lines y—x = 0, x + y = Oandx-k=0. 
Find the value of p so that the three lines Зх + y - 2 =0, px 2y - 3 = 0 and 
2x — y — 3 = 0 may intersect at one point. 


. If three lines whose equations are y = mx + €, у = MX + €; and y 2 max + c, аге 


concurrent, then show that m,(c,—c,) + т,(с,-с) + m, (c, = c) = 0. 


. Findthe equation of the lines through the point (3, 2) which make an angle of 45° 


with the line x — 2y = 3. 


. Find the equation of the line passing through the point of intersection of the lines 


4x-7y-3202and2x-3y + 1 = 0 that has equal intercepts on the axes. 
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Show that the equation of the line passing through the origin and making an angle 


8 ; ду m-tan Ө 
Ө with the line y 2 тх + cis = = X————— 
x 1-тіап Ө 


+ 


In what ratio, the line joining (-1, 1) and (5, 7) is divided by the line x + y = 4? 
Find the distance of the line 4x + 7y + 5 = 0 from the point (1, 2) along the line 
2x-y=0. 

Find the direction in which a straight line must be drawn through the point (-1, 2) 
so that its point of intersection with the line x + y = 4 may be at a distance of 
3 units from this point. 

The hypotenuse of a right angled triangle has its ends at the points (1, 3) and 
(- 4, 1). Find the equation of the legs (perpendicular sides) of the triangle. 

Find the image of the point (3, 8) with respect to the line x +3y = 7 assuming the 
line to be a plane mirror. 

If the lines y= 3x +1 and 2y = x + 3 are equally inclined to the line y = mx + 4, find 
the value of m. 

If sum of the perpendicular distances of a variable point P (x, y) from the lines 
X*y-5z0and 3x -2y +7 = 0 is always 10. Show that P must move on a line. 
Find equation of the line which is equidistant from parallel lines 9x + 6y-7=0 
and 3x + 2y+6=0. 

A ray of light passing through the point (1, 2) reflects on the x-axis at point A and the 
reflected ray passes through the point (5, 3). Find the coordinates of A. 

Prove that the product of the lengths of the perpendiculars drawn from the 


р 971022 871% m ok Уа ро 
Ма? Ер, аң ЕДЕНГЕ Шел 42 =lis b°, 
points ( a —b 0)ana ( a —b 0)to the line сов0 ЖО lis b 
a 


A person standing at the junction (crossing) of two straight paths represented by 
the equations 2x Зу + 4 = 0 and 3x + 4y — 5 = 0 wants to reach the path whose 
equation is 6x — 7y + 8 = 0 in the least time. Find equation of the path that he 
should follow. 


Summary 


Slope (m) of a non-vertical line passing through the points (x, y,) and (x, у,) 


is given by m= 22 91 72 Xp ху. 
X4—X0 Х-Х2. E 


Ф Ifa line makes an angle o with the positive direction of x-axis, then the slope 


of the line is given by m = tan œ, œ + 90° 


Slope of horizontal line is zero and slope of vertical line is undefined. 


p 
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& An acute angle (say Ө) between lines L, and L, with slopes m, and m, is 


rr 
1%т, т 


given by tan = em m #0, 


Two lines are parallel if and only if their slopes are equal. 

Two lines are perpendicular if and only if product of their slopes 185—1. 

ФТһгее points А, B and C are collinear, if and only if slope of AB = slope of BC. 

4 Equation of the horizontal line having distance a from the x-axis is either 
y=a огу--а. 

Ф Equation of the vertical line having distance b from the y-axis is either 
x=borx=—b. 

4 The point (x, y) lies on the line with slope m and through the fixed point (x, Y). 
if and only if its coordinates satisfy the equation y — у, = ™ (х- х,). 

Equation of the line passing through the points (x, у) and (x, y,) is given by 


yee (x-x). : 
Хх { 


Ф The point (x, y) on the line with slope m and y-intercept c lies on the line if and 
only if y 2 mx-*c. i 
If a line with slope т makes x-intercept d. Then equation of the line is 


y=m(x-d). у 
Ф Equation of а line making intercepts а and b on the x-and y-axis, 


УУ 


tively, i жұз 
respectively, is Тр i 


Ф The equation of the line having normal distance from origin p and angle between 
normal and the positive x-axis 0) is given by x cosa ysino- р. 


€ Any equation of the form Ax + By + € = 0, with A and B are not zero. 
simultaneously, is called the general linear equation Or general equation of 


a line. 


Ф Тһе perpendicular distance (d) of a line Ax + By+ C = 0 from a point (x,, у) 


| Ax, + By,* C| 


is given by d= 
[ А?+В? 


Ф Distance between the parallel lines Ax + By + C, = 0 and 
| c-c} 


isgiven by d= Тағ ; 


Ax + By + C, 20. 


Chapter 


(CONIC SECTIONS ) 


“Let the relation of knowledge to real life be very visible to your pupils 
and let them understand how by knowledge the world could be 
transformed. ~ BERTRAND RUSSELL % 


И Introduction 

In the preceding Chapter 10, we have studied various forms 
of the equations of a line. In this Chapter, we shall study 
about some other curves, viz., circles, ellipses, parabolas 
and hyperbolas. The names parabola and hyperbola are 
given by Apollonius. These curves are in fact, known as 
conic sections or more commonly conics because they 
can be obtained as intersections of a plane with a double 
napped right circular cone. These curves have a very wide dM 
range of applications in fields such as planetary motion, Apollonius 
design of telescopes and antennas, reflectors in flashlights (262 B.C. -190 B.C.) 
and automobile headlights, etc. Now, in the subsequent sections we will see how the 
intersection of a plane with a double napped right circular cone 
results in different types of curves. 


11.2. Sections of a Cone 
Let / be a fixed vertical line and m be another line intersecting it at 
a fixed point V and inclined to it at an angle o (Fig11.1). 

Suppose we rotate the line т around the line Z in such a way 
that the angle о: remains constant. Then the surface generated is 
a double-napped right circular hollow cone herein after referred as Fig 11.1 


O LULU 
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Plane 
Upper Generator 
nappe 
Lower 
Cone 


Fig 11.2 Fig 11.3 
cone and extending indefinitely far in both directions (Еір11.2). 
The point V is called the vertex; the line / is the axis of the cone. The rotating line 
m is called a generator of the cone. The vertex separates the cone into two parts 


called nappes. 

If we take the intersection of a plane with a cone, the section so obtained is called 
a conic section. Thus, conic sections are the curves obtained by intersecting a right 
circular cone by a plane. 

We obtain different kinds of conic sections depending on the position of the 
intersecting plane with respect to the cone and by the angle made by it with the vertical 
axis of the cone. Let B be the angle made by the intersecting plane with the vertical 
axis of the cone (Fig11.3). 

The intersection of the plane with the cone can take place either at the vertex of 
the cone or at any other part of the nappe either below or above the vertex. 


11.2.1 Circle, ellipse, parabola and hyperbola When the plane cuts the nappe (other 

than the vertex) of the cone, we have the following situations: 

(а) When В = 90°, the section is a circle (Fig11.4). 

(b) When œ< B « 90°, the section is an ellipse (Fig11.5). 

(c) When В = o; the section is a parabola (Figl1.6). 

(In each of the above three situations, the plane cuts еп 

the cone). 

(4) When 0 < B < a; the plane cuts through both the nappes and the curves of 
intersection is a hyperbola (Fig11.7). 


tirely across one nappe of 
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Fig 11.6 


11.2.2 Degenerated сопіс sections 

When the plane cuts at the vertex of the cone, we have the following different cases: 

(a) When æ < B < 90", then the section is a point (Fig11.8). 

(b) When В = о, the plane contains a generator of the cone and the section is a 
straight line (Fig11.9). 

It is the degenerated case of a parabola. 


(с) When 0<8 « o, the section is a pair of intersecting straight lines (Fig11.10). It is 
the degenerated case of a hyperbola. 
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s, we shall obtain the equations of each of these conic 


In the following section 
defining them based on geometric properties. 


sections in standard form by 


0-Вф<о 
(а) 


Fig 11. 10 (b) 


11.3 Circle 
Definition ТА circle is the se 
point in the plane. 


| The fixed point is cal 
to a point on the circle is c 


t of all points in a plane that are equidistant from a fixed 
d the distance from the centre 


the circle аһ 


led the centre of 
the circle (Fig 11.11). 


alled the radius of 
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Radius Y 
Centre P P (x, y) 
о P ai, 
Р, 
Р, 
ОР,=ОР,=ОР, 5 X 
Fig 11. 11 Fig 11. 12 


The equation of the circle is simplest if the centre of the circle is at the origin. 
However, we derive below the equation of the circle with a given centre and radius 
(Fig 11.12). 

Given C (h, k) be the centre and r the radius of circle. Let P(x, y) be any point on 
the circle (Fig11.12). Then, by the definition, | CP| =r. By the distance formula, 


we have 
ie. x-hy*(y-Eyzr 
This is the required equation of the circle with centre at (h,k) and radius ғ. 
Example | Find an equation of the circle with centre at (0,0) and radius r. 
Solution Here Л = К = 0. Therefore, the equation of the circle is x? + y zr. 
x Example 2 Find the equation of the circle with centre (-3, 2) and radius 4. 
Solution Here h =-3, К = 2 and r = 4. Therefore, the equation of the required circle is 
(x + 3? + (y -2? = 16 
Example 3 Find the centre and the radius of the circle x2 + y+ 8x + 10у-8=0 
Solution The given equation is 
(02 + 8х) + (у2 + 10у) 28 
Now, completing the squares within the parenthesis, we get 
(2 + 8x +16) + (? + 10y +25) =8 + 164 25 
ie. (х + 4) + (y + 5)? = 49 
ie. ік-(-ФӘРжіу-(-5)р 27 
"Therefore, the given circle has centre at (— 4, —5) and radius 7. 
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Example 4 Find the equation of the circle which passes through the points (2, — 2), and 
(3,4) and whose centre lies on the line x + y= 2. 


Solution Let the equation of the circle be (x — А)? + (У — kp. 
Since the circle passes through (2, - 2) and (3,4), we have 


(2—hy + (2-kP = Т; as] 

ad (G-h?«(4-E)- Р .„ (2) 

Also since the centre lies on the line x + y = 2, we have 
h+k=2 ann 


Solving the equations (1), (2) and (3), we get 
h=0.7, k=13 and r = 12.58 


Hence, the equation of the required circle is 
(x — 0.7} + (у — 1.3)? = 1258. 


In each of the following Exercises | to 5, find the equation of the circle with 


1. centre (0,2) and radius 2 2. centre (-2,3) and radius 4 


3. cenre (5 “and radius 72 4. centre (1,1) and radius ,/2 


5. centre (-а, —b) and radius Ма? Ed 


In each of the following Exercises 6 to 9, find the centre and radius of the circles. 
6. (e 5E (y - 33 236 1, Ra уў-4х-%у-45=0 
8. g4y - 8x4 10y- 1270 9, 22 42y -x-0 
10. Find the equation of the circle passing through the points (4,1) and (6,5) and 
whose centre is on the line 4x + у= 16. 


11. Find the equation of the circle passing through ae 
whose centre is on the line x — 3y — 1120. 

12. Find the equation of the circle with radius 5 whose 
passes through the point (2,3). 


points (2,3) and (71,1) and 
centre lies on x-axis and 


13. Find the equation of the circle passing through (0.0) and making intercepts a and 
b on the coordinate axes. 
14. Find the equation of a circle with centre (2,2) and passes through the point (4,5). 


15, Does the point (-2.5, 3.5) lie inside, outside oF 8 the circle x+y" = 25? 
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11.4 Parabola 1 
Definition 2 A parabola is ће set of all points = 
in a plane that are equidistant from a fixed line B. 
and a fixed point (not on the line) in the plane. B, 


The fixed line is called the directrix of 
the parabola and the fixed point F is called the 
focus (Fig 11.13). (“Рага” means ‘for’ and 
Directrix 


Fig 11. 13 


Directrix Focus 


e ME TE Axis 


A line through the focus and perpendicular 
to the directrix is called the axis of the 
parabola. The point of intersection of parabola 
with the axis is called the vertex of the parabola 
(Fig11.14). 

11.4.1 Standard equations of parabola The 
equation of a parabola is simplest if the vertex 


is at the origin and the axis of Symmetry is along the x-axis or y-axis. The four possible 
such orientations of parabola are shown below in Fig11.15 (a) to (d). 


Fig 11.14 


ЖҮ) Y 
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хі-4ау x'--4ay 


(c) Fig 11.15 (a) to (d) (d) 


We will derive the equation for the parabola shown above in Fig 11.15 (a) with 
focus at (a, 0) а > 0; and directricx x =— a as below: 

Let F be the focus and / the directrix. Let Y 
FM be perpendicular to the directrix and bisect 
FM at the point O. Produce MO to X. By the (~a, y) BE 
definition of parabola, the mid-point O is on the 
parabola and is called the vertex of the parabola. 
Take O as origin, OX the x-axis and OY 
perpendicular to it as the y-axis. Let the distance 
from the directrix to the focus be 2a. Then, the 
coordinates of the focus are (a, 0), and the 
equation of the directrix isx+a= Oas in Ғір11.16. ы 
Let P(x, y) be any point оп the parabola such that Fig 11.16 

PF = PB, 
where PB is perpendicular to /. 
formula, we have 


PR la ay +y and PB = [(х+ а)? 


Since РЕ = PB, we have 


(а-а) + у? = үк + а)? 


ie. (x—ap + у= (xay 
or x -2ax4d + у? =? ж2ахжа: 
or y?=4ax(a>0). 


^. (D) 
The coordinates of B are (- a, y). Ву the distance 
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Hence, any point on the parabola satisfies 
y! = 4ах. (2) 


Conversely, let P(x, y) satisfy the equation (2) 


РЕ = œa} +y = үка)? + дах 


= Gay = PB (3) 


and so P(x,y) lies on the parabola. 


Thus, from (2) and (3) we have proved that the equation to the parabola with 
vertex at the origin, focus at (a,0) and directrix x = — a is y? = 4ax. 
Discussion In equation (2), since а > 0, x can assume ‘any positive value or zero but 
no negative value and the curve extends indefinitely far into the first and the fourth 
quadrants. The axis of the parabola is the positive x-axis. 

Similarly, we can derive the equations of the parabolas in: 


Fig 11.15 (b) as y? = — 4ax, 
Fig 11.15 (c) as x? = 4ay, 
Fig 11.15 (d) as x? = — 4ay, 
These four equations are known as standard equations of parabolas. 


is of parabolas have focus on one of the coordinate 
the directrix is parallel to the other coordinate 
ly: tions of parabolas with focus at any point and 
| isteyondte scope here О 7! 

From the standard equations of the parabolas, Fig11.15, we have the following 
observations: 


1. Parabola is symmetric with respect to the axis of the parabola. If the equation 
has a y* term, then the axis of symmetry is along the x-axis and if the 
equation has an x*term, then the axis of symmetry is along the y-axis. 

2, When the axis of symmetry is along the x-axis the parabola opens to the 
(a) right if the coefficient of x is positive, 

(b) left if the coefficient of x is negative. 

3. When the axis of symmetry is along the y-axis the parabola opens 
(c) upwards if the coefficient of y is positive. 

(d) downwards if the coefficient of y is negative. 
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11.4.2 Latus rectum 
Definition 3 Latus rectum of a parabola is a line segment perpendicular to the axis of 
the parabola, through the focus and whose end points lie on the parabola (Ғір11.17). 
To find the Length of the latus rectum of the parabola y! = 4ах (Fig 11.18). 
By the definition of the parabola, AF = AC. 
But AC = ЕМ = 2a 
Hence AF = 2a. 
And since the parabola is symmetric with respect to x-axis AF = FB and so 

AB = Length of the latus rectum = 4a. 
Y 


Y 


= Latus rectum 


Fig 11.17 


Example 5 Find the coordinates of the focus, axis, 
the equation of the directrix and latus rectum of 
the parabola y? = 8x. 

Solution The given equation involves y^, so the 
axis of symmetry is along the x-axis. i 
The coefficient of x is positive so the parabola opens 
to the right. Comparing with the given equation 
y! = 4ах, we find that a = 2. Fig 11.19 

Thus, the focus of the parabola is (2, 0) and the equation of the directrix of the parabo! 
is x = - 2 (Fig 11.19). 

Length of the latus rectum is 4a = 4 x 2 = 8. 


la 
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Example 6 Find the equation of the parabola with focus (2,0) and directrix x = — 2. 


Solution Since the focus (2,0) lies on the x-axis, the x-axis itself is the axis of the 

parabola. Hence the equation of the parabola is of the form either 

y! = Aax or y? =— 4ax. Since the directrix is x = — 2 and the focus is (2,0), the parabola 

is to be of the form y? = 4ax with a = 2. Hence the required equation is 
у? = 4(2)x = 8х 

Example 7 Find the equation of the parabola with vertex at (0, 0) and focus at (0, 2). 


Solution Since the vertex is at (0,0) and the focus is at (0,2) which lies on y-axis, the 
y-axis is the axis of the parabola. Therefore, equation of the parabola is of the form 
x! = 4ay. thus, we have 


x = 4(2)y, іе., х2 = By. 
Example 8 Find the equation of the parabola which is symmetric about the y-axis, and 
passes through the point (2,3). 


Solution Since the parabola is symmetric about y-axis and has its vertex at the origin, 
the equation is of the form x? = 4ay or x? = — 4ay, where the sign depends on whether 
the parabola opens upwards or downwards. But the parabola passes through (2,-3) 
which lies in the fourth quadrant, it must open downwards. Thus the equation is of 
the form x? = — 4ay. 


Since the parabola passes through ( 2,-3), we have 


: 1 
2 --4а(-3),іе,а = 3 


"Therefore, the equation of the parabola is 


1 
ph -«1) y, ie., 3332 – 4у. 


EXERCISE 11.2 


In each of the following Exercises 1 to 6, find the coordinates of the focus, axis of the 
parabola, the equation of the directrix and the length of the latus rectum. 


І. жеді 2. xX = 6y 3. yz-8x 
tes $232 4üx ы. 


In each of the Exercises 7 to 12, find the equation of the parabola that satisfies the 
given conditions: 
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7. Focus (6,0); directrix х= — 6 8. Focus (0,3); directrix y = 3 
9. Vertex (0,0); focus (3,0) 10. Vertex (0,0); focus (-2,0) 
11. Vertex (0,0) passing through (2,3) and axis is along x-axis. 
Vertex (0,0), passing through (5,2) and symmetric with respect to y-axis. 
11. 5 Ellipse 
P, P 

Definition 4 An ellipse is the set of all points in P, жы 
a plane, the sum of whose distances from two (C i» 
fixed points in the plane is a constant. V EN 


The two fixed points are called the foci (plural 
of “осив”) of the ellipse (Fig! 1.20). 


The constant which is the sum of 


the distances of a point on the ellipse from the 
two fixed points is always greater than the 
distance between the two fixed points. 


P,F,+ P,F,- PF, + P;F,- P,F,* PF, 
Fig 11.20 


The mid point of the line segment joining the foci is called the centre of the 
ellipse. The line segment through the foci of the ellipse is called the major axis and the 


line segment through the centre and perpendicular to the major axis is called the minor 


axis. The end points of the major axis are called the vertices of the ellipse(Fig 11.21). 


«—————————— 


Major axis 


С 


--4---- 


Minor axis 


Vertex 


Fig 11.21 Fig 11.22 


the major axis by 2a, the length of the minor axis by 2b 


We denote the length of 
of the semi major axis is a 


and the distance between the foci by 2c. Thus, the length 
and semi-minor axis is b (Figl 1522): 
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11.5.1 Relationship between semi-major 

axis, semi-minor axis and the distance of 

the focus from the centre of the ellipse 

(Fig 11.23). 

Take a point P at one end of the major axis. R 

Sum of the distances of the point P to the 

foci is F, P-- E,P 2 F,O + OP + F,P 

(Since, ЕР = F,O + OP) 

=с+а+а-с= 2а Fig 11.23 

Take a point Q at one end of the minor axis. 

Sum of the distances from the point Q to the foci is 


FQ«EQ-Jb +c? +b? +c? = 2b? ec 


Since both P and Q lies on the ellipse. 


By the definition of ellipse, we have 


24b? +c? = 2aie, а= b> + с? 
ог а = +c’, ie, c= Jaq"? p 


11.5.2 Special cases of an ellipse In the equation 
c? = a’ — b? obtained above, if we keep а fixed and 


vary c from 0 to a, the resulting ellipses will vary in 
shape. 


Case (i) When c = 0, both foci merge together with 
the centre of the ellipse and a? = b’, i.e., а = b, and so 
the ellipse becomes circle (Fig11.24). Thus, circle is a 


special case of an ellipse which is dealt in Section 11.3. 


Fig 11.24 
Case (ii) When c = а, then b = 0. The ellipse reduces Е 
to the line segment F Е, joining the two foci (Fig11.25). a a 
NEC % 
11.5.3 Eccentricity F, Fig 11.25 2 


Definition 5 The eccentricity of an ellipse is the ratio of the distances from the centre 
of the ellipse to one of the foci and to one of the vertices of the ellipse (eccentricity is 


denoted by e) ie., e <. 
a 
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Then since the focus is at a distance of c from the centre, in terms of the eccentricity 
the focus is at a distance of ae from the centre. 


11.5.4 Standard equations of an ellipse The equation of an ellipse is simplest if the 
centre of the ellipse is at the origin and the foci are Y ; 


x 

a 
Fig 11.26 (b 

on the x-axis or y-axis. The two such possible orientations are shown in Fig 1 1.26. 

We will derive the equation for the ellipse shown above in Fig 11.26 (a) with foci 
on the x-axis. 

Let F, and F, be the foci and O be the mid- 
point of the line segment FF, е О be the origin 
and the line from O through F, be the positive 
x-axis and that through F,as the negative x-axis. 
Let, the line through O perpendicular to the 
x-axis be the y-axis. Let the coordinates of F, be 
(= c, 0) and F, be (с, 0) (Fig 11.27). 

Let P(x, y) be any point on the ellipse such 


that the sum of the distances from P to the two Weise 
foci be 2a so given a^ b 
PF, 4 PF, - 2a. AS 
Fig 11.27 


Using the distance formula, we have 


Jc +y + Capa 


ie, xc) ey) = 2a- qGx- o + y 
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Squaring both sides, we get 


(х + с)? + y! = 402 4а ((х-с) + y + (x =c} + у? 


which on simplification gives 


JG -oy + y =a-<x 
a 


Squaring again and simplifying, we get 


T E (Since с“ = а2— b) 
q 3 b 


Hence any point on the ellipse satisfies 


2 2 
те z 


xi 2 
p zs 9 = 5 (9) 


Conversely, let P (x, y) satisfy the equation (2) with 0 < c < а. Then 
2 
x 
2 = b 1 аг 5 
yy | а? | 


Therefore, PF, = J(x4c) y? 


or ung 
E (х+ cy + p Е 
а 


| СТЕ? 
2 2 2 
(xc) “(а --с) 3 | (since Р? = a? — с?) 
2 
| cx c 
(e) =а+—х 
а а 
с 
-4--х 


а 


Similarly РЕ 
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Hence PH +РЕ, = пыса e qon 2% (9) 
: a a 


2 2 
: 5 x y қ 
So, any point that satisfies a * TE 1, satisfies the geometric condition and so 


P(x, y) lies on the ellipse. 
Hence from (2) and (3), we proved that the equation of an ellipse with centre of 
the origin and major axis along the x-axis is 
2 2 


zd 


Discussion From the equation of the ellipse obtained above, it follows that for every 
point P (x, y) on the ellipse, we have 


2< а,ө0-а< xs а. 


Therefore, the ellipse lies between the lines x = — a and x = а and touches these lines. 
Similarly, the ellipse lies between the lines у= and у = and touches these 


lines. 
227,2 


x 
Similarly, we can derive the equation of the ellipse in Fig 11.26 (b) as ia =l, 


These two equations are known as standard equations of the ellipses. 


The standard equations of ellipses have centre at the origin and the 
major and minor axis are coordinate axes. However, the study of the ellipses with 
centre at any other point, and any Jine through the centre as major and the minor 
| axes passing through the centre and perpendicular to major axis are beyond the 
scope here. 


From the standard equations of the ellipses (Fig11.26), we have the following 


observations: 
| 1. Ellipse is symmetric with respect to both the coordinate axes since if (x, у) is a 
point on the ellipse, then ( х, у), (х, У) and (- x, —у) are also points on the ellipse. 
2. The foci always lie on the major axis. The major axis can be determined by 
finding the intercepts on the axes of symmetry. That is, major axis is along the x-axis 
if the coefficient of x? has the larger denominator and it is along the y-axis if the 
coefficient of y? has the larger denominator. 
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11.5.5 Latus rectum Y 


Definition 6 Latus rectum of an ellipse is a 
line segment perpendicular to the major axis 
through any of the foci and whose end points 
lie on the ellipse (Fig 11.28). 
To find the length of the latus rectum 

f the аре el 

ellipse —>+-> = 

ot the ешр: асы 


Latus rectum 
Let the length of AF, be J. Fig 11.28 


Then the coordinates of A аге (c, / ),i.e., 
(ae, 1) 
l y 
Since A lies on the ellipse = Ж > =1, we have 


(ае)? [ҮМ 
Four йа 


2Pzbpü-e) 


But Bot ec E 
а? а? а? 
ы : 
Therefore P= syne, l= bi 
a a 


Since the ellipse is symmetric with respect to y-axis (of course, it is symmetric w.r.t. 


2 
both the coordinate axes), AF, = FB and so length of the latus rectum is — . 
a 


Example 9 Find the coordinates of the foci, the vertices, the length of major axis, the 
minor axis, the eccentricity and the latus rectum of the ellipse 


2 


2 
P + x. У р 
Solution Since denominator of 25 is larger than the denominator of 7 , the major 
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ZEN, 
n қ ; : x 
axis is along the x-axis. Comparing the given equation with — + A =1, we get 
a 


а = 5 and b = 3. Also 


c= a? -b 225-9 -4 


Therefore, the coordinates of the foci are (— 4,0) and (4,0), vertices are (- 5, 0) and 

(5, 0). Length of the major axis is 10 units length of the minor axis 2b is 6 units and the 
mE . 2b 18 

eccentricity 15 = and latus rectum is —— ^  . 

5 а 5 

Example 10 Find the coordinates of the foci, the vertices, the lengths of major and 

minor axes and the eccentricity of the ellipse 9л? + 4y’= 36. 


Solution The given equation of the ellipse can be written in standard form as 


x у? 


—4+—=1 
9 


2 2 
К x : Ms 
Since the denominator of F is larger than the denominator of E the major axis 18 


along the y-axis. Comparing the given equation with the standard equation 


ea 227 » 
T AES ‚ we have b = 2 and a = 3. 
b a 
Also c= a-b? = gua S5 
and 50000 
арыз. 


Hence ће foci аге (0, J5 ) and (0, ERG ), vertices are (0,3) and (0, -3), length of the 
major axis is 6 units, the length of the minor axis is 4 units and the eccentricity of the 


5 
ellipse is — - 
г 
Example 11 Find the equation of the ellipse whose vertices are (+ 13, 0) and foci are 
(+5, 0). 
Solution Since the vertices are on x-axis, the equation will be of the form 
2 
у 
ance 


b =1, where a is the semi-major axis. 


dis 
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Given that а = 13, c2 € 5. 
Therefore, from the relation c? = а? — b’, we get 


25 2169- b^, ie, b= 12 


2 2 
5 А га 34 
f lli, — T 7—-]. 
Hence the equation of the ellipse is 169 * 144 
Example 12 Find the equation of the ellipse, whose length of the major axis is 20 and 


foci are (0, + 5). 


Solution Since the foci are on y-axis, the major axis is along the y-axis. So, equation 


V sie? 
of the ellipse is of the form ht sel. 
a 
Given that 
20 
а = semi-major axis = zm 10 
and the relation c= а? – b gives 


5210 -b ie,b^-'75 
"Therefore, the equation of the ellipse is 
2 2 
SX Yu. 
75 100 
Example 13 Find the equation of the ellipse, with major axis along the x-axis and 
passing through the points (4, 3) and (— 1,4). 


2 2 
Solution The standard form of the ellipse is e +2 - = 1. Since the points (4, 3) 
and (—1, 4) lie on the ellipse, we have 4 
16 9 
——— d 200) 
Пр: 
1 16 
апа zt жа zd 27.42) 
Қ . 247 247 
Solving equations (1) and (2), we find that gos RIS and b^ = 715 y 


Hence the required equation is 
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x у? ae 
mV DAT lie, Tx? + 15y = 247. 
kd 15 


In each of the Exercises 1 to 9, find the coordinates of the foci, the vertices, the length 
of major axis, the minor axis, the eccentricity and the length of the latus rectum of the 


ellipse. 


Wc а 2. X Xm a ue EI 
36 16 4 225 16 9 
2 2 2 2 2; 2 
WES 21 aen "атр нана alte 
25 100 49 36 100 400 
7. 362 + 4y* = 144 8. 162+y=16 9. 4x2 + 9y! = 36 


In each of the following Exercises 10 to 20, find the equation for the ellipse that satisfies 
the given conditions: 


10. Vertices (+ 5, 0), foci (+ 4, 0) 

11. Vertices (0, + 13), foci (0, + 5) 

12. Vertices (+ 6, 0), foci (+ 4, 0) 

13. Ends of major axis (+ 3, 0), ends of minor axis (0, + 2) 


14. Ends of major axis (0, + 4/5 ), ends of minor axis (+ 1,0) 
15. Length of major axis 26, foci (+ 5, 0) 

16. Length of minor axis 16, foci (0, + 6). 

17. Foci (+3, 0), а=4 

18. b=3, c=4, centre at the origin; foci on the x axis. 


19. Centre at (0,0), major axis on the y-axis and passes through the points (3, 2) and 
(1,6). 
20. Major axis on the x-axis and passes through the points (4,3) and (6,2). 
11.6 Hyperbola 
ce of whose 


Definition 7 A hyperbola is the set of all points in a plane, the differen 
distances from two fixed points in the plane is a constant. , 
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Conjugate 


Vertex 


P,F, - P,F, = P;F,- P;F, = PF, - PF; 
Fig 11.29 

The term "difference" that is used in the definition means the distance to the 
farther point minus the distance to the closer point. The two fixed points are called the 
foci of the hyperbola. The mid-point of the line segment joining the foci is called the 
centre of the hyperbola. The line through the foci is called the transverse axis and 
the line through the centre and perpendicular to the transverse axis is called the conjugate 
axis. The points at which the hyperbola 
intersects the transverse axis are called the 
vertices of the hyperbola (Fig 11.29). 

We denote the distance between the 
two foci by 2c, the distance between two у, 
vertices (the length of the transverse axis) 
by 2a and we define the quantity b as 


b= сє? —а? 


Also 2b is the length of the conjugate axis 
(Fig 11.30). 


To find the constant РЕ, – РЕ: 


Fig 11.30 


By taking the point P at A and В in the Fig 11.30, we have 
BF, - BE,- AF,- AF, (by the definition of the hyperbola) 
BA *AF,- ВЕ, = AB + BF,- AF, 

ie, АЕ = BF, 

So that, BF, – BF,= BA + AF,- BF, = BA = 2a 
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11.6.1 Eccentricity 


age t + . с H 
Definition 8 Just like an ellipse, the ratio e — 5 is called the eccentricity of the 


hyperbola. Since c 2 a, the eccentricity is never less than one. In terms of the 
eccentricity, the foci are at a distance of ae from the centre. 

11.6.2 Standard equation of Hyperbola The equation of a hyperbola is simplest if 
the centre of the hyperbola is at the origin and the foci are on the x-axis or y-axis. The 
two such possible orientations are shown in Figl1.31. 


Fig 11.31 


We will derive the equation for the hyperbola shown in Fig 11.31(a) with foci on 


the x-axis. 
Let F, and F, be the foci and O be the mid-point of the line segment F F, LetO 
be the origin and the line through O y 
through F, be the positive x-axis and 
that through F, as the negative 
x-axis. The line through О 
perpendicular to the x-axis be the 
y-axis, Let the coordinates of F, be x’ 
(—c,0) and F, be (с, 0) (Fig 11. 32). 
Let P(x, y) be any point on the 
hyperbola such that the difference 
of the distances from P to the farther 
point minus the closer point be 2a. 
So given, PF, — PF, = 2a 


F, 
(-e,0) 


м 
Fig 11.32 
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Using the distance formula, we have 


Joey + у - Jo - e ку! = 2а 
ie. Gcr cy + у? =2a+ Va- + у? 


Squaring both side, we get 


(x + cy + y! = Ad? + 4а Мос + у? + (х= с)? + у? 


and on simplifying, we get 


cx 
— -az Jx-oy + у? 
a 


On squaring again and further simplifying, we get 


m t =1 
а? с? а а? 
2 2 
е 
i.e., ET IE Since с? — а? = Р 
i A p (Since a ) 
x у? 
Hence any point on the hyperbola satisfies — — A 1 
a 


Conversely, let P(x, y) satisfy the above equation with 0 < a < c. Then 


5 x х-а? 
y = Б 22 


"Therefore, РЕ, = + (екеу % y 
2 We 
AE ЕЕ =< | екшн ж 
а а 
VUE a 
Similarly, РЕ,-а = 


In hyperbola c > a; and since P is to the right of the line x =a, x >a, a >a. Therefore, 


c 1 c 
а- = х becomes negative. Thus, РЕ, = —x —a. 
a 
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c cx 
Therefore РЕ = BERG Sx --- ж a=2a 
a a 


Also, note that if P is to the left of the line x = – a, then 


[4 
PF, ZO РЕ,=а- Сх. 
а а 


72 
x 
In that case P Е,- PF, = 2a. So, any point that satisfies —7 2 71, lies on the 
2 а 


hyperbola. 
Thus, we proved that the equation of hyperbola with origin (0,0) and transverse axis 


x 2 


"along x-axis is —7 — 77 71. 
g e P 


Га Note ]A hyperbola in which a = b is called an equilateral hyperbola. 
; From the equation of the hyperbola we have obtained, it follows that, we 
2 2 


x 
have for every point (x, у) on the hyperbola, a =1+ a 21. 


Discussior 


a 
lines x = + a and x = — a, (i.e. no real intercept on the conjugate axis). 


CS 2lie,x£-a orxZa. Therefore, no portion of the curve lies between the 


2 x 
—z1 


Similarly, we can derive the equation of the hyperbola in Fig 11.31 (b) as 2 Ty 
These two equations are known as the standard equations of hyperbolas. 


The standard equations of hyperbolas have transverse and conjugate 
axes as the coordinate axes and the centre at the origin. However, there are 
hyperbolas with any two perpendicular lines as transverse and conjugate axes, but 
the study of such cases will be dealt in higher classes. © 
From the standard equations of hyperbolas (Fig11.29), we have the following 
observations: 


1. Hyperbola is symmetric with respect to both the axes, since if (x, y) is a point on 
the hyperbola, then (=x, y), (x, У) and (= x, — y) are also points on the hyperbola. 
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2. The foci are always on the transverse axis. It is the positive term whose 


2 2 
т ; 
denominator gives the transverse axis. For example, eae 36 =1 
ye ой 
has transverse axis along x-axis of length 6, while 25 - 16 =1 


has transverse axis along y-axis of length 10. 


11.6.3 Latus rectum 
Definition 9 Latus rectum of hyperbola is a line segment perpendicular to the transverse 
axis through any of the foci and whose end points lie on the hyperbola. 


2 


As in ellipse, it is easy to show that the length of the latus rectum in hyperbola is h 
a 
Example 14 Find the coordinates of the foci and the vertices, the eccentricity,the 
length of the latus rectum of the hyperbolas: 
ОМО 
e 7» Ж 
vi TA E 
(i) $15 , (ii) у*— 162 = 16 


2 


2 
Solution (i) Comparing the equation a = a =] with the standard equation 


TDN 
b? 


a 
Here, a 23, b = 4 and c = ya +b’ = 494165 
Therefore, the coordinates of the foci are (+ 5, 0) and that of vertices are (+ 3, 0).Also, 


5 2 
The eccentricity e = aes . The latus rectum = 26. = 32 
ағ 3 а 3 


jene 
(ii) Dividing the equation by 16 on both sides, we have 15 „йыны 


2 2 
Comparing the equation with the standard equation 9 == = =1, we find that 
a 


a=4, b=1and c= a+b = fi6+1= 17. 
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Therefore, the coordinates of the foci are (0, + J17 ) and that of the vertices are 
(0, + 4). Also, 


Fa ор? 
The eccentricity е- £= wee . The latus rectum "cdi - 2 
a 4 Qu 
Example 15 Find the equation of the hyperbola with foci (0, + 3) and vertices 


di 


11 
(0,35 EM 
2 ) 


Solution Since the foci is on y-axis, the equation of the hyperbola is of the form 


vil 


11 
Since vertices are (0, + АЛУУ » ат "A 
25 


2 =- — 


Also, since foci are (0, € 3); c = 3 andb?-c-a 


Therefore, the equation of the hyperbola is 


2 


y 


on of the hyperbola where foci are (0, +12) and the length 


-і1,іе, 100у:- 44 x = 275. 


Example 16 Find the equati 
of the latus rectum is 36. 


Solution Since foci are (0, + 12), it follows that c = 12. 


2b? 5 
Length of the latus rectum = “2” =36 or b-18a 
Therefore с = а +b’; gives 
144 = а? + 18а 
ie., а + 18a – 144 = 0, 
So а--24,6. 


we take а = 6 and so 2? = 108. 
2 


Since a cannot be negative, 


2 
E x ; 
Therefore, the equation of the required hyperbola is dd - 108 -1,іе,3у-х-108 
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EXERCISE 11.4 


In each of the Exercises 1 to 6, find the coordinates of the foci and the vertices, the 
eccentricity and the length of the latus rectum of the hyperbolas. 


2 2 2 2 


1, 555 sd ARAR EE 3. 9y - 4x? = 36 
16309 отот ^ 
4. 16x? - 9y = 576 5. 5y - 90 = 36 6. 49у – 16x? = 784. 


In each of the Exercises 7 to 15, find the equations of the hyperbola satisfying the given 
conditions. 
7. Vertices (+ 2, 0), foci (+ 3, 0) 
8. Vertices (0, +5), foci (0, + 8) 
9. Vertices (0, +3), foci (0, + 5) 
10. Foci (+5, 0), the transverse axis is of length 8. 
11. Foci (0, +13), the conjugate axis is of length 24. | 


12. Foci (+3 4/5, 0), the latus rectum is of length 8. 
13. Foci (+4, 0), the latus rectum is of length 12 


4 
14, vertices (+ 7,0), e= 3! 


15. Foci (0, + 10 ), passing through (2,3) 


Miscellaneous Examples 


Example 17 The focus of a parabolic mirror as shown in Fig 11.33 is at a distance of 
5 cm from its vertex. If the mirror is 45 cm deep, find 
the distance AB (Fig 11.33). 


Solution Since the distance from the focus to the 
vertex is 5 cm. We have, a — 5. If the origin is taken at 
the vertex and the axis of the mirror lies along the 
positive x-axis, the equation of the parabolic section is 


yz4(5)xz20x 
Note that x=45. Thus 
у? = 900 
"Therefore у= +30 
Hence AB = 2y 22 x 30=60 cm. 
Example 18 A beam is supported at its ends by Fig 11.33 


. supports which are 12 metres apart. Since the load is concentrated at its centre, there 


CONIC SECTIONS 263 
is a deflection of 3 cm at the centre and the deflected beam is in the shape of a 
parabola. How far from the centre is the deflection 1 cm? 


Solution Let the vertex be at the lowest point and the axis vertical. Let the coordinate 
axis be chosen as shown in Fig 11.34. 


Fig 11.34 
The equation of the parabola takes the form x? = 4ay. Since it passes through 


00 
хе = 300 m 


3 pee i 
Gr j we have (6) -4а kn | ie, а= 


2 
us m. Coordinates of B are (x, === 3): 


Let AB is the deflection of ће beam which is 100 


2 
Therefore x? =4 x 300 x 100^ 24 


ie. х= /24 = 2/6 metres 


f length 15 cm rests in between two coordinate axes in such 


Example 19 А rod AB о н d 
s and end point B lies on 


a way that the end point A lies on x-axi 
y-axis. A point Р(х, y) is taken on the rod in such a way x 
that AP = 6 cm. Show that the locus of P is an ellipse. 


Solution Let AB be the rod making an angle 6 with B 
OX as shown in Fig 11.35 and P (x, y) the point on it 
such that AP =6cm. 

Since AB = 15 cm, we have 


РВ = 9 cm. 
diculars on y-axis and 
From P draw PQ and PR perpencic Fig 11.35 


x-axis, respectively. 
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x 
From A РВО, cos Ө = S 

1 Y 
From A PRA, sin Ө = 6 


Since cos?6 + sin’ @ = 1 


X pcm) 
81 36 


Thus the locus of P is an ellipse. 


or 


Miscellaneous Exercise on Chapter 11 


1. If a parabolic reflector is 20 cm in diameter and 5 cm deep, find the focus. 

2.  Anarchis in the form of a parabola with its axis vertical. The arch is 10 m high 
and 5 m wide at the base. How wide is it 2 m from the vertex of the parabola? 

3. The cable of a uniformly loaded suspension bridge hangs in the form of a parabola. 
The roadway which is horizontal and 100 m long is supported by vertical wires 
attached to the cable, the longest wire being 30 m and the shortest being 6 m. 
Find the length of a supporting wire attached to the roadway 18 m from the 
middle. 

4.  Anarchis in the form of a semi-ellipse. It is 8 m wide and 2 m high at the centre. 
Find the height of the arch at a point 1.5 m from one end. 

5.  Arodof length 12 cm moves with its ends always touching the coordinate axes. 
Determine the equation of the locus of a point P on the rod, which is 3 cm from 
the end in contact with the x-axis. 

6. Епа the area of the triangle formed by the lines joining the vertex of the parabola 
x? = 12у to the ends of its latus rectum. 

7. A man running a racecourse notes that the sum of the distances from the two flag 
posts from him is always 10 m and the distance between the flag posts is 8 m. 
Find the equation of the posts traced by the man. 

8. Ап equilateral triangle is inscribed in the parabola у? = 4 ax, where one vertex is 
at the vertex of the parabola. Find the length of the side of the triangle. 
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Summary 


In this Chapter the following concepts and generalisations are studied. 


Ф A circle is the set of all points in a plane that are equidistant from a fixed point 
in the plane. 

4 The equation of a circle with centre (h, k) and the radius r is 

(х= А) + (у – К) = г. 

Ф А parabola is the set of all points in a plane that are equidistant from a fixed 
line and a fixed point in the plane. 

% The equation of the parabola with focus at (a, 0) a > 0 and directrix x =- а is 

y= 4ах. 

> Latus rectum of a parabola is a line segment perpendicular to the axis of the 
parabola, through the focus and whose end points lie on the parabola. 

4 Length of the latus rectum of the parabola у? = 4ax is 4a. 

Ф An ellipse is the set of all points in а plane, the sum of whose distances from 
two fixed points in the plane is a constant. 

ONES 
% The equation of an ellipse with foci on the x-axis is d T po =1, 


 Latus rectum of an ellipse is а line segment perpendicular to the major axis 
through any of the foci and whose end points lie on the ellipse. 


y vnu ates Бі! 
4 Length of the latus rectum of the ellipse p ES =l is т; 


Ф The eccentricity of an ellipse is the ratio between the distances from the centre 
of the ellipse to one of the foci and to one of the vertices of the ellipse. 
Ф А hyperbola is the set of all points in a plane, the difference of whose distances 
from two fixed points in the plane is a constant. 
ibd s йан с Y 
Ф The equation of a hyperbola with foci on the x-axis Is : бт: 
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4 Latus rectum of hyperbola is a line segment perpendicular to the transverse 
axis through any of the foci and whose end points lie on the hyperbola. 


Length of the latus rectum of the hyperbola та ЧОЙ. =lis: 


@The eccentricity of a hyperbola is the ratio of the distances from the centre of 
the hyperbola to one of the foci and to one of the vertices of the hyperbola. 


Historical Note 


Geometry is one of the most ancient branches of mathematics. The Greek 
geometers investigated the properties of many curves that have theoretical and 
practical importance. Euclid wrote his treatise on geometry around 300 B.C. He 
was the first who organised the geometric figures based on certain axioms 
suggested by physical considerations. Geometry as initially studied by the ancient 
Indians and Greeks, who made essentially no use of the process of algebra. The 
synthetic approach to the subject of geometry as given by Euclid and in 
Sulbasutras, etc., was continued for some 1300 years. In the 200 B.C., Apollonius 
wrote a book called ‘The Conic’ which was ali about conic sections with many 
important discoveries that have remained unsurpassed for eighteen centuries. 

Modern analytic geometry is called ‘Cartesian’ after the name of Rene 
Descartes (1596-1650) whose relevant ‘La Geometrie’ was published in 1637. 
But the fundamental principle and method of analytical geometry were already 
discovered by Pierre de Fermat (1601-1665). Unfortunately, Fermats treatise on 
the subject, entitled Ad Locus Planos et So LIDOS Isagoge (Introduction to 
Plane and Solid Loci) was published only posthumously іп 
1679. So, Descartes came to be regarded as the unique inyentor of the analytical 
geometry. 

Isaac Barrow avoided using cartesian method. Newton used method of 
undetermined coefficients to find equations of curves. He used several types of 
coordinates including polar and bipolar. Leibnitz used the terms ‘abscissa’, 
‘ordinate’ and ‘coordinate’. L’ Hospital (about 1700) wrote an important textbook 
on analytical geometry. 

Clairaut (1729) was the first to give the distance formula although in clumsy 
form. He also gave the intercept form of the linear equation. Cramer (1750) 
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made formal use of the two axes and gave the equation of a circle as 
(у= а) + (6-х) =r 
He gave the best exposition of the analytical geometry of his time. Monge 
(1781) gave the modern *point-slope" form of equation of a line as 
1 у-у =a- х) қ 

and the condition of perpendicularity of two lines as aa’ + 1-0. 

S.F. Lacroix (1765-1843) was a prolific textbook writer, but his contributions 
to analytical geometry are found scattered. He gave the ‘two-point’ form of 
equation of a line as 

ув, P к-а) 


а-а 


(В -ао- b) 
and the length of the perpendicular from (0, В) on y = ax + b as ita? 


а-а 
His formula for finding angle between two lines was tan Ө = b It is, of 


course, surprising that one has to wait for more than 150 years after the invention 
of analytical geometry before finding such essential basic formula. In 1818, C. 
Lame, a civil engineer, gave mE + mE = 0 as the curve passing through the 
points of intersection of two loci E = 0 and E' =0. 

Many important discoveries, both in Mathematics and Science, have been 
linked to the conic sections. The Greeks particularly Archimedes (287-212 B.C.) 
and Apollonius (200 B.C.) studied conic sections for their own beauty. These 


curves are important tools for present day exploration of outer space and also for 


research into behaviour of atomic particles. 


Chapter 1 2 


“INTRODUCTION TO THREE 
| DIMENSIONAL GEOMETRY 


+ Mathematics is both the queen and the hand-maiden of 
all sciences - E.T. BELLY 


12.1 Introduction 
You may recall that to locate the position of a point ina 
plane, we need two intersecting mutually perpendicular lines 
in the plane. These lines are called the coordinate axes 
and the two numbers are called the coordinates of the 
point with respect to the axes. In actual life, we do not 
have to deal with points lying in a plane only. For example, 
consider the position of a ball thrown in space at different 
points of time or the position of an aeroplane as it flies 
from one place to another at different times during its flight. 
Similarly, if we were to locate the position of the Leonhard Euler 
lowest tip of an electric bulb hanging from the ceiling of a (1707-1783) 
room or the position of the central tip of the ceiling fan in a room, we will not only 
require the perpendicular distances of the point to be located from two perpendicular 
walls of the room but also the height of the point from the floor of the room. Therefore, 
we need not only two but three numbers representing the perpendicular distances of 
the point from three mutually perpendicular planes, namely the floor of the room and 
two adjacent walls of the room. The three numbers representing the three distances 
are called the coordinates of the point with reference to the three coordinate 
planes. So, a point in space has three coordinates. In this Chapter, we shall study the 
basic concepts of geometry in three dimensional space.* 


мамаа 
2 For various activities in three dimensional geometry one may refer to the Book, “A Hand Book for 
designing Mathematics Laboratory in Schools”, NCERT, 2005. 
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1232. Coordinate Axes and Coordinate Planes in Three Dimensional Space 


Consider three planes intersecting at a point O 
such that these three planes are mutually 
perpendicular to each other (Fig 12.1). These 
three planes intersect along the lines X'OX, Y'OY 
and Z/OZ, called the x, y and z-axes, respectively. 
We may note that these lines are mutually 
perpendicular to each other. These lines constitute 
the rectangular coordinate system. The planes 
XOY, YOZ and ZOX, called, respectively the 
XY-plane, YZ-plane and the ZX-plane, are 
known as the three coordinate planes. We take Fig 12.1 

the XOY plane as the plane of the paper and the 

line Z/OZ as perpendicular to the plane XOY. If the plane of the paper is considered 
as horizontal, then the line Z'OZ will be vertical. The distances measured from 
XY-plane upwards in the direction of OZ are taken as positive and those measured 
downwards in the direction of OZ’ are taken as negative. Similarly, the distance 
measured to the right of ZX-plane along OY are taken as positive, to the left of 
ZX-plane and along OY’ as negative, in front of the YZ-plane along OX as positive 
and to the back of it along OX" as negative. The point O is called the origin of the 
coordinate system. The three coordinate planes divide the space into eight parts known 
as octants. These octants could be named as XOYZ, X'OYZ, X'OY'Z, XOY'Z, 
XOYZ’, X'OYZ', X'OY'Z' and XOY’Z’. and denoted by І, П, III, ..., VIII , respectively. 


Z Р(х,у,2) 


12/3 Coordinates of a Point in Space 
Having chosen a fixed coordinate system in the 
space, consisting of coordinate axes, coordinate 
planes and the origin, we now explain, as to how, 
given a point in the space, we associate with it three 
coordinates (x,y,z) and conversely, given a triplet 
of three numbers (x, y, z), how, we locate a point in 
the space. 

Given a point P in space, we drop à 
perpendicular PM on the XY-plane with M as the 
foot of this perpendicular (Fig 12.2). Then, from the point 
ML to the x-axis, meeting it at L. Let OL be x, LM be y an 
are called the x, y and z coordinates, respe 
Fig 12.2, we may note that the point Р (х, У, 2 
z are positive. If P was in any other octant, 


M 
(x, y, 0) 

Fig 12.2 

M, we draw a perpendicular 
d MP be z. Then x,y and z 
ctively, of the point P in the space. In 
) lies in the octant XOYZ and so all x, y, 
the signs of x, y and z would change 
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accordingly. Thus, to each point P in the space there corresponds an ordered triplet 
(x, у, 2) of real numbers. 

Conversely, given any triplet (x, y, 2), We would first fix the point L on the x-axis 
corresponding to x, then locate the point M in the XY-plane such that (x, y) are the 
coordinates of the point M in the XY-plane. Note that LM is perpendicular to the 
x-axis or is parallel to the y-axis. Having reached the point M, we draw a perpendicular 
MP to the XY-plane and locate on it the point P corresponding to z. The point P so 
obtained has then the coordinates (x, y, z). Thus, there is a one to one correspondence 
between the points in space and ordered triplet (x, y, z) of real numbers. 

Alternatively, through the point P in the 
space, we draw three planes parallel to the 
coordinate planes, meeting the x-axis, y-axis 
and z-axis in the points A, B and C, respectively 
(Fig 12.3). Let OA = x, OB = y and OC =z. 
Then, the point P will have the coordinates x, y 
and z and we write P (x, y, z). Conversely, given 
x, y and z, we locate the three points A, B and 
C on the three coordinate axes. Through the 
points A, B and C we draw planes parallel to 
the YZ-plane, ZX-plane and XY-plane, x Fig 12.3 
respectively. The point of interesection of these three planes, namely, ADPF, BDPE 
and CEPF is obviously the point P, corresponding to the ordered triplet (x, y, z). We 
observe that if P (x, y, 2) is any point in the space, then x, y and z are perpendicular 
distances from YZ, ZX and XY planes, respectively. 


(жғ Note | The coordinates of the origin O are (0,0,0). The coordinates of any point 
on the x-axis will be as (x,0,0) and the coordinates of any point in the YZ-plane will 
be as (0, y, z). 

Remark The sign of the coordinates of a point determine the octant in which the 
point lies. The following table shows the signs of the coordinates in eight octants. 


Table 12.1 
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Example 1 In Fig 12.3, if P is (2,4,5), find the coordinates of F. 


Solution For the point F, the distance measured along OY is zero. Therefore, the 
coordinates of F are (2,0,5). 


Example 2 Find the octant in which the points (-3,1.2) and (-3,1;- 2) lie. 
Solution From the Table 12.1, the point (3,1, 2) lies in second octant and the point 
(-3, 1, — 2) lies in octant VI. 

EXERCISE 12.1 


A point is on the ¥ -axis. What are its y-coordinate and z-coordinates? 


A point is in the XZ-plane. What can you say about its y-coordinate? 


ы із = 


Name the octants in which the following points lie: , 
(,2,3),(4,-2,3,(4.-2,-5,4.2,-5),(-4,2,-5,(-4. 25); 
(-3,-1, 6) (2,-4,-?). 
4.. Fillintheblanks: 
(i) The x-axis and y-axis taken together determine a plane known as 
(ii) The coordinates of points in the XY-plane are of the form 


(ii) Coordinate planes divide the space into octants. 


12:4 Distance between Two Points 
We have studied about the distance 
between two points in two-dimensional 
coordinate system. Let us now extend this 
study to three-dimensional system. 

Let Р(х, y, 2) and О (X Yor 2) 
be two points referred to a system of 
rectangular axes OX, OY and OZ. 
Through the points P and Q draw planes 
parallel to the coordinate planes so as to 
form a rectangular parallelopiped with one 
diagonal PQ (Fig 12.4). 

Now, since ZPAQ is a right X Fig 12.4 
angle, it follows that, in triangle PAQ, 

PQ? = РА? + АО? fee (08) 

Also, triangle ANQ is right angle triangle with ZANQ a right angle. 


Z 
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Therefore AQ? = AN? + NQ? 209 
From (1) апа (2), we һауе 


PQ? = PA? + AN? + МО? 


Now PA = y,- y, AN = x, - x, and № = z,- 2, 
Hence PQ? = (5х) + 0) = » + (2-2) 
Therefore PQ= | (5 —x) (73) *G 72)" 


This gives us the distance between two points (x,, Yp 2)) and (x, Yy Z,). 


In particular, if x, = y, 2 z, = 0, i.e., point P is origin O, then ОО = з +ул +e? j 
which gives the distance between the origin О and any point О (x,, Y, 2). 

Example 3 Find the distance between the points P(1, —3, 4) and Q (- 4, 1, 2). 
Solution The distance PQ between the points P (1,3, 4) and О (- 4, 1, 2) is 


PQ = (4-1 + (143) + 2-4) 
= (811644 
= 45 = 345 units 
Example 4 Show that the points P (-2, 3, 5), Q (1, 2, 3) and R (7, 0, -1) are collinear. 


Solution We know that points are said to be collinear if they lie on a line. 


Now, PQ = үї+2)?+ 2-3)? (3-5)? = /9+1+4 = V14 


QR = (7-1 (0-2/% (21-2) = V36+4+16 = 456 =2 Vi4 


and PR = [0+2 + 0-3) + (1-5) = 4/81+9+36 = V126 = 3/4 
Thus, PQ + QR = PR. Hence, P, Q and R are collinear. 


Example 5 Are the points A (3, 6, 9), B (10, 20, 30) and C (25, — 41, 5), the vertices 
of a right angled triangle? 


Solution By the distance formula, we have 
AB? =(10—3)+ Q0— 6y + (30- 9* 
=49 + 196 +441 — 686 
BC? =(25-10 + (C41 – 20y + (5 – 30) 
= 225 + 3721 +625 =4571 
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CA? -(8-25y + (6 +41} + (9-5) 
= 484 + 2209 + 16 = 2709 
We find that CA? + AB? + BC’. 
Hence, the triangle ABC is not a right angled triangle. 
Example 6 Find the equation of set of points P such that PA? + PB? = 2/2, where 
A and B are the points (3, 4, 5) and (-1, 3, -7), respectively. 
Solution Let the coordinates of point P be (x, y, 2). 
Here РА? = (х – 3+ (у – 42+ (2-5) 
PB? = (х + 1} + (у= 3)? + (2+7)? 
By the given condition PA? + PB? = 2/2, we have 
(x-3) (y - 42 + G-5Y c Ge 1? + (у- 3) + (2 + 7) 22K 
ie, 22+ 232 -22-4x- 14y + 4z = 202 - 109. 


1. Find the distance between the following pairs of points: 
@ (2,3,5)and (4, 3, 1) i) (3, 7, 2) and (2, 4, -1) 
Gii) (-1,3,- 4) and (1, -3,4) (v) (2,-1,3) and (-2, 1, 3). 
Show that the points (22,3, 5), (1,2; 3) and (7, 0, —1) аге collinear. 
3. Verify the following: 
(і) (0,7,-10), (1, 6, — 6) and (4, 9. — 6) are the vertices of an isosceles triangle. 
(i) (0,7, 10), Cl, 6, 6) and (— 4, 9, б) are the vertices of a right angled triangle. 
(ін) C1,2,D.. -2,5), (4,-7, 8) and (2, 3, 4) are the vertices of a parallelogram. 
of points which are equidistant from the points 


ә 


4. Find the equation of the set 


(1, 2, 3) and (3, 2, -1). 
5. Find the equation of the set of points P, the sum of whose distances from 


A (4, 0, 0) and B (- 4, 0, 0) is equal to 10. 


12.5 Section Formula 

In two dimensional geometry, 

dividing a line segmentina given ratio internally. Now, we ex 

geometry as follows: 
Let the two given points be P(x,» y, z) and О (x, Yp 22): Let the point RQ, y. z) 

divide PQ in the given ratio m : л internally. Draw PL, QM and RN perpendicular to 


we have learnt how to find the coordinates of a point 
tend this to three dimensional 
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the XY-plane. Obviously PL ll RN ll QM and feet 
of these perpendiculars lie in a XY-plane. The 
points L, M and N will lie on a line which is the 
intersection of the plane containing PL, RN and 
QM with the XY-plane. Through the point R draw 
a line ST parallel to the line LM. Line ST will 
intersect the line LP externally atthe point S and 
the line MQ at T, as shown in Fig 12.5. 

Also note that quadrilaterals LNRS and 
NMTR are parallelograms. 
The triangles PSR and QTR are similar. Therefore, X 


m © PRip ӨР? ae SEZPL..- NR-PL 2-2 Fig 12.5 
n QR QT QM-TM QM-NR z-z 


|o mzynz 
PTT сон) 
This implies 5 


Similarly, by drawing perpendiculars to the XZ and YZ-planes, we get 


y a RR Exi Ur emo ctt 
m+n m+n 


Hence, the coordinates of the point R which divides the line segment joining two points 
P (xp Yp д) and Q (х, у,; 2,) internally in the ratio т: n are 


mx, + nx ту, + ny mz, + nz 
m+n ° m+n ” mn 


If the point R divides PQ externally in the ratio m : n, then its coordinates are 
obtained by replacing n by — n so that coordinates of point R will be 


Е my; —ny, elt 

m-n ^ m-n ' m-n 

Case 1 Coordinates of the mid-point: In case R is the mid-point of PQ, then 
m:n=1:1sothat x = yes and z= аа, 


These are the coordinates of ће mid point of the segment joining Р (x, Yp 2) 
and О (x, у, 2.). 
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Case 2 The coordinates of the point R which divides PQ in the ratio k: 1 are obtained 
К т А : 
by taking k= m which are as given below: 


kx,tx Mut katz 
lk dk de 
Generally, this result is used in solving problems involving a general point on the line 
passing through two given points. 


Example 7 Find the coordinates of the point which divides the line segment joining 
the points (1, —2, 3) and (3, 4, —5) in the ratio 2 : 3 (i) internally, and (ii) externally. 


Solution (i) Let P (х, у, 2 be the point which divides line segment joining А(1,- 2, 3) 
and В (3, 4, —5) internally in the ratio 2 : 3. Therefore 


. 23) +30) 
жота ET 
243 


"|! 


ud dur 24132 2  ,. 2(-5) +3(3) _ 
SU 243 5. 9i 2-3 


Ө 1 
Thus, the required point is ( 255 | 


(ii) Let P (x, y, 2) be the point which divides segment joining A (1, 22, 3) and 
B (3,4, -5) externally in the ratio 2 : 3. Then 


_ 23) C3X) iyd ADHD _ | L2C94C30) _ 
tO) с ажалы Алу ties tote cue iP 
2-09) 2:09 2, 243) 


Therefore, the required point is (-3, 14, 19). 
Example 8 Using section formula, prove that the three points (- 4, 6, 10), (2, 4, 6) 
and (14, 0, —2) are collinear. 
Solution Let A (4, 6, 10), В (2, 4, 6) and C(14, 0, — 2) be the given points. Let the 
point P divides AB in the ratio k : 1. Then coordinates of the point P are 
ЕЕ 4k +6 519) 
п ED ORY 


Let us examine whether for some value of k, the point P coincides with point C. 


2k—4 3 
ing —— =14 tkz-— 
On putting nem ,we get k : 
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3 
4(-=)+6 
When pasa iun 2 -0 
2 k+l 7 
2, 
6 2 +10 
6k+10 972 
and mm 3 p 
Бі 
2 


Therefore, C.(14, 0, 2) is a point which divides AB externally in the ratio 3 : 2 and is 
same as P.Hence A, B, C are collinear. 
Example 9 Find the coordinates of the centroid of the triangle whose vertices are 
(хы Y 2)» Hp У 2) and (x, ys 2). 
Solution Let ABC be the triangle. Let the coordinates of the vertices A, B,C be 
(х, у» 2)» (х,у, 2) and (x, у, 2), respectively. Let D be the mid-point of BC. 
Hence coordinates of D are 

(22 Yit ata) 

ауа ант 


Let G be the centroid of the triangle. Therefore, it divides the median AD in the ratio 2 : 1. 
Hence, the coordinates of G are 


eis) eis) р) 


241 і 2+1 $ 2+1 
X +X, +X, yi ty жу; 2%2,%2|, 
ог 3 , 3 y 3 


Example 10 Find the ratio in which the line segment joining the points (4, 8, 10) and 
(6, 10, — 8) is divided by the YZ-plane. 


Solution Let YZ-plane divides the line segment joining A (4, 8, 10) and B (6, 10, — 8) 
at P (x, y, z) in the ratio k : 1. Then the coordinates of P are 
= 8+10k id 
ыы” k+l? kei 
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р : 4+6k 
Since P lies on ће YZ-plane, its x-coordinate is zero, i.e., "E: =0 
2 
Ez 
or 3 


Therefore, YZ-plane divides AB externally in the ratio 2 : 3. 


EXERCISE 12,3 


Find the coordinates of the point which divides the line segment joining the points 
(— 2, 3, 5) and (1, — 4, 6) in the ratio (i) 2: 3 internally, (ii) 2:3 externally. 
Given that P (3, 2, —4), О (5, 4, — 6) and R (9, 8, -10) are collinear. Find the ratio 
in which Q divides PR. 

Find the ratio in which the YZ-plane divides the line segment formed by joining 
the points (2, 4, 7) and (3, —5, 8). 

Using section formula, show that the points A (2, -3, 4), B (-1, 2, 1) and 


1 
c(0.2} are collinear. 


Find the coordinates of the points which trisect the line segment joining the points 
P (4, 2, — 6) and Q (10, –16, 6). 


Miscellaneous Examples 


Example 11 Show that the points A (1, 2, 3), В C1, 2, -1), С (2, 3, 2) and 
D (4, 7, 6) are the vertices of a parallelogram ABCD, but it is not a rectangle. 


Solution To show ABCD is a parallelogram we need to show opposite side are equal 
Note that. 


AB = —1—17+(—2—2)°+(—1-—3)° = 4416+ 16 =6 
вс = \(2+'+G+2" «Q4 = 492549 = JB 
ср = Ja-2y «0-3 (6-2) = 44416416 = 6 


DA = Ja-4* « Q-7) (3-6; = 4942549 = 443 


Since AB = CD and BC = AD, ABCD is a parallelogram. 
Now, it is required to prove that ABCD is not a rectangle. For this, we show that 
diagonals AC and BD are unequal. We have 
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® The coordinates of the centroid of the triangle, whose vertices are (x,, у, 2) 


XXX, уү+у;+у; Atz 4% 
(х, Yy Z,) and (x. Yy 2,), are WR NEC i 


Historical Note 


Rene' Descartes (1596—1650), the father of analytical geometry, essentially dealt 
with plane geometry only in 1637. The same is true of his co-inventor Pierre 
Fermat (1601-1665) and La Hire (1640-1718). Although suggestions for the three 
dimensional coordinate geometry can be found in their works but no details. 
Descartes had the idea of coordinates in three dimensions but did not develop it. 
J.Bernoulli (1667-1748) in a letter of 1715 to. Leibnitz introduced the three coor- 
dinate planes which we use today. It was Antoinne Parent 
(1666-1716), who gave a systematic development of analytical solid geometry 
for the first time in a paper presented to the French Academy in 1700. 

L.Euler (1707-1783) took up systematically the three dimensional coordinate ge- 
ometry, in Chapter 5 of the appendix to the s secon volume of his "Introduction 
to Geometry" in 1748. 

It was not unti] the middle of the nineteenth century that geometry was extended 
to more than three dimensions, the well-known application of which is in the 
Space-Time Continuum of Einstein's Theory of Relativity. 


е3 
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With the Calculus as a key, Mathematics сап Бе successfully applied to the 
explanation of the course of Nature - WHITEHEAD ” 


131 Introduction 


This chapter is an introduction to Calculus. Calculus is that 
branch of mathematics which mainly deals with the study 
of change in the value of a function as the points in the 
domain change. First, we give an intuitive idea of derivative 
(without actually defining it). Then we give a naive definition 
of limit and study some algebra of limits. Then we come 
back to a definition of derivative and study some algebra 
of derivatives. We also obtain derivatives of certain 
standard functions. 


132 Intuitive Idea of Derivatives Sir Issac Newton 
Physical experiments have confirmed that the body dropped (1642-1727) 

from a tall cliff covers a distance of 4.97 metres in t seconds, 

i.e., distance s in metres covered by the body as a function of time f in seconds is given 
by s = 4.97. 

The adjoining Table 13.1 gives the distance travelled in metres at various intervals 
of time in seconds of a body dropped from a tall cliff. 

The objective is to find the veloctiy of the body at time г = 2 seconds from this 
data. One way to approach this problem is to find the average velocity for various 
intervals of time ending at t = 2 seconds and hope that these throw some light on the 
velocity at t = 2 seconds. 

Average velocity between 1 = f, and г = t, equals distance travelled between 

t = t, and t = г, seconds divided Бу (t, — 1). Hence the average velocity in the first 
two seconds 
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Table 13.1 
Distance travelled between t, = 2 and t, — 0 


f Time interval (t; — 4) 


19.6-0)т 49 
FOIE АҒ ; 11.025 
Similarly, the average velocity between г = 1 5.816 

i. Г 17.689 
and = 215 
18.63225 
19.6- 4.9)m 
Шалы сш ) = 14.7 тї me 
(2-1)s 20.59225 


21.609 
23.716 
30.625 


seconds and / = 2 seconds. 44.1 
78.4 


Likewise we compute the average velocitiy 
between t = t, and г = 2 for various 1. The following 
Table 13.2 gives the average velocity (v), t = t, 


Table 13.2 
АН ШЕН ЕСЕ! 
5 18.62 19.11 


From Table 13.2, we observe that the average velocity is gradually increasing. 
As we make the time intervals ending at t = 2 smaller, we see that we get a better idea 
of the velocity at г = 2. Hoping that nothing really dramatic happens between 1.99 
seconds and 2 seconds, we conclude that the average velocity at г = 2 seconds is just 
above 19.55 1т/5. 

This conclusion is somewhat strengthened by the following set of computation. 
Compute the average velocities for various time intervals starting at t = 2 seconds. As 
before the average velocity v between / = 2 seconds and г = t, seconds is 


Distance travelled between 2 seconds and /; seconds 
DA ,-2 


. Distance travelled in t; seconds — Distance travelled іп 2 seconds 
jo 
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_ Distance travelled in t; seconds — 19.6 
1572 


The following Table 13.3 gives the average velocity v in metres per second 
between f = 2 seconds and t, seconds. 


Table 13.3 


Here again we note that if we take smaller time intervals starting at / = 2, we get 
better idea of the velocity at t — 2. 

In the first set of computations, what we have done is to find average velocities 
in increasing time intervals ending at t = 2.and then hope that nothing dramatic happens 
just before = 2. In the second set of computations, we have found the average velocities 
decreasing in time intervals ending at f= 2.and then hope that nothing dramatic happens 
just after г = 2. Purely on the physical grounds, both these sequences of average 
velocities must approach a common limit. We can safely conclude that the velocity of 
the body at t = 2 is between 19.551m/s and 19.649 m/s. Technically, we say that the 
instantaneous velocity at t = 2 is between 19.551 m/s and 19.649 m/s. As is 
well-known, velocity is the rate of change of displacement. Hence what we have 
accomplished is the following. From the given data of distance covered at various time 
instants we have estimated the rate of А 5-491? 
change of the distance at a given instant 
of time. We say that the derivative of vi та iem tmt rey 
the distance function s = 4.92 at t — 2 
is between 19.551 and 19.649. 

An alternate way of viewing this 
limiting process is shown in Fig 13.1. 
This is a plot of distance s of the body 
from the top of the cliff versus the time 
t elapsed. In the limit as the sequence РЕ и 
of time intervals h,, A,» .... approaches 
zero, the sequence of average velocities 
approaches the same limit as does the 


Distance-axis 


2+1 1*1, Time-axis 


sequence of ratios Fig 13.1 
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ACY AC ACA 
where C,B, = s, — s, is the distance travelled by the body in the time interval Л, = АС, 
etc. From the Fig 13.1 it is safe to conclude that this latter sequence approaches the 
slope of the tangent to the curve at point A. In other words, the instantaneous velocity 
v(t) of a body at time t = 2 is equal to the slope of the tangent of the curve s = 4.92 at 
t=2. 


13.3 Limits 
The above discussion clearly points towards the fact that we need to understand limiting 
process in greater clarity. We study a few illustrative examples to gain some familiarity 
with the concept of limits. 

Consider the function f(x) = х2. Observe that as x takes values very close to 0, 
the value of f(x) also moves towards 0 (See Fig 2.10 Chapter 2). We say 


lim f (x)=0 
(to be read as limit of f(x) as x tends to zero equals zero). The limit of f(x) as x tends 


to zero is to be thought of as the value f(x) should assume at x = 0. 
In general as x — a, f (x) — 1, then / is called limit of the function f (x) which is 


symbolically written as lim (ді, 
Consider the following function g(x) = Ixl, x + 0. Observe that g(0) is not defined. 


Computing the value of g(x) for values of x very 
near to 0, we see that the value of g(x) moves 


towards 0. So, lim g(x) = 0. This is intuitively 


x0 
clear from the graph of у = Ixl for x 40. 
(See Fig 2.13, Chapter 2). 
Consider the following function. 


2. 
қ-а а x22, 


Compute the value of A(x) for values of x 
x very near to 2 (but not at 2). Convince yourself 
that all these values are near to 4. This is 
somewhat strengthened by considering the graph 
of the function y = A(x) given here (Fig 13.2). 
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In all these illustrations the value which the function should assume at a given 
point x — a did not really depend on how is x tending to a. Note that there are essentially 
two ways x could approach a number a either from left or from right, i.e., all the 
values of x near a could be less than a or could be greater than a. This naturally leads 
to two limits — the right hand limit and the left hand limit. Right hand limit of a 
function f(x) is that value of f(x) which is dictated by the values of f(x) when x tends 
to à from the right. Similarly, the left hand limit. То illustrate this, consider the function 


еді х<0 


Зухо: uar Y 
Graph of this function is shown in the Fig 13.3. It is - fi») 
clear that the value of f at 0 dictated by values of f(x) with (0,2) 7 
x € 0 equals 1, i.e., the left hand limit of f (x) at 0 is | 
lim f(x)=1, (0,1) 
x0 
Similarly, the value of f at 0 dictated by values of x: x 
f (x) with x > 0 equals 2, i.e., the right hand limit of f (x) 
at 0 is ү' 
lim f (x)=2 
x90 ў Fig 13.3 


In this case the right and left hand limits are different, and hence we say that the 
limit of f (x) as x tends to zero does not exist (even though the function is defined at 0). 
Summary 
We say dm fix) is the expected value of fat x = а given the values of f near 
x to the left of a. This value is called the left hand limit of f at a. 
We say Im. f(x) is the expected value of f at x = a given the values of 


f near x to the right of a. This value is called the right hand limit of fix) at a. 
If the right and left hand limits coincide, we call that common value as the limit 


of fx) at x = а and denote it by lim Дх). 


Illustration 1 Consider the function f(x) = x + 10. We want to find the limit of this 
function at x = 5. Let us compute the value of the function f(x) for x very near to 5, 
Some ofthe points near and to the left of 5 are 4.9, 4.95, 4.99, 4.995. . ., etc. Values 
of the function at these points are tabulated below. Similarly, the real number 5.001, 
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5.01, 5.1 are also points near and to the right of 5. Values of the function at these points 
are also given in the Table 13.4. 
Table 13.4 


From the Table 13.4, we deduce that value of f(x) at x = 5 should be greater than 
14.995 and less than 15.001 assuming nothing dramatic happens between x — 4.995 
and 5.001. It is reasonable to assume that the value of the fix) at x = 5 as dictated by 
the numbers to the left of 5 is 15, i.e., 


lim /(х)-15. 


х-э5° 


Similarly, when x approaches 5 from the right, f(x) should be taking value 15, i.e., 
lim (у=, 


Hence, it is likely that the left hand limit of Ах) and the right hand limit of f(x) are 
both equal to 15. Thus, 
lim /(х)- lim HEIE lim f(x)215. 
x5 x5* x5 
This conclusion about the limit being equal to 15 is somewhat strengthened by 
seeing the graph of this function which is given in Fig 2.16, Chapter 2. In this figure, we 
note that as x approaches 5 from either right or left, the graph of the function 
Дх) = x +10 approaches the point (5, 15). 
We observe that the value of the function at x — 5 also happens to be equal to 15. 


Illustration 2 Consider the function Дх) = x^. Let us try to find the limit of this 
function at x = 1. Proceeding as in the previous case, we tabulate the value of fix) at 
x near 1. This is given in the Table 13.5. 


Table 13.5 
[pe 9s T v [ um T9 [3r] 


f(x) | 0.729 | 0.970299 | 0.997002999 | 1.003003001 1.030301 | 1.331 


From this table, we deduce that value of fix) at x = 1 should be greater than 
0.997002999 and less than 1.003003001 assuming nothing dramatic happens between 


LIMITS AND DERIVATIVES 287 


x = 0.999 and 1.001. It is reasonable to assume that the value of the f(x) at x = 1 as 
dictated by the numbers to the left of 1 is 1, i.e., 


lim f(x)=1, 
Similarly, when x approaches 1 from the right, f(x) should be taking value 1, i.e., 
lim f(x)=1, 
x 
Hence, it is likely that the left hand limit of f(x) and the right hand limit of f(x) are 
both equal to 1. Thus, 
lim f(x)= lim f(x)=lim f(x)=1, 
xc x x31 


This conclusion about the limit being equal to 1 is somewhat strengthened by 
seeing the graph of this function which is given in Fig 2.11, Chapter 2. In this figure, we 
note that as x approaches 1 from either right ог left, the graph of the function 
fx) = x? approaches the point (1, 1). 

We observe, again, that the value of the function at x — 1 also happens to be 
equal to 1. 


Illustration 3 Consider the function f(x) = 3x. Let us try io find the limit of this 
function at x = 2. The following Table 13.6 is now self-explanatory. 


Table 13.6 


As before we observe that as x approaches 2 
from either left or right, the value of f(x) seem to (0, 6) 
approach 6. We record this as 


lim f(x) = lim f(x)=lim f(x)=6 
Its graph shown in Fig 13.4 strengthens this x’ 


fact. о (2, 0) 
Here again we note that the value of the function 
at x = 2 coincides with the limit at x = 2. 
Illustration 4 Consider the constant function 
fx) = 3. Let us try to find its limit at x = 2. This ү' 
Fig 13.4 


function being the constant function takes the same 
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value (3, in this case) everywhere, i.e., its value at points close to 2 is 3. Hence 
lim / (5) = lim f(s) = lim f(s) =3 


Graph of f(x) = 3 is anyway the line parallel to x-axis passing through (0, 3) and 
is shown in Fig 2.9, Chapter 2. From this also it is clear that the required limit is 3. In 


fact, it is easily observed that lim f (x) 23 for any real number a. 


Illustration 5 Consider the function f(x) = x? + x. We want to find lim f(x), We 


x 


tabulate the values of f(x) near x = 1 in Table 13.7. 


From this it is reasonable to deduce that 
lim Же lim f(x)» lim f(x) 22, 
х1 x x»! 


From the graph of f(x) = 22 + x 
shown in the Fig 13.5, it is clear that as x 
approaches 1, the graph approaches (1, 2). 

Here, again we observe that the 


lim f(x) = f(1) 


xal 
a 


Now, convince yourself of the 
following three facts: 


limx?=1, limx=1 and limx+1=2 
xl xl xl 


Then lim! + limx=14+1=2=lim[ x? +x], 
х- xl xl 


Alas lim. tim (x +1) 2122 2 -lim[x(x*1)] e lim? +x]. 
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Illustration 6 Consider the function f(x) = sin х We are interested іп lim sin х, 
асы” 
where the angle is measured in radians. 


Here, we tabulate the (approximate) value of л) near 3 (Tuble 13.8). From 
this, we may deduce that 
lim f(x)» lim f (x)= lim /(х)=1 
ға: . 


M ләт 


2 2 
Further, this is supported by the graph of f(x) = sin x which is given in the Fig 3.8 
(Chapter 3). In this case too, we observe that lim sin х= 1. 


4-”% 


Table 13.8 


Illustration 7 Consider the function f(x) = x + cos x. We want to find the lim S (x). 
Here we tabulate the (approximate) value of f(x) near 0 (Table 13.9). 
Table 13.9 


From the Table 13.9, we may deduce that 
lim f(x) = lim (x)= tim f(3)=1 
In this case too, we observe that limf (x) = f (0) = 1, 


Now, can you convince yourself that 
lim [x cos.x] = limx* limcos» is indeed true? 
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1 5 
Illustration 8 Consider the function f (x) --т for x» 0. We want to know lim fœ. 
Ж хә! 


Here, observe that the domain of the function is given to be all positive, real 
numbers. Hence, when we tabulate the values of f(x), it does not make sense to talk of 
x approaching 0 from the left. Below we tabulate the values of the function for positive 
x close to 0 (in this table n denotes any positive integer). 

From the Table 13.10 given below, we see that as x tends to 0, f(x) becomes 
larger and larger. What we mean here is that the value of f(x) may be made larger than 
any given number. 


Table 13.10 


Mathematically, we say 
lim f (x)=+0 
x20 f ( ) 
We also remark that we will not come across such limits in this course. 


Illustration 9 We want to find lim f (x), where 


x-2, x<0 
f@=)0 , x=0 
X42, x0 


As usual we make a table of x near 0 with f(x). Observe that for negative values of x 
we need to evaluate x — 2 and for positive values, we need to evaluate x + 2. 


Table 13.11 


SSS EE Е 


From the first three entries of the Table 13.11, we deduce that the value of the 
function is decreasing to -2 and hence. 


lim f (x)= 2 


x20 
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From the last three entires of the table we deduce that the value of the function 
is increasing from 2 and hence Y 


кый)» вэ 


Since the left and right hand limits at 0 do not coincide, 
we say that the limit of the function at 0 does not exist. Х' x 

Graph of this function is given in the Fig13.6. Here, 
we remark that the value of the function at x = 0 is well 
defined and is, indeed, equal to 0, but the limit of the function 
at x = 0 is not even defined. 


Illustration 10 As a final illustration, we find lim n (x), 
where 


x+2 х#1 


гө! йш 


Table 13.12 


As usual we tabulate the values of f(x) for x near 1. From the values of f(x) for 
x less than 1, it seems that the function should take value арх dde 


lim f (x)=3, 
Similarly, the value of f(x) should be 3 as dic- 
tated by values of f(x) at x greater than 1. ie. 
lim f (x) 23, 
x 
But then the left and right hand limits coincide 
and hence 


прл) im s(a) = (8) =3, 


Graph of function given in Fig 13.7 strengthens Y 
our deduction about the limit. Here, we Fig 13.7 
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note that in general, at a given point the value of the function and its limit may be 
different (even when both are defined). 


13.3.1 Algebra of limits In the above illustrations, we have observed that the limiting 
process respects addition, subtraction, multiplication and division as long as the limits 
and functions under consideration are well defined. This is not a coincidence. In fact, 
below we formalise these as a theorem without proof. 


Theorem 1 Let f and g be two functions such that both lim f(x) and lim g(x) exist. 
Then 
(i) Limit of sum of two functions is sum of the limits of the functions, i.e., 

lim (fx) + g (x)] = lim fo) + lim g(x). 

(ii) Limit of difference of two functions is difference of the limits of the functions, i.e., 
Іш (Дх) – 809] = lim fo) – lim g(x). 

(ii) Limit of product of two functions is product of the limits of the functions, i.e., 

lim fw). в0)] = lim fix). lim g(x). 
(iv) Limit of quotient of two functions is quotient of the limits of the functions (whenever 


the denominator is non zero), i.e., 


D 


xa 


wr g(x) lima() 


f(x) lim f (x) 


[=F Note] [ак Note] In particular as a special case of (iii), when g is the constant function 
| such that g(x) = A, for some real number д, we have BT m 


lim[(A.f) (x)]=A.tim f(x), 


In the next two subsections, we illustrate how to exploit this theorem to evaluate 
limits of special types of functions. 


13.3.2. Limits of polynomials and rational functions A function fis said to be a 
polynomial function if f(x) is zero function or if fx) =a, +a жалы... aX". 
where as are real numbers such that а, # 0 for some natural number n. 


We know that lim x = a. Hence 
xa 
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lim x? = lim(xx) = lim x.limx = a.a = a° 


xoa xa xa xa 
An easy exercise in induction on 7 tells us that 
lim x” =a" 
xa 
Now, let. f (x) 2 ay +ax+a,x° +...+а,х" be a polynomial function. Thinking 


of each of ay, a, x, А улу a, x" as a function, we have 


lim f (x) = lim| ay +ах+ах? tataa" | 


х-уа х-за 


Ш 


lima + limax + limax’ +... + lima, x" 
xa 


xa xa xoa 


xa 


= @ +a, lim x à; lim x? +... +a, lim x" 
xa xa 
= ау +аа+аза? +..+а,а" 
= f(a) 
(Make sure that you understand the justification for each step in the above!) 
ae g(x) 
A function f is said to be a rational function, if f(x) = h(x) , Where g(x) and A(x) 


are polynomials such that h(x) # 0. Then 


SEA Ej BRUT eal 
im G)- ES) авна) Қа) 


However, if h(a) = 0, there are two scenarios — (1) when g(a) # 0 and (ii) when 
g(a) = 0. In the former case we say that the limit does not exist. In the latter case we 
can write g(x) = (x — ay g, (x), where К is the maximum of powers of (x — a) in g(x) 
Similarly, h(x) = (x — a) h, (х) as h (a) = 0. Now, if k > l, we have 
lim g(x) іш(х-а) g,(x) 
lim f (x)= х-за = xa 


xa lim h(x) lim(x—a) h (x 


xa xa 


— 
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lim(x-a)^ ^ g(x) _ 0.3, (4) 
lim A, (x) h (a) 


xou 


=0 


If < I, the limit is not defined. 
Example LFind the limits: à) lim[x -* +1] Gi) lim[x(x+1)] 


(i) lim [itxt tata], 


X 


Solution The required limits are all limits of some polynomial functions. Hence the 
limits are the values of the function at the prescribed points. We have 


@ limpe-g4 = P-P«1-1 
Gi) іш x@+)]=36+1)=3@4)= 12 


ii lim [1+x+x? ++] 21e (71) (21) +...+(-1)” 


=l-1+1..+1=1. 
Example 2Find the limits: 

PI х2 +1 tain x -4x! +4х 

(i) хэц x +100 (ii) x32 x*-4 

UNION а wy) dim| се 
@ i2 — 4x? +4х б) ,% x!-5x46 

ШІ SR eee | 

6) ы x'-x x -3xb2x]|. 


Solution AII the functions under consideration are rational functions. Hence, we first 


0 
evaluate these functions at the prescribed points. If this is of the form — , we try to 


rewrite the function cancelling the factors which are causing the limit to be of 


ү 0 
the form 0° 
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acce КГ? 


(і) We have lim = = 
x31x4100 14100 101 


T 2 А 0 
(i) Evaluating the function at 2, it is of the form =. 


0 
Е uu Eze. TA х(х-2) 
анатты теат сел ЕЕ) 
= 218-2) asxz2 
x2. (x2) 
si 22-2 0, 
ТІЗЕ ТҮ 


0 
(iii) Evaluating the function at 2, we get it of the form 0 A 


POE n (x 2)(x-2) 


Hence lim Dux = SS erii 


which is not defined. 


(iv) Evaluating the function at 2, we get it of the form =. 


0 
EE x (x-2) 
Rc NL cl —— ЛІ аі 
Hence EODD EID (x-2)(x-3) 
2 22 
"mum SOE Roy 
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(v) First, we rewrite the function as a rational function. 


x-2 1 x-2 - 1 
Vox x» -3xX +2x 2 х(х-!1) x(x” —3x+2) 


| 223707072) | 
x(x-1) x(x-1)(x-2) 


x! -4x*4-1 
х(х-1)(«-2) 
x!-4x43 


= х(х-1)(х-2) 


0 
Evaluating the function at 1, we get it of the form 9: 


Ес 1 | % 2-4х%3 


ее алы де Га шыл ШАЙ 
Pox Pose 42x ті х(х-1)(х-2) 


Іші 
Hence ШІП 


dm x-3 1-3 
= x91 x(x-2) 7 (1-2) 22. 
We remark that we could cancel the term (x — 1) in the above evaluation because 
xs*l. 


Evaluation of an important limit which will be used in the sequel is given as a 
theorem below. 


Theorem 2 For any positive integer n, 


. x-a е 
lim = па". 
xoa x-a 


Remark The expression in the above theorem for the limit is true even if л is any 
rational number and a is positive. 


LIMITS AND DERIVATIVES. 


Proof Dividing (x" — a") by (х- a), we see that 


хб a" = (xa) (e + xa x? à +... + x a + a") 


Л n 
Thus, Jug ed = іт (д! +x a x? dà +. + хат an) 
xoa Х-а xa 
=@-!+аа"? +... + а (a) «an 
ша" + a"-' +...4a"! + a! (n terms) 
шпат! 
Example 3 Evaluate: 
15 
CEU de 1 ANI REI 
© lim; Gi) lim 


Solution (i) We have 
а түгү х9-1 
і - lim 
Іш X013 =| ra | 


iip w 
TAEAE Е: 
z| x-1 rai] x-1 


15 (1) + 1001)? (by the theorem above) 


15-10 2 
= +1057 
2 


(ii) Put y = 1 + x, so that y 11 as x0. 
J 6 i y-l 
Then tim 01 = dim 
EE x ун y-l 
RTL 
2-13 
= lim : 
yal y-l 


1 
L 1 
тау "буше remark above) = > 
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13.4 Limits of Trigonometric Functions 
The following facts (stated as theorems) about functions in general come in handy in 
calculating limits of some trigonometric functions. 


Theorem 3 Let f and. 8 be two real valued functions with the same domain such that 


f(x) € g( x) for all x in the domain of definition, For some a, if both lim Хо) and 


xoa 


lim g(x) exist, then lim fos lim g(x). This is illustrated in Fig 13.8. 


Y 


xa 


y ax) 


y =flx) 


a 
Fig 13.8 


Theorem 4 (Sandwich Theorem) Let f, g and h be real functions such that 
Јо) € g( x) € A(x) for all x in the common domain of definition. For some real number 


a, if im Дд) =1= lim л), then lim g(x) = /. This is illustrated in Fig 13.9. 


xoa 


Given below is a beautiful geometric proof of the following important 
inequality relating trigonometric functions. 


ЖҮЗІ fo 0-14 < ж 
x с 2 ©) 
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Proof We know that sin (- x) = — sin x and cos( — x) = cos x. Hence, it is sufficient 


to prove the inequality for 0 « x < : j 


In the Fig 13.10, O is the centre of the unit circle such that / 


Д ; x | 
the angle AOC is x radians and 0 < x < РЎ Line segments В А and 


CD are perpendiculars to OA. Further, join AC. Then 
Area of AOAC « Area of sector OAC « Area of AOAB. Fig 13.10 


Les SOA. CD Axe "i (OA)? «50^. АВ. 


hes d € di « AB. 
From A OCD, 


-— — OC = OA) and h CD = OA sin x. Also t BiN d 
sin x = бА E = OA) and hence = sin x. Also ап х = д an 


hence AB - OA. tan x. Thus 
OA sin x < OA. x < OA. tan x. 


Since length OA is positive, we have 
sin x < x < tan x. 


Since 0 < x xm ‚ sinx is positive and thus by dividing throughout by sin x, we have 


le < =s . Taking reciprocals throughout, we have 
sinx cosx 


sinx 
cosx<—— <1 
x 


which complete the proof. 
Theorem 5 The following are two important limits. 


17c08X (у 


(i) lim = А (ii) lim 


* is sandwiched between the 


Proof (i) The inequality in (*) says that the function m 


function cos x and the constant function which takes value 1. 
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Further, since lim cos x = 1, we see that the proof of (i) of the theorem is 


complete by sandwich theorem. 


x 
To prove (ii), we recall the trigonometric identity 1 — cos x = 2 sn (5) З 


Then 
jen 2sin? (à) s (2) 
lim - lim - lim sin (à) 
x30 X хәб x x0 x 2 
2 
ü x 
sn( =) 
= lim simsin{ 3 )=10 0 
x0 x 2 


Observe that we have implicitly used the fact that x — 0 is equivalent to 5 — 0. This 


may be justified by putting y = e 


soy Sin4x 
Example 4 Evaluate: (О 
x0 sin 2x x30 х 


à ; li 
Solution (i) ші зеи 


. |sin4x sin2x 
= 2lim| —— |+ 
x>0| 4x 2x 


ѕіп4х _ m| Sind 2x 
4x  sin2x 


= 2.1.1 = 2 (as x — 0, 4х — 0 and 2x — 0) 
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5 . tanx 29 sin ПИЙ Г: 1 
(ii) We have lim—— = im ——— = lim——.. lim—— = 1.1 = 1 
x0 x x30 x COS x x0 x x30 COS X 


A general rule that needs to be kept in mind while evaluating limits is the following. 


КЕНДЕ 
Say, given that the limit lim g(x) exists and we want to evaluate this, First we check 
the value of f(a) and g(a). If both are 0, then we see if we can get the factor which 
is causing the terms to vanish, i.e., see if we can write f(x) = f, (x) fix) so that 
f, (а) 20 and f, (a) * 0. Similarly, we write g(x) = 8, (x) g,(x), where g(a) =0 and 
g(a) + 0. Cancel out the common factors from f(x) and g(x) (if possible) and write 


f(x) _ P(x) 


e(x) = q(x)’ where q(x) # 0. 


3 limar? 
~. ral 
+1) -1 
6. lim (rid) 
x0 x 
Зх? -x-10 cie lim t} 
) SEK ln im 
7 lim E 8. lim 2x! -5x-3 91% сх+1 
1 
ak 2 
10, іш - құртша алы 
рк: са xb ex +рх+а 
l.l ш сіпах шалт a,b#0 
12. lim 2—2 13. 25 bx 14. 0 sinbx — 
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a біп(л-х) "E Д 
15, xm т(л—х) 16. хә0лт—х 17 
18. jug SER ды 19. lim хвесх 
x30. bsinx к 
20 Ды en шеру 21, lim (cosec x—cotx) 
* хәб ax+sinbx н 
lim tan2x 
DIN Гейт 
2 
\ uk io 2x43, 
23, Find lim f (x) and lim f (x), where /(X)— 3G, 
lim f (x) fo xu p х<1 
ind lim f (x uy» 
24. Find PENI , where коне NI 
|x| 
" жеу 
25, Evaluate lim f (x), where f (*)=4 x 
Оз, л) 
А СЕО 
26. Find lim f (x), where /(x)74|x| 
0; "xc 
27. Find lim f (x) , where f (x)elxi-5 
actbx, x«l 
28. Suppose /(х)= 44, x=1 


b—ax, x»1 


and if limf (x) =f (1) what are possible values of a and 5? 


х<0 
х>0 
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29. Leta, 4, 5а be fixed real numbers and define a function 


Р(х) = (x-a) (х-а,)...(х-а„). 


xa 


What is Шш f(x) ? For some а ға, а, ..., а,, compute lim у(х), 


М, х<0 
30. If f(x)=40, х=0. 
|x|-1, х>0 


For what value (s) of а does lim f (x) exists? 


р x)-2 2 
31. If the function f(x) satisfies tim 8022 а, evaluate lim ii (x) i 
xb xy хә 


mx +n, х<0 
32, If f(x)=) пх+т, 0<х<1. For what integers m and n does both lim f (x) 


x0 


nom, x»l 
and lim f (x) exist? 
xl 


13.8 Derivatives 

We have seen in the Section 13.2, that by knowing the position of a body at various 
time intervals it is possible to find the rate at which the position of the body is changing. 
It is of very general interest to know a certain parameter at various instants of time and 
try to finding the rate at which it is changing. There are several real life situations 
where such a process needs to be carried out. For instance, people maintaining a 
reservoir need to know when will a reservoir overflow knowing the depth of the water 
at several instances of time, Rocket Scientists need to compute the precise velocity 
with which the satellite needs to be shot out from the rocket knowing the height of the 
rocket at various times. Financial institutions need to predict the changes in the value of 
a particular stock knowing its present value. In these, and many such cases it is desirable 
to know how a particular parameter is changing with respect to some other parameter. 
The heart of the matter is derivative of a function at a given point in its domain 


of definition. 
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Definition 1 Suppose f is a real valued function and a is a point in its domain of 
definition. The derivative of f at a is defined by 


tim A6 * 5) а) 
һ-0 h 


provided this limit exists. Derivative of f (x) at a is denoted by f(a). 
Observe that f (а) quantifies the change in f(x) at a with respect to x. 


Example 5 Find the derivative at x = 2 of the function f(x) = 3x. 


Solution We have 


as ЛОЖА). 3(24- Ah) -3(2) 
FQ) = Bm h ice h 
NI our e UN tiga: 
һ-0 һ h30 h — h50 


The derivative of the function 3x at x = 2 is 3. 


Example 6 Find the derivative of the function f(x) = 232 + 3x — 5 at x= —1. Also prove 
that f^ (0) + 3/^( 1) = 0. 


Solution We first find the derivatives of f(x) at x = —1 and at x = 0. We have 


МЕЛЕ fin СЕЛЕ 


һә0 


[2(-1+ A)? +3(-1+n)~5]-[2(-1) +3(-1)-5] 


2 


and f'(0) = Jim 


[2(0+2)' +3(0+7)-5]-[2(0} «3(9)-5] 


A0 h 
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4 388. 
= Ва ———— = lim(2h + 3)= 2(0)+3=3 


Clearly  f'(0)+3f'(-1)=0 


Remark At this stage note that evaluating derivative at a point involves effective use 
of various rules, limits are subjected to. The following illustrates this. 


Example 7 Find the derivative of sin x at x = 0. 


Solution Let f(x) = sin x. Then 


) .. f(0+h)— ff (0) 
fU dicet 


у ji, in (0 ^)—зї(0) MELLE 


hoo h h>0 h 


Example 8 Find the derivative of f(x) = 3 at x = 0 and at x = 3. 

Solution Since the derivative measures the change in function, intuitively it is clear 
that the derivative of the constant function must be zero at every point. This is indeed, 
supported by the following computation. 


f'(0)= OA im o, 


Similarly f'(3) = lim 


We now present a geomet- 
ric interpretation of derivative of a 
function at a point. Let y = fx) be 2 нае о, fit) 
a function and let P = (a, f(a)) and 
О =(а+ h, f(a + h) be two points 
close to each other оп ће graph — 4,1] КУ... 
of this function. The Fig 13.11 is 
now self explanatory. 


Fig 13.11 
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We know that f’(a)= lim 560 


From the triangle РОК, it is clear that the ratio whose limit we are taking is 
precisely equal to tan(QPR) which is the slope of the chord PQ. In the limiting process, 
as h tends to 0, the point Q tends to P and we have 

+h)- 
lim Fla ) F(a) = lim OR 
h>0 h Q5P PR 

This is equivalent to the fact that the chord PQ tends to the tangent at P of the 
curve y = f(x). Thus the limit turns out to be equal to the slope of the tangent. Hence 


f'(a)=tany. 
For a given function f we can find the derivative at every point. If the derivative 


exists at every point, it defines a new function called the derivative of f. Formally, we 
define derivative of a function as follows. 


Definition 2 Suppose f is a real valued function, the function defined by 


yir f(x h)- f (x) 
h>0 h 


wherever the limit exists is defined to be the derivative of f at x and is denoted by 
Р(х). This definition of derivative is also called the first principle of derivative. 


f (x+h)— f(x) 
h 


Clearly the domain of definition of f” (x) is wherever the above limit exists. There 
are different notations for derivative of a function. Sometimes f'(x) is denoted by 


Thus (a= lim 


dr. E LS dy E^ 
git (x)| or if y= f(x), it is denoted by dx - This is referred to as derivative of fix) 


ог y with respect to x. It is also denoted by D |f (x)]. Further, derivative of fat x = а 


inte 


ах|а 


(4) 
ог еуеп dx d . 


Example 9 Find the derivative of f(x) = 10x. 


d 
is also denoted by z^ (x) 


Solution Since f" ( x) = i EPH FG) 
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= lim 
һ-0 һ 
саратан CHO 10 
һә0 h һә0 


Example 10 Find the derivative of f(x) = xX. 


Lp 
Solution We have, f'(x) = ы aa 


= lim (h+2x)=2x 


Example 11 Find the derivative of the constant function f(x) = a for a fixed real 
number a. 


Solution We have, f'(x) = lim 


f (x+h)- f(x) 
h 


1 
Example 12 Find the derivative of f(x) = A 
f (x + h) -f (x) 
h 


Solution We have f'(x) = lim 


һ-э0 


Пре) 
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13.5.1 Algebra of derivative of functions Since the very definition of derivatives 
involve limits in a rather direct fashion, we expect the rules for derivatives to follow 
closely that of limits. We collect these in the following theorem. 


Theorem 5 Let f and g be two functions such that their derivatives are defined ina 
common domain. Then 


(i) Derivative of sum of two functions is sum of the derivatives of the 
functions. 


AU (3 es] - 5 r0 оэ. 


(ii) Derivative of difference of two functions is difference of the derivatives of 
the functions. 


d d d 
T [6 ()- «(9] 7) ғо). 


(ii) Derivative of product of two functions is given by the following product 
rule. 


d d d 
xe. #09] 22/09-в09 + О) ata) 


(iv) Derivative of quotient of two functions is given by the following quotient 
rule (whenever the denominator is non-zero). 


d d 
2/(9.809- f(x) --е(х) 
d | о) | de dx 
dx\ g(x) (GO) 

The proofs of these follow essentially from the analogous theorem for limits. We 
will not prove these here. As in the case of limits this theorem tells us how to compute 


derivatives of special types of functions. The last two statements in the theorem may 
be restated in the following fashion which aids in recalling them easily: 


Let u= f(x) and у= g (x). Then 


(wv) = wv+uv 


This is referred to a Leibnitz rule for differentiating product of functions or the 
product rule. Similarly, the quotient rule is 
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Now, let us tackle derivatives of some standard functions. 
It is easy to see that the derivative of the function f(x) = x is the constant 


function 1. This is because f’(x)= КК, = lig £t 


= liml=1, 


h0 
We use this and the above theorem to compute the derivative of 
fx) = 10x = x + .... + х (ten terms). By (i) of the above theorem 


von) неген 
dx dx 
a . geet (ten terms) 
dx dx 
1+...+1 (ten terms) = 10. 

We note that this limit may be evaluated using product rule too. Write 
fx) = 10x = uv, where и is the constant function taking value 10 everywhere and 
v(x) = x. Here, f(x) = 10x = uv we know that the derivative of u equals 0. Also 
derivative of v(x) = х equals 1. Thus by the product rule we have 


X... X) (ten terms) 


f'(x)= (10x) =(uv) =иу+иу =0.x+10.1=10 
On similar lines the derivative of f(x) = х? may be evaluated. We have 
Ах) = х = x .x and hence 
df d 
dx ж 
= 1х+х.1=2х. 
More generally, we have the following theorem. 


(x.x) = 


Theorem 6 Derivative of f(x) = x" is nx"~! for any positive integer n. 
Proof By definition of the derivative function, we have 


Рн) (х) (2th) =x" | 
h 


һ-0 


f(x) z lim 


h-0 
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Binomial theorem tells that (x + h)" = ("Саа «(^c Jah ek ( ze м апа 
hence (x + A)" — x"  h(ni-! +... + А" 1). Thus 
Of (x) _ jim tt) = *" 
һ->0 
h(ne? doct 


= lim 
h0 


- lim (n^ Жажа) unt, 


Alternatively, we may also prove this by induction on n and the product rule as 
follows. The result is true for n = 1, which has been proved earlier. We have 


= еу (x) oy product rule) 


zdat х((п - 1)x"*) (by induction hypothesis) 


2x e (n-1)x 2 nx, 
Remark The above theorem is true for all powers of x, i.e., n can be any real number 
(but we will not prove it here). 


13.5.2 Derivative of polynomials and trigonometric functions We start with the 
following theorem which tells us the derivative ofa polynomial function. 


Theorem 7 Let f(x) = a, x" +a, x5 +....+ ax+a be a polynomial function, where 
а, are all real numbers and a, + 0. Then, the derivative function is given by 
Lit) 
dx 

Proof of this theorem is just putting together part (i) of Theorem 5 and Theorem 6. 
Example 13 Compute the derivative of 6x! — 355 + x. 
Solution A direct application of the above theorem tells that the derivative of the 
above function is 600, — 55x +1. 


A -2 
= пах" +(п-1)а„ ix ^ 4... 2a,x+a,. 


—————————————————————— = 
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Example 14 Find the derivative of fx) =1txt Ptr +... + аіх= 1. 


Solution Ae direct application of the above Theorem 6 tells that the derivative of the 
above function is 1 + 2x 332 +...+ 50x”. At x= 1 the value of this function equals 


(50)(51) 


+201) + 3(D2 +... -50()99 142 3. 50 = 275: 


3 A d х+1 
Example 15 Find the derivative of f(x) = “ЖС 


Solution Clearly this function is defined everywhere except at x = 0. We use the 
quotient rule with u = x + 1 and v = x. Hence и/- 1 and v’= 1. Therefore 


чо a(z) 4%) arcu EESTIL 


dx dx\ x dx\v у? x x 


Example 16 Compute the derivative of sin x. 
Solution Let f(x) = sin x. Then 


df (x) _ ню) ЛОЙ ык ыны 
do 8 pus] h h-0 h 


ЕЗ 4 (% 
2cos| ——— |sin| > i 
= jim 2 2) (using formula for sin А- біп B) 
Гат) h 


sin 

limcos[ x + Аш 2 -cosx.l-cosx 

= hoo 2) rv h 
2 


Example 17 Compute the derivative of tan x. 
Solution Let Дх) = tan x. Then 


GO) au fet SO) tan(x+h)—tan(x) 
h 


=н 
ах һә0 


hoo 


Ег E 


TUB Y 
= ъол cos(x+h) cosx 
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= 70 


l sin (x + A)cosx — cos (x + A)sin x 
50 hcos(x-- h)cosx 


» sin(x - h— x) ; 
= ДА heos(x+ h)cosx (using formula for sin (A + B)) 


jx SIDE il 
- lim lim 
7o h 8-0 cos(x+h)cos.x 


1 
sA -sec!x, 
cos” x 


Example 18 Compute the derivative of f(x) = sin? x. 
Solution We use the Leibnitz product rule to evaluate this. 


ко = < (sinsin x) 
= (віп x) sin x+ sin x(sin x) 
7 (cos x)sin x+ sin x(cos x) 


—2sinxcosx-sin2x. 


1. Find the derivative of x? — 2 at x = 10. 
2. Find the derivative of 99x at x = 100. 
3. Find the derivative of x at x = 1. 
4. Findthe derivative of the following functions from first principle. 

 j-27 Gi) (х-1)(х-2) 

A d Ф xl 

(iii) x (iv) НЕН 
5. Forthe function 
100 99 2 


Р. x e 
=—~+—+...4+—+x41. 
fi o zs 
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Prove that f (1) 100 (0). . 
6. Find the derivative of x^ + ax" -1 gl? +. ca" xa" for some fixed real 


number а. 
7. For some constants а and b, find the derivative of 
x-a 


(i) (x-a) (x-b) (ii) (ax? +b) (iii) EE 


x'- a" 
for some constant 4. 


8. Find the derivative of 


9. Find the derivative of 


(i) -3 (ii) (53 +3x-1) (x-1) 
Gi) х2(5--3х) ay 25-64?) 
x 
-4 -5 : pith 
о 0 alo eel 


10. Find the derivative of cos x from first principle. 
11. Find the derivative of the following functions: 

(i) secx 

(у) 3cotx+ 5соѕесх 
(vii) 2tanx-7secx 


G) sinxcosx (iii) Ssecx+4cos x 


(iv) cosec x 


(vi) Ssinx—6cosx+7 


Miscellaneous Examples 


Example 19 Find the derivative of f from the first principle, where f is given by 


- бу) f@)=** 
х-2 
Solution (i) Note that function is not defined at x = 2. But, we have 
2(xth)+3 _ 2х+3 


ДЕ ш-дійсі 3l 
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(2x 2h3)(x-2)- (2x 43) (x-- h - 2) 


zu h(x-2)(x--h—2) 
(2x3) (x- 2) 2h(x-2)- (2x--3)(x-2) - h(2x-3) 
= h(x-2)(x+h-2) 


lim al ia 
Thao (x-2)(x+h—2) (x9. 


Again, note that the function f is also not defined at x = 2. 
(ii) The function is not defined at x = 0. But, we have 


Again, note that the function f’ is not defined at x = 0. 
Example 20 Find the derivative of f(x) from the first principle, where f(x) is 
(i) sinx+cosx (ii) xsinx 


(o) 1690-70) 


Solution (1) we have f'(x h 


г sin(x+h)+cos(x+h)—sin x —cosx 
кэй h 


lim sin x cosh + cosx sin h + cos xcosh—sin x sinh—sin x — cos x 
ES h0 h 
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sin h(cosx -sin x)+ зїп х (cosh -1 + соѕх(соѕл -1) 


һ-0 h 
. sinh E MM (сова 2 
= ЕЛЕНЕ ен ios 807 
= cosx—sinx 
a m tim 2 2-79 = tim ge һ)-хвіпх 


(x+ h)(sinx cosh+ sinh cos x) - xsin x 


xsin x(cosh — 1)+ xcosxsinh + h(sin xcosh + sinh cos x) 


= Іші 
һ-0 һ 


. xsinx(cosh ed) 2 sinh. 1. : 
-in ^^ шый Іші, ,9ХС05Х----% lim(sin xcos h+sinhcos x) 
h0 h h-0 


= xcosx+sinx 
Example 21 Compute derivative of 
(i) Дх) = sin 2x (ii) g(x) = cotx 


Solution (i) Recall the trigonometric formula sin 2x = 2 sin x cos x. Thus 


d. 
29 s 4 (sin хоовл)=2 (64° 


- 2 (sn x) соѕх + sin x (cos x) | 
= 2[ (cos x)cosx + sinx(-sin x)| 
=2(cos’ x- sin’ x) 


cosx ; , | 
Gi) Ву definition, р(х) = cot x=—— . We use the quotient rule on this functio! 
г . sin 


dg d . d (cosx 
wherever it is defined. ed ak (ое, ‘sin x 
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_ (cos x)’ (sin x) — (cos x) (sin x)’ 
= (sin x)? 


_ (sinx) (sin x) — (cosx) (cosx) 


(sinx? 


E sin? x - cos? x 


=— cosec?x 


sin? x 
7 қ F 1 
Alternatively, this may be computed by noting that cot x = [um Here, we use the fact 


that the derivative of tan x is sec? x which we saw in Example 17 and also that the 
derivative of the constant function is 0. 


dg а dí( 1 } 
Fa has S E салала o Д 
d е 9 dx \ tanx 


j? (tan xy 


_ (0) (tan x) - (secx)? 


(tan x)? 
—sec? x 2 
= z = —cosec*x 
tan“ x 


Example 22 Find the derivative of 


. X —cosx .. X-cosx 
(un @) EET 
sin x tanx 


с 5 
a : D X -cosx А 5 š 
Solution (i) Let A(x) EUM ‚ We use the quotient rule on this function wherever 


itis defined. 


h(x) = (X? — cos x)'sinx— e — cos x) (sin x)’ 
(sin x) 
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4 x б 
(5x* + sinx) sinx- (х2- cos x)cos x 
sin? x 


Se cosx+5x* sinx 1 


(sin xy 
Xx cos x 


(ii) We use quotient rule on the function е wherever it is defined. 


(x+ соѕх) tanx— (x + cosx ) (tan x)’ 


KG) (tan xy 


(1- sinx)tan x- (x * cos x)sec? x 
(tan x)? 


Miscellaneous Exercise on Chapter 13 


1. Find the derivative of the following functions from first principle: 
à) -х @ ху" G) sin £1) 00 cos a 


Find the derivative of the following functions (it is to be understood that a, b, с, d, 
p, q, r and s are fixed non-zero constants and m and n are integers): 


r 
2. @ +a) 3. (px * Ф (e+) 4. (ax eb (ex d) 
1 1 
axt+b rs 1 
5. 6. — ТҮЙ 
сх+ӣ jii ax’ *bx*c 
x 
ax+b 2 WE) 
8. отан 9. ру +4Х+Т. 10. n cq e 
px *qx*r ax+b КЪ 
11. 4/х-2 12. (ax+b)" 13. (ax by (сх+@)у" 


cosx 


—_ 


14. sin (x + а) 15. cosec x cot X 16. ТЕРЕ 
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sin x+cosx secx-1 
17. — ——— {бл = 19. sin" x 
sinx- cosx ѕесх+1 
a+bsinx sin(x+a) с 
20, ———— 21, ———— 22. x*(5sinx —3cosx) 
ct dcosx совх 
23. (X +1)созх 24. (ax? + sin x)(p + qcosx) 
L] 2 л 
4x+5sinx о 03| = | 
25. (x+cosx)(x-tanx) 26. ——— —— 27. 4 
3x4 7cosx рх 
x x 
28. 29. (х+ѕесх) (x—tanx 30. = 
1+tanx ( )( ) sin" x 


Summary 


* The expected value of the function as dictated by the points to the left of a 
point defines the left hand limit of the function at that point. Similarly the right 
hand limit. 

* Limit of a function at a point is the common value of the left and right hand 
limits, if they coincide. 

* For a function f and a real number a, lim Дх) and f (a) may not be same (In 
fact, one may be defined and not the other one). 

* For functions fand g the following holds: 


lim [7 (Q2 gG)]- lim f (х) lim g(x) 
lim (70080) іт f(x).lim g(x) 


„| дю] Ern 
g(x) limg(x) 


xa 


+ Following are some of the standard limits 


n a 
. xa E 
lim -na^! 
xa x-a 
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lim——-1 
x30 Xx 

. l-cosx 
lim 0 
x0 x 


The derivative of a function f at a is defined by 


f (a h)- f (a) 
h 
Derivative of a function f at any point x is defined by 
-S um f(xth)-~fO) 
dx 


h0 


f'(a)-lim 
һ-0 


ЖЕ?) 


For functions и and v the following holds: 
(и%уу-и у” 


(uv)' Zu v4- uv 


(4) = ҮС provided all are defined. 
v 


y 


Following are some of the standard derivatives. 
d (луға 
ах 


d x)=cos x 
dx 


d E 
— (соз x)2 — sin X 
dx 


Historical Note 


In the history of mathematics two names are prominent to share the es 
inventing calculus, Issac Newton (1642-1727) and GW. Leibnitz (1646 – 1717). 


i invented calculus around the seventeenth century. 
Both of them independently inv designa 


After the advent of calculus many mathematicians contril 
development of calculus. The rigorous concept is mainly attributed to the great 
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mathematicians, A.L. Cauchy, J.L.Lagrange and Karl Weierstrass. Cauchy gave 
the foundation of calculus as we have now generally accepted in our textbooks. 
Cauchy used D' Alembert's limit concept to define the derivative of a function. 
Starting with definition of a limit, Cauchy gave examples such as the limit of 
sing Ay fati -f a) 


Ap for æ= 0. He wrote WT i 


i —> 0, thé "function derive’e, у for f" Q)". 

Before 1900, it was thought that calculus is quite difficult to teach. So calculus 
became beyond the reach of youngsters. But just in 1900, John Perry and others 
in England started propagating the view that essential ideas and methods of calculus 
were simple and could be taught even in schools. F.L. Griffin, pioneered the 
teaching of calculus to first year students. This was regarded as one of the most 
daring act in those days. 

Today not only the mathematics but many other subjects such as Physics, 
Chemistry, Economics and Biological Sciences are enjoying the fruits of calculus. 


> and called the limit for 


сл 
v — 


Chapter І 4 


NING 


«There are few things which we know which are not capable of 
mathematical reasoning and when these can not, it is a sign that our 
knowledge of them is very «mall and confused and where a mathematical 
reasoning can be had, it is as great a folly to make use of another, 
as to grope for a thing in the dark when you have a candle stick 
standing by you. — ARTHENBOT % 


14.1 Introduction 


In this Chapter, we shall discuss about some basic ideas of 
Mathematical Reasoning. All of us know that human beings 
evolved from the lower species over many millennia. The 
main asset that made humans "superior" to other species 
was the ability to reason. How well this ability can be used 
depends on each person's power of reasoning. How to 
develop this power? Here, we shall discuss the process of 
reasoning especially in the context of mathematics. 

In mathematical language, there are two kinds of 
reasoning — inductive and deductive. We have already 
discussed the inductive reasoning in the context of George Boole 
mathematical induction. In this Chapter, we shall discuss (1815 - 1864) 
some fundamentals of deductive reasoning. 


142 Statements 
The basic unit involved in mathematical reasoning is à mathematical statement. 
Let us start with two sentences: 
In 2003, the president of India was a woman. 


An elephant weighs more than a human being. 
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When we read these sentences, we immediately decide that the first sentence is 
false and the second is correct. There is no confusion regarding these. In mathematics 
such sentences are called statements. 

On the other hand, consider the sentence: 

Women are more intelligent than men. 

Some people may think it is true while others may disagree. Regarding this sentence 
we cannot say whether it is always true or false . That means this sentence is ambiguous. 
Such a sentence is not acceptable as a statement in mathematics. 

A sentence is called a mathematically acceptable statement if it is either 
true or false but not both. Whenever we mention a statement here, it is a 
“mathematically acceptable” statement. 

While studying mathematics, we come across many such sentences. Some examples 
are: 
Two plus two equals four. 
The sum of two positive numbers is positive. 
All prime numbers are odd numbers. 

Of these sentences, the first two are true and the third one is false. There is no 
ambiguity regarding these sentences. Therefore, they are statements. 

Can you think of an example of a sentence which is vague or ambiguous? Consider 
the sentence: 

The süm of x and y is greater than 0 

Here, we are not in a position to determine whether it is true or false, unless we 
know what x and y are. For example, it is false where x = 1, y = —3 and true when 
x= 1 and y = 0. Therefore, this sentence is not a statement. But the sentence: 

For any natural numbers x and y, the sum of x and y is greater than 0 
is a statement, 

Now, consider the following sentences : 

How beautiful! 
Open the door. 
Where are you going? 

Are they statements? No, because the first one is an exclamation, the second 
an order and the third a question. None of these is considered as a statement in 
mathematical language, Sentences involving variable time such as “today”, “tomorrow” 
or "yesterday" are not statements. This is because it is not known what time is referred 
here. For example, the sentence 

Tomorrow is Friday 
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is not a statement. The sentence is correct (true) on a Thursday but not on other 
days. The same argument holds for sentences with pronouns unless a particular 
person is referred to and for variable places such as "here", "there" etc., For 
example, the sentences 

She is a mathematics graduate. 

Kashmir is far from here. 
are not statements. il 
Here is another sentence 
There are 40 days in a month. 

Would you call this a statement? Note that the period mentioned in the sentence 
above is a “variable time” that is any of 12 months, But we know that the sentence is 
always false (irrespective of the month) since the maximum number of days in a month 
can never exceed 31. Therefore, this sentence is a statement. So, what makes a sentence 
a statement is the fact that the sentence is either true or false but not both. 

While dealing with statements, We usually denote them by small letters р, 4, 7... 
For example, we denote the statement “Fire is always hot" by p. This is also written 
as 

p: Fire is always hot. 


Example 1 Check whether the following sentences are statements. Give reasons for 


your answer. 
(ii) Every set is a finite set. 
(iv) Mathematics is fun. 


thout clouds. (vi) How far is Chennai from here? 


(i) 8 is less than 6. 
(ii) The sun is a star. 
(v) There is no rain wi 


Solution (i) This sentence is false because 8 is greater than 6. Hence it is a statement. 


(ii) This sentence is also false since there are sets which are not finite. Hence it is 


a statement. 

(i) Itis a scientifically established fact that sun is a star and, therefore, this sentence 
is always true. Hence it is a statement. 
that for those who like mathematics, it 


(iv) This sentence is subjective in the sense - 
means that this sentence is not always 


may be fun but for others it may not be. This 
true. Hence it is not à statement. 
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(v) Itisa scientifically established natural phenomenon that cloud is formed before it 
rains. Therefore, this sentence is always true. Hence it is a statement. 

(vi) This is a question which also contains the word “Here”. Hence it is not a statement. 


The above examples show that whenever we say that a sentence is a statement 
we should always say why it is so. This “why” of it is more important than the answer. 


1. Which of the following sentences are statements? Give reasons for your answer. 


(i) There are 35 days in a month. 

(ii) Mathematics is difficult. 

(іі) The sum of 5 and 7 is greater than 10. 

(iv) The square of a number is an even number. 

(v) The sides of a quadrilateral have equal length. 
(vi) Answer this question. 

(уі) The product of (—1) and 8 is 8. 
(viii) The sum of all interior angles of a triangle is 180°. 
(ix) Today is a windy day. 

(x) All real numbers are complex numbers. 


2. Give three examples of sentences which are not statements. Give reasons for the 
answers. 


14.3 New Statements from Old 
We now look into method for producing new statements from those that we already 


have. An English mathematician, “George Boole” discussed these methods in his book 
"The laws of Thought" in 1854. Here, we shall discuss two techniques. 

As a first step in our study of statements, we look at an important technique that 
we may use in order to deepen our understanding of mathematical statements. This 
technique is to ask not only what it means to say that a given statement is true but also 
what it would mean to say that the given statement is not true. 


= 


14.3.1 Negation of a statement The denial of a statement is called the negation of 
the statement. 
Let us consider the statement: 
p: New Delhi is a city 
The negation of this statement is 
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It is not the case that New Delhi is a city 
This can also be written as 
It is false that New Delhi is a city. 
This can simply be expressed as 
New Delhi is not a city. 


Definition 1 If p is a statement, then the negation of p is also a statement and is 
denoted by ~ р, and read as ‘not p. 


While forming the negation of a statement, phrases like, "It is 
case" or "It is false that" are also used. ape Ped 
Here is an example to illustrate how, by looking at the negation of a statement, we 
may improve our understanding of it. 

Let us consider the statement 


not the 


p: Everyone in Germany speaks German. 
The denial of this sentence tells us that not everyone in Germany speaks German. 
This does not mean that no person in Germany speaks German. It says merely that at 
least one person in Germany does not speak German. 
We shall consider more examples. 
Example 2 Write the negation of the following statements. 
(i) Both the diagonals of a rectangle have the same length. 


(ii) {7 is rational. 


Solution (i) This statement says that in a rectangle, both the diagonals have the same 
length. This means that if you take any rectangle, then both the diagonals have the 


same length. The negation of this statement is 
It is false that both the diagonals in a rectangle have the same length 


This means the statement 
There is atleast one rectangle whose both diagonals do not 
have the same length. 


(ii) The negation of the statement in (ii) may also be written as 
It is not the case that J7 is rational. 
This can also be rewritten as 


17 is not rational. 
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Example 3 Write the negation of the following statements and check whether the 
resulting statements are true, 
(i) Australia is a continent. 
(ii) There does not exist a quadrilateral which has all its sides equal. 
(ii) Every natural number is greater than 0. 
(iv) The sum of 3 and 4 is 9. 


Solution (i) Тһе negation of the statement is 
It is false that Australia is a continent. 
This can also be rewritten as 
Australia is not a continent. 


We know that this statement is false. 
(i) Тһе negation of the statement is 


It is not the case that there does not exist a quadrilateral which has all its sides 
equal. 


This also means the following: 
There exists a quadrilateral which has all its sides equal. 


This statement is true because we know that square is a quadrilateral such that its four 
sides are equal. 
(іі) Тһе negation of the statement is 


It is false that every natural number is greater than 0. 
This can be rewritten as 
There exists a natural number which is not greater than 0. 
This.is a false statement. 
(iv) The negation is 
It is false that the sum of 3 and 4 is 9, 
Тһіз-сап be written as 
The sum of 3 and 4 is not equal to 9. 
This statement is true. 
14.3.2 Compound statements Many mathematical Statements are obtained by 


combining one or more statements using some connecting words like “and”, “or”, etc. 
Consider the following statement 


p: There is something wrong with the bulb or with the wiring. 
This statement tells us that there is something wrong with the bulb or there is 
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something wrong with the wiring. That means the given statement is actually made up 
of two smaller statements: 


q: There is something wrong with the bulb. 
r: There is something wrong with the wiring. 
connected by “or” 
Now, suppose two statements are given as below: 
p: 7 is an odd number. 
q: 7 is a prime number. 
These two statements can be combined with "and" 
r: 7 is both odd and prime number. 
This is a compound statement. 
This leads us to the following definition: 
Definition 2 A Compound Statement is a statement which is made up of two or 
more statements. In this case, each statement is called a component statement. 
Let us consider some examples. 


Example 4 Find the component statements of the following compound statements. 
(i) The sky is blue and the grass is green. 
(i) It is raining and it is cold. 
(iii) All rational numbers are real and all real numbers are complex. 


(iv) 0 is a positive number or a negative number. 


Solution Let us consider one by one 


(i) The component statements are 
p: The sky is blue. 


q: The grass is green. 


The connecting word is ‘and’. 
(ii) The component statements are 
p: It is raining. 
q: It is cold. 
The connecting word is ‘and’. 


(iii) The component statements are 
p: All rational numbers are real. 


q: All real numbers are complex. 


The connecting word is ‘and’. 
(iv)The component statements are 


328 MATHEMATICS 


p: 0 is a positive number. 
q: 0 is a negative number. 


The connecting word is *or". 
Example 5 Find the component statements of the following and check whether they 


are true or not. 
(i) A square is a quadrilateral and its four sides equal. 


(ii) All prime numbers are either even or odd. 


(iii) A person who has taken Mathematics or Computer Science can go for 
MCA. 


(iv) Chandigarh is the capital of Haryana and UP. 
(v) J2isarational number or an irrational number. 


(уі) 24 is a multiple of 2, 4 and 8. 


Solution (i) The component statements are 
p: A square is a quadrilateral. 
q: A square has all its sides equal. 
We know that both these statements are true. Here the connecting word is *and'. 
(ii) The component statements are 
p: All prime numbers are odd numbers. 
q: All prime numbers are even numbers, 
Both these statements are false and the connecting word is ‘or’. 
(іі) The component statements аге 
p: A person who has taken Mathematics can go for MCA. 
q: A person who has taken computer science can go for MCA. 
Both these statements are true. Here the connecting word is ‘or’. 
(iv) The component statements are 
p: Chandigarh is the capital of Haryana. 
q: Chandigarh is the capital of UP. 


The first statement is true but the second is false. Here the connecting word is ‘and’. 


(v) The component statements are 
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p: 42. is a rational number. 


q: 42. is an irrational number. 


The first statement is false and second is true. Here the connecting word is ‘or’. 
(vi) The component statements are 


p: 24 is a multiple of 2. 
q: 24 is a multiple of 4. 


r: 24 is a multiple of 8. 


All the three statements are true. Here the connecting words are ‘and’. 
Thus, we observe that compound statements are actually made-up of two or more 
statements connected by the words like "and", “ог”, etc. These words have special 
meaning in mathematics. We shall discuss this mattter in the following section. 


EXERCISE 142 


1. Write the negation of the following statements: 
(i) Chennai is the capital of Tamil Nadu. 
(ii) 2 is not a complex number 
(ii) АШ triangles are not equilateral triangle. 
(iv) The number 2 is greater than 7. 
(v) Every natural number is an integer. 
Are the following pairs of statements negations of each other: 
(i) The number x is not a rational number. 
The number x is not an irrational number. 
(ii) Тһе number x is a rational number. 
The number x is an irrational number. 
3. Find the component statements of the following compound statements and check 
whether they are true or false. 
(i) Number 3 is prime or it is odd. 
Gi) АШ integers are positive or negative. 
(iii) 100 is divisible by 3, 11 and 5. 


һә 


14,4 Special Words/Phrases 


Some of the connecting words which are found in compound statements like “And”, 
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atical Statements. These are called connectives. 


“Ог”, ete. are often used in Mathem: 
d the role of 


When we use these compound statements, it is necessary to understan: 

these words. We discuss this below. 

14.4.1 The word “Апа” Let us look at a compound statement wi 
p: A point occupies a position and its location can be determined. 


th “And”. 


The statement can be broken into two component statements as 
q: A point occupies a position. 
r: Its location can be determined. 
Here, we observe that both statements are true. 


Let us look at another statement. 
p: 42 is divisible by 5, 6 and 7. 


This statement has following component statements 
q: 42 is divisible by 5. 
r: 42 is divisible by 6. 
5: 42 is divisible by 7. 
Here, we know that the first is false while the other two are true. 
We have the following rules regarding the connective “Апа” 


The compound statement with ‘And’ is true if all its component 
statements are true. к ; 
2. The component statement with ‘And’ is false if any of its component 


statements is false (this includes the case that some of its component 


statements are false or all of its component statements are false). 


Example 6 Write the component statements of the following compound statements 
and check whether the compound statement is true or false. 

(i) A line is straight and extends indefinitely in both directions. 

(i) 0 is less than every positive integer and every negative integer. 


(iii) All living things have two legs and two eyes. 


Solution (i) The component statements are 
p: A line is straight. 


q: A line extends indefinitely in both directions. 
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Both these statements are true, therefore, the compound statement is true. 


(ii) The component statements are 
p: 0 is less than every positive integer. 
4: 0 is less than every negative integer. 
The second statement is false. Therefore, the compound statement is false. 
(iii) The two component statements are 
p: All living things have two legs. 
q: All living things have two eyes. 
Both these statements are false. Therefore, the compound statement is false. 
Now, consider the following statement. 


p: A mixture of alcohol and water can be separated by chemical methods. 


This sentence cannot be considered as a compound statement with “And”, Here the 
word “And” refers to two things — alcohol and water. 
This leads us to an important note. 


Do not think that a statement with *And" is always a compound statement 
as shown in the above example. Therefore, the word “And” is not used as a connective. 


14.4.2 The word "Or" Let us look at the following statement. 
p: Two lines in a plane either intersect at one point or they are parallel. 


We know that this is a true statement. What does this mean? This means that if two 
lines in a plane intersect, then they are not parallel. Alternatively, if the two lines are not 
parallel, then they intersect at a point. That is this statement is true in both the situations. 
In order to understand statements with "Or" we first notice that the word "Or" is 
used in two ways in English language. Let us first look at the following statement. 


p: An ice cream or pepsi is available with a Thali in a restaurant. 


This means that a person who does not want ice cream can have a pepsi along 
with Thali or one does not want pepsi can have an ice cream along with Thali. That is, 
who do not want a pepsi can have an ice cream. A person cannot have both ice cream 
and pepsi. This is called an exclusive “Ог”. 

Here is another statement. 
A student who has taken biology or chemistry can apply for M.Sc. 
microbiology programme. 
have taken both biology and chemistry can 
s well as the students who have taken only 
“Ог”. 
because we require this 


Here we mean that the students who 
apply for the microbiology programme, а: 
one of these subjects. In this case, we are using inclusive 
It is important to note the difference between these two ways 
when we check whether the statement is true or not. 
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Let us look at an example. 


Example 7 For each of the following statements, determine whether an inclusive 
“Or” or exclusive “Or” is used. Give reasons for your answer. 


(i) To enter a country, you need a passport or a voter registration card. 

(i) The school is closed if it is a holiday or a Sunday. 

(iii) Two lines intersect at a point or are parallel. 

(iv) Students can take French or Sanskrit as their third language. 
Solution (i)Here “Ог” is inclusive since a person can have both a passport and a 
voter registration card to enter a country. 

(ii) Here also “Ог” is inclusive since school is closed on holiday as well as on 

Sunday. 


(iii) Here "Or" is exclusive because it is not possible for two lines to intersect 
and parallel together. 


(iv) Here also “Ог” is exclusive because a student cannot take both French and 
Sanskrit. 


Rule for the compound statement with ‘Or’ 


А compound statement with an ‘Or’ is true when one component 
statement is true or both the component statements are true. 


2 A compound statement with an ‘Or’ is false when both the component 
statements are false. 


For example, consider the following statement. 
p: Two lines intersect at a point or they are parallel 
The component statements are 
q: Two lines intersect at a point. 
r: Two lines are parallel. 


Then, when q is true r is false and when r is true q is false. Therefore, the 
compound statement p is true. 
Consider another statement. 


p: 125 is a multiple of 7 or 8. 
Its component statements are 
q: 125 is a multiple of 7. 


r: 125 is a multiple of 8. 
Both q and r are false. Therefore, the compound statement p is false. 
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Again, consider the following statement: 
p: The school is closed, if there is a holiday or Sunday. 
The component statements are 
4: School is closed if there is a holiday. 
r: School is closed if there is a Sunday. 


Both q and r are true, therefore, the compound statement is true. 
Consider another statement. 


p: Mumbai is the capital of Kolkata or Karnataka. 
The component statements are 
q: Mumbai is the capital of Kolkata. 
ғ. Mumbai is the capital of Karnataka. 

Both these statements are false. Therefore, the compound statement is false. 
Let us consider some examples. 
Example 8 Identify the type of “Ог” used in the following statements and check 
whether the statements are true or false: 

(i) ABS is a rational number or an irrational number. 

Gi) To enter into a public library children need an identity card from the school 

or a letter from the school authorities. 
(iii) A rectangle is a quadrilateral or a 5-sided polygon. 5 


Solution (i)The component statements are 
р: [2 is a rational number. 


4:/2 їз an irrational number. 


Here, we know that the first statement is false and the second is true and “Ог” is 
exclusive. Therefore, the compound statement is true. 
(ii) Тһе component statements are 
p: To get into a public library children need an identity card. 
q: To get into a public library children need a letter from the school authorities. 
Children can enter the library if they have either of the two, an identity card or the 
letter, as well as when they have both. Therefore, it is inclusive “Ог” the compound 
statement is also true when children have both the card and the letter. 
(iii) Here “Ог” is exclusive. When we look at the component statements, we get that 
the statement is true. 
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14.4.3 Quantifiers Quantifiers are phrases like, “There exists" and “For all”. 
Another phrase which appears in mathematical statements is “there exists". For example, 
consider the statement. p: There exists a rectangle whose all sides are equal. This 
means that there is atleast one rectangle whose all sides are equal. 

A word closely connected with “there exists” is “for every” (or for all). Consider 
a statement. 


p: For every prime number p, Jp is an irrational number. 
This means that if S denotes the set of all prime numbers, then for all the members p of 


the set S, Jp is an irrational number. 


In general, a mathematical statement that says “for every" can be interpreted as 
saying that all the members of the given set S where the property applies must satisfy 
that property. 

We should also observe that it is important to know precisely where in the sentence 
a given connecting word is introduced. For example, compare the following two 
sentences: 


l. For every positive number x there exists a positive number y such that 
y<x 


2. There exists a positive number y such that for every positive number x, we 
have y « x. 


Although these statements may look similar, they do not say the same thing. As a 
tter of fact, (1) is true and (2) is false. Thus, in order for a piece of mathematical 
riting to make sense, all of the symbols must be carefully introduced and each symbol 
must be introduced at precisely the right place — not too early and not too late. 
The words “And” and “Ог” are called connectives and “There exists" and “For 
all” are called quantifiers. 
Thus, we have seen that many mathematical statements contain some special words 
and it is important to know the meaning attached to them, especially when we have to 
check the validity of different statements. 


EXERCISE 14.3 


1. For each of the following compound statements first identify the connecting words 
and then break it into component statements. 


(i) All rational numbers are real and all real numbers are not complex. 
(ii) Square of an integer is positive or negative. 
(iii) Тһе sand heats up quickly in the Sun and does not cool down fast at night. 
(iv) x=2and х-3 are the roots of the equation 332 — x — 10 = 0. 
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2. Identify the quantifier in the following statements and write the negation of the 
statements. 


(i) There exists a number which is equal to its square. 
(ii) For every real number x, x is less than x + 1. 
(iii) There exists a capital for every state in India. 


2. Check whether the following pair of statements are negation of each other. Give 
reasons for your answer. 


G) x+y=y + xis true for every real numbers x and y. 
(ii) There exists real numbers x and y for which x + y= y + x. 


4. State whether the "Or" used in the following statements is "exclusive “ог” inclusive. 
Give reasons for your answer. 


(i) Sun rises or Moon sets. 
(i) То apply for a driving licence, you should have a ration card or a passport. 


(іі) All integers are positive or negative. 


14.5 Implications 
In this Section, we shall discuss the implications of “if-then”, “only if’ and “if and only if”. 

The statements with “if-then” are very common in mathematics. For example, 
consider the statement. 

r: If you are born in some country, then you are a citizen of that country. 
When we look at this statement, we observe that it corresponds to two statements p 
and q given by 

p : you are born in some country. 
q : you are citizen of that country. 
Then the sentence “if p then q" says that in the event if p is true, then q must be true. 

One of the most important facts about the sentence "if p then q” is that it does 
not say any thing (or places no demand) on q when p is false. For example, if you are 
not born in the country, then you cannot say anything about q. To put it in other words" 
not happening of p has no effect on happening of q. 

Another point to be noted for the statement “if p then q” is that the statement 
does not imply that p happens. 

There are several ways of understanding "if p then q” statements. We shall 
illustrate these ways in the context of the following statement. 

r: If a number is a multiple of 9, then it is a multiple of ©: 
Let p and q denote the statements 
p : а number is a multiple of 9. 
q: a number is a multiple of 3. 
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Then, if p then q is the same as the following: 
oted by p — q. The symbol — stands for implies. 


1. p implies 4 is den 
a multiple of 3. 


This says that a number is a multiple of 9 implies that itis 
2. pisa sufficient condition for q. 

This says that knowing that a number as a mu 

that it is a multiple of 3. 
3. ponly if q. 

This says that a number is a multiple of 9 only if it is a multiple of 3. 
4. qis a necessary condition for p. 

This says that when a number is a multiple of 9, it is necessarily a multiple of 3. 
5. ~q implies ~p. 

This says that if a number is not a multiple of 3, then it is not a multiple of 9. 


Itiple of 9 is sufficient to conclude 


14.5.1 Contrapositive and converse Contrapositive and converse are certain 
other statements which can be formed from a given statement with “if-then”. 
For example, let us consider the following “if-then” statement. 
If the physical environment changes, then the biological environment changes. 
Then the contrapositive of this statement is 
If the biological environment does not change, then the physical environment 
does not change. 
Note that both these statements convey the same meaning. 
To understand this, let us consider more examples. 
Example 9 Write the contrapositive of the following statement: 
G) If a number is divisible by 9, then it is divisible by 3. 
(i) If you are born in India, then you are a citizen of India. 
(i) If a triangle is equilateral, it is isosceles. 
Solution The contrapositive of the these statements are 
G) If a number is not divisible by 3, it is not divisible by 9. 
Gi) If you are not a citizen of India, then you were not born in India. 
Gii) If a triangle is not isosceles, then it is not equilateral. 
The above examples show the contrapositive of the statement if p, then 4 is “if ~q, 


then ~p”. 
Next, we shall consider another term called converse. 


The converse of a given statement “if p, then 4” is if q, then p. 
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For example, the converse of the statement 
p: If a number is divisible by 10, it is divisible by 5 is 
q: If a number is divisible by 5, then it is divisible by 10. 


Example 10 Write the converse of the following statements. 
(i) If a number n is even, then п? is even. 
Gi) If you do all the exercises in the book, you get an A grade in the class. 
(iii) If two integers a and b are such that а > b, then a — b is always a positive 
integer. 
Solution The converse of these statements are 
() If a number n? is even, then n is even. 
(ii) If you get an A grade in the class, then you have done all the exercises of 
the book. 
(іі) If two integers a and b are such that a — b is always a positive integer, then 
a» b. 
Let us consider some more examples. 
Example 11 For each of the following compound statements, first identify the 
corresponding component statements. Then check whether the statements are 
true or not. 
(i) Ifatriangle ABC is equilateral, then it is isosceles. 
Gi) Ifa and b are integers, then ab is a rational number. 


Solution (i)The component statements are given by 
p : Triangle ABC is equilateral. 
q : Triangle ABC is Isosceles. 
Since an equilateral triangle is isosceles, we infer that the given compound statement 
is true. 
(ii) The component statements are given by 
p : a and b are integers. 
q:abisa rational number. 
since the product of two integers is an integer and therefore a rational number, the 
compound statement is true. : 
. ‘If and only if’, represented by the symbol *€»* means the following equivalent forms 
for the given statements p and q. 
G) p if and only if q 
Gi) q if and only if p 
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Gii) p is necessary and sufficient condition for q and vice-versa 
(iv) pg 
Consider an example. 


Example 12 Given below are two pairs of statements. Combine these two statements 


@ 


(i) 


using “if and only if”. 
p: If a rectangle is a square, then all its four sides are equal. 
а: 1 all the four sides of a rectangle are equal, then the rectangle is a 


square. 
p: If the sum of digits of a number is divisible by 3, then the number is 


divisible by 3. 
а: If a number is divisible by 3, then the sum of its digits is divisible by 3. 


Solution (i) A rectangle is a square if and only if all its four sides are equal. 


(ii) 


А number is divisible by 3 if and only if the sum of its digits is divisible by 3. 


EXERCISE 14.4 


1. Rewrite the following statement with "if-then" in five different ways conveying 
the same meaning. 


If a natural number is odd, then its square is also odd. 


2. Write the contrapositive and converse of the following statements. 


(i) 
(i) 
Gii) 
(iv) 


(у) 


If x is a prime number, then x is odd. 
If the two lines are parallel, then they do not intersect in the same plane. 
Something is cold implies that it has low temperature. 


You cannot comprehend geometry if you do not know how to reason 
deductively. 


xis an even number implies that x is divisible by 4. 


3. Write each of the following statements in the form “if-then” 


You get a job implies that your credentials are good. 
The Bannana trees will bloom if it stays warm for a month. 
A quadrilateral is a parallelogram if its diagonals bisect each other. 


To get an A* in the class, it is necessary that you do all the exercises of 
the book. 
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4. Given statements in (a) and (b). Identify the statements given below as 
contrapositive or converse of each other. 


(a) Ifyou live in Delhi, then you have winter clothes. 

(i) Ifyou do not have winter clothes, then you do not live in Delhi. 

(ii) If you have winter clothes, then you live in Delhi. 

(b) If a quadrilateral is a parallelogram, then its diagonals bisect each other. 


(i) Tf the diagonals of a quadrilateral do not bisect each other, then the 
quadrilateral is not a parallelogram. 


(ii) Ifthe diagonals of a quadrilateral bisect each other, then it is a parallelogram. 


14.6 Validating Statements 
In this Section, we will discuss when a statement is true. To answer this question, one 


must answer all the following questions. 
What does the statement mean? What would it mean to say that this statement is 


true and when this statement is not true? 

The answer to these questions depend upon which of the special words and 
phrases “and”, “or”, and which of the implications “if and only”, “if-then”, and which 
of the quantifiers “for every”, “there exists”, appear in the given statement. 

Here, we shall discuss some techniques to find when a statement is valid. 

We shall list some general rules for checking whether a statement is true or not. 
Rule 1 Jf p and q are mathematical statements, then in order to show that the 
statement “p and q" is true, the following steps are followed. 

Step-1 Show that the statement p is true. 

Step-2 Show that the statement q is true. 
Rule 2 Statements with “Or” 
If p and q are mathematical statements , then in order to show that the statement 
“р or q” is true, one must consider the following. 

Case 1 By assuming that p is false, show that q must be true. 

Case 2 By assuming that q is false, show that p must be true. 


Rule 3 Statements with *If-then" 
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e of the 
any on 

In order to prove the Statement “ір P Шеп g” we need to show that 

following case is true. 


hod) 

irect met 

Case 1 By assuming that p ig true, prove that g must be true.(Dir trapositive 
‘on 

Case 2 By assuming that g iş false, prove that p must be false.(C 

method) 


Rule 4 Statements with “if and only ір» 
In order to prove the Statement “p ic and only if q”, we need to show. 

(0 If p is true, then 415 true ang (ii) If q is true, then p is true 
Now we Consider some exampl 


е, 
Example 13 Check whether the following statement is true or not. 
fx, ye Z ate such that x and y ap 


© odd, then xy is odd. 
Solution Let P:Xye Z such th 


9 : xy is odd Je 3. That is 
To check the validity of th given Statement, we apply Case 1 of Ru 
assume that if P is true, then q i$ true, 
р is true means that x and y are 


Х=2т+ 1, for some 


=22mn + m+n) + 1 
This shows that xy is odd, Therefore, the given statement is true. ill proceed 
Suppose we Want to check this by using Case 2 of Rule 3, then we wi 
as follows, negation 
We assume that q is not true, This implies that we need to consider the 
of the statement 4. This gives the Statement 
This is 


1 74: Product xy is even. а . Thus we 
Possible only if either x or is even. This shows that p is not true 
at с 


have shown th 


x" x: Se ing its 
Example 14 Check Whether the following Statement is true or false by proving 
Contrapositive, jr һу € Zsuch that 


Solution Let us name the Statement as below 
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pixyis odd. 

q : both x and y are odd. 

We have to check whether the statement P= 4 is true or not, that is, by checking 
its contrapositive statement іе, 47 ep 
Now ~q : It is false that both x and y are odd. This implies that x (or y) is even. 
Then х = 2n for some integer Л. 
Therefore, xy = 2ny for some integer 7 This shows that xy is even atn ime. 

: а hence the given statement is true. 


Thus, we have shown that -4 >? р an 
and its converse? Next, we 


Now what happens when we combine an implication 
shall discuss this. 
Let us consider the following statements. 
p:A tumbler is half empty. 
с bler is half full. 
4:А tum н 
We know that if the first statemen! happens, then the cogi and also if 
the second happens, then the first nappens. We can express И 
full. 


half empty, then it is half 


If a tumbler is 
If a tumbler i$ palf full, then it is half emp 
We combine these two statements and get ps AL is half full 
mu empty if and only if it is һа ( 
Now, we discuss another method. is true, We assume 
k whether а statement Р 15 SN" 
14.6.1 By Contradiction Here о e me result which contradicts oy 


. i o 
that p is not true i.e. ~p is true- Then, We ae 74 
\ е. 
assumption. Therefore, we conclude that p B S 
method of contradiction. 


V7 is irrational 
tement is false. That is 


i tal 
me that the given s! xd 
means that there exists positive integers a and b 


Example 15 Verify by the 


Solution In this method, we assu 


at Ao is rational. This 
ch thai ш-- уе по СО! Тас ors. Squaring the equation: 
Ww! mmon ti 
t v7 hi and b һа 
b Ж ere а 
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In order to prove the statement “if p then 4” we need to show that any one of the 
following case is true. 
Case 1 By assuming that p is true, prove that q must be true.(Direct method) 


Case 2 By assuming that q is false, prove that p must be false.(Contrapositive 
method) 


Rule 4 Statements with “if and only if ” 

In order to prove the statement “р if and only if q”, we need to show. 
(i) If p is true, then q is true and Gi) 1/4 is true, then p is true 

Now we consider some examples. 


Example 13 Check whether the following statement is true or not. 
If x, y € Z are such that x and y are odd, then xy is odd. 


Solution Let p : x, y € Z such that x and y are odd 
q : xy is odd 
To check the validity of the given statement, we apply Case 1 of Rule 3. That is 
assume that if p is true, then q is true. 
p is true means that x and y are odd integers. Then 
x = 2m + 1, for some integer m. y = 2л + 1, for some integer n. Thus 
= (2m + 1) Qn + 1) 
=2(2mn+m+n)+1 
This shows that xy is odd. Therefore, the given statement is true. 
Suppose we want to check this by using Case 2 of Rule 3, then we will proceed 
as follows. 
We assume that q is not true. This implies that we need to consider the negation 
of the statement g. This gives the statement 
~q : Product xy is even. 
This is possible only if either x or y is even. This shows that p is not true. Thus we 
have shown that 
-4= -~P 


[as Note] Гег- Note | The above example illustrates that to ) prove p p> ГА enough t to show 
~q = ~p which is the contrapositive of the statement р > q. 


Example 14 Check whether the following statement is true or false by proving its 
contrapositive. If x, y € Z such that xy is odd, then both x and y are odd. 


Solution Let us name the statements as below 


MATHEMATICAL REASONING 341 


р : xy is odd. 
4: both x and y are odd. 
We һауе to check whether the statement p = 4 is true or not, that is, by checking 
its contrapositive statement i.e., ~q = ~p 
Now ~q : It is false that both x and y are odd. This implies that x (or y) is even. 
Then x = 2n for some integer n. 
Therefore, xy = 2ny for some integer n. This shows that xy is even. That is ~p is true. 
Thus, we have shown that ~q = ~p and hence the given statement is true. 
Now what happens when we combine an implication and its converse? Next, we 
shall discuss this. 
Let us consider the following statements. 
p : A tumbler is half empty. 
q : A tumbler is half full. 


We know that if the first statement happens, then the second happens and also if 
the second happens, then the first happens. We can express this fact as 


If a tumbler is half empty, then it is half. full. 
If a tumbler is half full, then it is half empty. 
We combine these two statements and get the following: 
A tumbler is half empty if and only if it is half full. 
Now, we discuss another method. 


14.6.1 By Contradiction Here to check whether a statement p is true, we assume 
that p is not true i.e. ~p is true. Then, we arrive at some result which contradicts our 
assumption. Therefore, we conclude that p is true. 


Example 15 Verify by the method of contradiction. 
p: J7 is irrational 
Solution In this method, we assume that the given statement is false. That is 
we assume that ./7 is rational. This means that there exists positive integers a and b 


a . H 
such that v7 pn , where а and b have no common factors. Squaring the equation, 
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2 
a $ 1 
we get 7 із = @= 7b = 7 divides a. Therefore, there exists an integer c such 


that a = 7c. Then a? = 490 and а? = 7b 

Hence, 7b? = 49? => Р? = 7c? = 7 divides b. But we have already shown that 
7 divides a. This implies that 7 is a common factor of both of a and b which contradicts 
our earlier assumption that a and b have no common factors. This shows that the 


assumption ./7 is rational is wrong. Hence, the statement ,/7 is irrational is true. 

Next, we shall discuss a method by which we may show that a statement is false. 
The method involves giving an example of a situation where the statement is not 
valid. Such an example is called a counter example. The name itself suggests that 
this is an example to counter the given statement. 


Example 16 By giving a counter example, show that the following statement is false. 
If nis an odd integer, then п is prime. 


Solution The given statement is in the form “if p then q" we have to show that this is 
false. For this purpose we need to show that if p then ~q. To show this we look for an 
odd integer n which is not a prime number. 9 is one such number. So n = 9 is a counter 
example. Thus, we conclude that the given statement is false. 

In the above, we have discussed some techniques for checking whether a statement 
is true or not. 


In mathematics, counter examples are used to disprove the statement. | 
However, generating examples in favour of a statement do not provide validity of 
the statement. 


EXERCISE 14.5 


1. Show that the statement 
р: “If x is a real number such that X + 4x = 0, then x is 0" is true by 
(i) ^ directmethod, (ii) method of contradiction, (iii) method of contrapositive 
Show that the statement “For any real numbers a and b, а? = b? implies that 
a = b" is not true by giving a counter-example. 
3. Show that the following statement is true by the method of contrapositive. 
p: If x is an integer and x is even, then x is also even. 
4. By giving a counter example, show that the following statements are not true. 
(i) р: If all the angles of a triangle are equal, then the triangle is an obtuse 
angled triangle. 
(ii) 4: The equation x? — 1 = 0 does not һауе a root lying between 0 and 2. 


кә 
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5. Which of the following statements are true and which are false? In each case 
give a valid reason for saying so. r 
(i) p: Each radius of a circle is a chord of the circle. 
(ii) 4: The centre of a circle bisects each chord of the circle. 
(iii) r: Circle is а particular case of an ellipse. 
(iv) 5: If x and y are integers such that x > y, then — <- у. 


(у) t: Jj1 isa rational number. 


Miscellaneous Examples 


Example 17 Check whether “Or” used in the following compound statement is exclusive 

or inclusive? Write the component statements of the compound statements and use 

them to check whether the compound statement is true or not. Justify your answer. 
1: you are wet when it rains or you are in a river. 

Solution “Or” used in the given statement is inclusive because it is possible that it rains 


and you are in the river. 
The component statements of the given statement are 


p : you are wet when it rains. 
4: You are wet when you are in a river. 

Here both the component statements are true and therefore, the compound statement 
is true. 
Example 18 Write the negation of the following statements: 

(i) p: For every real number x, 22 > X. 

Gi) q: There exists a rational number x such that adem. 

@ ғ: АП birds have wings. 

(v) s: All students study mathematics at the elementary level. 
Solution (i) The negation of p is "It is false that p is" which means that the condition 
xi > x does not hold for all real numbers. This can be expressed as 

~p: There exists а real number x such that 22 << 
(i) Negation of q is "it is false that 47, Thus ~q is the statement. 

~q: There does not exist a rational number х such that x? = 2. 

This statement can be rewritten as 

-4: For all real numbers x, X #2 


(іі) The negation of the statement is 
_r: There exists a bird which have no wings. 
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(iv) The negation of the given statement is ~s: There exists a student who does not 
iudy mathematics at the elementary level. 

Example 19 Using the words "necessary and sufficient" rewrite the statement "The 

integer n is odd if and only if n? is odd", Also check whether the statement is true. 


Solution The necessary and sufficient condition that the integer л be odd is л? must be 
odd. Let p and q denote the statements 

р: the integer л is odd. 

q : is odd. 
To check the validity of “р if and only if 4”, we have to check whether “if p then q” 
and "if q then p" is true. 
Case 1 If p, then q 
If p, then q is the statement: 


If the integer л is odd, then n? is odd. We have to check whether this statement is 
true. Let us assume that л is odd. Then n = 2k + 1 when k is an integer. Thus 


п? = (2k + 1)? 
= 40 +4k+1 
Therefore, n? is one more than an even number and hence is odd. 
Case 2 If q, then p 
If q, then p is the statement 
If n is an integer and л? is odd, then n is odd. 


We have to check whether this statement is true, We check this by contrapositive 
method. The contrapositive of the given statement is: 


If n is an even integer, then л? is an even integer 
n is even implies that n = 2k for some k. Then п? = 4k. Therefore, n? is even. 
Example 20 For the given statements identify the necessary and sufficient conditions. 
1: If you drive over 80 km per hour, then you will get a fine. 
Solution Let p and q denote the statements: 

P : you drive over 80 km per hour. 

4 : you will get a fine. 


The implication if p, then 4 indicates that p is sufficient for q. That is driving over 
80 km per hour is sufficient to get a fine. 
Here the sufficient condition is "driving over 80 km per hour": 
Similarly, if p, then q also indicates that q is necessary for p. That is 
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When you drive over 80 km per hour, you will necessarily get а. fine. 
Here the necessary condition is “getting a fine”. 


Miscellaneous Exercise on Chapter 14 


1. Write the negation of the following statements: 
(i) p: For every positive real number x, the number x — 1 is also positive. 
@ 4: All cats scratch. 
(iii) ғ: For every real number x, either x > 1 orx < i" 
(iv) 5: There exists a number x such that 0 <x < 1. 
State the converse and contrapositive of each of the following statements: 
(i) p: A positive integer is prime only if it has no divisors other than 1 and itself. 
(4) 4:1 gotoa beach whenever it is a sunny day. 
Qi) r: If it is hot outside, then you feel thirsty. 
Write each of the statements in the form “if p, then 4” 
(i) p: It is necessary to have a password to log on to the server. 
(ii) q: There is traffic jam whenever it rains. 
(ішу ғ: You сап access the website only if you pay à subsciption fee. 
€ 
4. Rewrite each of the following statements in the form “p if and only if q” 
G) p:M you watch television, then your mind is free and if your mind is free, 
then you watch television. 
Gi) а: For you to get an A grade, it is necessary and sufficient that you do all 
the homework regularly. 
(ii) а quadrilateral is equiangular, then it is a rectan, 
is a rectangle, then it is equiangular. 


ә 


„ы 


gle and if a quadrilateral 


Given below are two statements 
p:25isa multiple of 5. 


q:25isa multiple of 8. 


л 


Write the compound statements connecting these two statements with “And” and 


“Or”. In both cases check the validity of the compound statement. 


6. Check the validity of the statements given below by the method given against it. 


() p: The sum of an irrational number and a rational number is irrational (by 


contradiction method). 
(ii) а: Enisa real number with 
7. Write the following statement in five different ways. conveying the same meaning. 
p: Ifa triangle is equiangular, then it is an obtuse angled triangle. : 


n»3,thenz? > 9 (by contradiction method). 
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Summary 
ФА mathematically acceptable statement is a sentence which is either true or 
false. 
* Explained the terms: 


— Negation of a statement p: If p denote a statement, then the negation of p is 
denoted by ~p. 
— Compound statements and their related component statements: 
A statement is a compound statement if it is made up of two or more smaller 
statements. The smaller statements are called component statements of the 
compound statement. 
- The role of “And”, “Ог”, “There exists" and “For every" in compound 
statements. 
~ The meaning of implications “If”, “only if”, * if and only if”. 
A sentence with if p, then q can be written in the following ways. 
= p implies q (denoted by p — 4) 
~ pisa sufficient condition for q 
|. qis a necessary condition for p 
o^ p only if q 
^ а implies ~p 
<= Тһе contrapositive of a statement p = 4 is the statement ~ q > ~p . The 
22 converse of a statement р = 4 is the statement q => p. 
2р = q together with its converse, gives p if and only if q. 
% The following methods are used to check the validity of statements: 
(i) direct method 
(i) contrapositive method 
(іі) method of contradiction 
(iv) using a counter example. 


Historical Note 


The first treatise on logic was written by Aristotle (384 B.C.-322 B.C.). It 
was a collection of rules for deductive reasoning which would serve as a basis 
for the study of every branch of knowledge. Later, in the seventeenth century, 
German mathematician С. W. Leibnitz (1646 — 1716) conceived the idea of using 
symbols in logic to mechanise the process of deductive reasoning. His idea was 
realised in the nineteenth century by the English mathematician George Boole 

г (1815-1864) and Augustus De Morgan (1806-1871), who founded the modern 
subject of symbolic logic. 


Chapter | 5 


( STATISTICS ) 


“Statistics may be rightly called the science of averages and their 
estimates." — A.L.BOWLEY & A.L. BODDINGTON ** 


15.1 Introduction 


We know that statistics deals with data collected for specific 
purposes. We can make decisions about the data by 
analysing and interpreting it. In earlier classes, we have 
studied methods of representing data graphically and in 
tabular form. This representation reveals certain salient 
features or characteristics of the data. We have also studied 
the methods of finding a representative value for the given 
data. This value is called the measure of central tendency. 
Recall mean (arithmetic mean), median and mode are three 
measures of central tendency. A measure of central 
tendency gives us a rough idea where data points are Karl Pearson 
centred. But, in order to make better interpretation from the (1857-1936) 
data, we should also have an idea how the data are scattered or how much they are 
bunched around a measure of central tendency. 
Consider now the runs scored by two batsmen in their last ten matches as follows: 
Batsman A : 30, 91, 0, 64, 42, 80, 30, 5, 117, 71 
Batsman B : 53, 46, 48, 50, 53, 53, 58, 60, 57, 52 


Clearly, the mean and median of the data are 


Batsman A Batsman B 
Mean 53 53 
Median 53 53 


Recall that, we calculate the mean of a data (denoted by x ) by dividing the sum 
of the observations by the number of observations, i.e., 
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Also, the median is obtained by first arranging the data in ascending or descending 
order and applying the following rule. 


n+1)" т 
If the number of observations is odd, then the median is ЕЗ observation. 


th 
n 
If the number of observations is even, then median is the mean of ( z) and 


oi 
n? l| observations. 


We find that the mean and median of the runs scored by both the batsmen A and 
B are same i.e., 53. Can we say that the performance of two players is same? Clearly 
No, because the variability in the scores of batsman A is from 0 (minimum) to 117 
(maximum). Whereas, the range of the runs scored by batsman B is from 46 to 60, 

Let us now plot the above scores as dots on a number line. We find the following 
diagrams: 


For batsman A 


ee H . LOB SENS . . 
0 10 20 30 40 50 60 70 80 90 100 110 120 
For batsman B Fig 15.1 
А vnl wre 
0 10 20 30 40 50 60 70 80 90 100 110 120 
Fig 15.2 


We can see that the dots corresponding to batsman B are close to each other and 
are clustering around the measure of central tendency (mean and median), while those 
corresponding to batsman A are scattered or more spread out. 

Thus, the measures of central tendency are not sufficient to give complete 
information about a given data. Variability is another factor which is required to be 
studied under statistics. Like *measures of central tendency’ we want to have a 
single number to describe variability. This single number is called a *measure of 
dispersion’ In this Chapter, we shall learn some of the important measures of dispersion 
and their methods of calculation for ungrouped and grouped data. 
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15.2 Measures of Dispersion 
The dispersion or scatter in a data is measured on the basis of the observations and the 
types of the measure of central tendency, used there. There are following measures of 
dispersion: 

(i) Range, (ii) Quartile deviation, (iii) Mean deviation, (iv) Standard deviation. 

In this Chapter, we shall study all of these measures of dispersion except the 
quartile deviation. 


15.3 Range 


Recall that, in the example of runs scored by two batsmen A and B, we had some idea 
of variability in the scores on the basis of minimum and maximum runs in each series. 
To obtain a single number for this, we find the difference of maximum and minimum 
values of each series. This difference is called the ‘Range’ of the data. 

In case of batsman A, Range = 117 —0 = 117 and for batsman B, Range = 60—46 = 14. 
Clearly, Range of A > Range of B. Therefore, the scores are scattered or dispersed in 
case of A while for B these are close to each other. i 
Thus, Range of a series = Maximum value — Minimum value. 

The range of data gives us a rough idea of variability or scatter but does not tell 
about the dispersion of the data from a measure of central tendency. For this purpose, 
we need some other measure of variability. Clearly, such measure must depend upon 
the difference (or deviation) of the values from the central tendency. 

The important measures of dispersion, which depend upon the deviations of the 
observations from a central tendency are mean deviation and standard deviation. Let 
us discuss them in detail. 


15.4 Mean Deviation 

Recall that the deviation of an observation x from a fixed value ‘a’ is the difference 
ха. In order to find the dispersion of values of x from a central value ‘a’ , we find the 
deviations about a. An absolute measure of dispersion is the mean of these deviations. 
To find the mean, we must obtain the sum of the deviations. But, we know that a 
measure of central tendency lies between the maximum and the minimum values of 
the set of observations. Therefore, some of the deviations will be negative and some 
positive. Thus, the sum of deviations may vanish. Moreover, the sum of the deviations 


from mean ( x ) is zero. 


. .  ,. Sum of deviations ^0 
alo Mean of deviations "Number of observations л 
Thus, finding the mean of deviations about mean is not of any use for us, as far 


as the measure of dispersion is concerned. 
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Remember that, in finding a suitable measure of dispersion, we require the distance 
of each value from a central tendency or a fixed number ‘a’. Recall, that the absolute 
value of the difference of two numbers gives the distance between the numbers when 
represented on a number line. Thus, to find the measure of dispersion from a fixed 
number ‘a’ we may take the mean of the absolute values of the deviations from the 
central value. This mean is called the ‘mean deviation’. Thus mean deviation about a 
central value ‘a’ is the mean of the absolute values of the deviations of the observations 
from ‘a’. The mean deviation from ‘a’ is denoted as M.D. (a). Therefore, 


Sum of absolute values of deviations from а” 
Number of observations ў 


M.D.(a) = 


Remark. Mean deviation may be obtained from any measure of central tendency. 
However, mean deviation from mean and median are commonly used in statistical 
studies. 

Let us now learn how to calculate mean deviation about mean and mean deviation 
about median for various types of data 


15.4.1 Mean deviation for ungrouped data Let n observations be x,, х, Xy, ...., X, 

The following steps are involved in the calculation of mean deviation about mean or 

median: 

Step 1 Calculate the measure of central tendency about which we are to find the mean 
deviation. Let it be ‘a’. 


Step 2 Find the deviation of each x from a, i.e., xi a, x, - a, x,- a... x-a 


3 


Step 3 Find the absolute values of the deviations, і.е., drop the minus sign (-), if it is 


x -d|,....x, -a| 


there, i.e., |x -a x-a], 


, 


Step 4 Find the mean of the absolute values of the deviations. This mean is the mean 
deviation about a, i.e., 


Ук -а| 
M.D (a) = - 
n 


Thus M.D. (х) ae У |x; - Х|, where x = Mean 
n 


i=l 


and MLD. (M) wy У - M|, where М = Median 
EET 
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[sg Note | In. this Chapter, we shall use the symbol M to denote median unless stated 
otherwise.Let us now illustrate the steps of the above method in following examples. 


Example 1 Find the mean deviation about the mean for the following data: 
6,7, 10, 12, 13, 4, 8, 12 

Solution We proceed step-wise and get the following: 

Step 1 Mean of the given data is 


6+74+10+12+13+44+8+12 172 
8 8 


x= =9 


Step 2 The deviations of the respective observations from the mean x, i.e., x-X are 
6-9,7-9,10-9,12-9,13-9,4-9,8-9,12-9, 
ог -3,-2,1,3,4,-5,-1,3 
Step 3 The absolute values of the deviations, i.e., |x; | are 
9,2, 1;3,4:5,1,3 


Step 4 Тһе required mean deviation about the mean is 


8 
Xs -x| 
EE! 


MD. (x) = = 


5 2 
> see +143) 2 = 2.75 


Instead of carrying out the steps every time, we can carry on calculatio i 
step-wise without referring to steps. Vp Qu n 


Example 2 Find the mean deviation about the mean for the following data : 
12,3, 18, 17,4, 9, 17, 19, 20, 15, 8, 17, 2, 3, 16, 11, 3, 1, 0, 5 


Solution We have to first find the mean (X ) of the given data 
12 200 
20 


The respective absolute values of the deviations from mean, i.e., |x, -x| are 
2,7,8,7,6, 1,7,9, 10, 5, 2,7, 8, 7, 6, 1,7,9, 10,5 


ПБ 
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20 
Therefore Хім -x| = 124 
i=l 
and м.р. (х oes =6.2 
20 


Example 3 Find the mean deviation about the median for the following data: 
3,9, 5, 3, 12, 10, 18, 4, 7, 19, 21. 


Solution Here the number of observations is 11 which is odd. Arranging the data into 
ascending order, we have 3, 3, 4, 5, 7, 9, 10, 12, 18, 19, 21 


Шах! 


th 
Now Median = ( | or 6" observation = 9 


The absolute values of the respective deviations from the median, i.e., |x; = M| are 
6, 6, 5, 4, 2, 0, 1, 3, 9, 10, 12 


11 

Therefore Yl - M|-58 
i=l 

and M.D.(M)= 


15.4.2 Mean deviation for grouped data We know that data сап be grouped into 
two ways : 

(a) Discrete frequency distribution, 

(b) Continuous frequency distribution. 

Let us discuss the method of finding mean deviation for both types of the data. 


(a) Discrete frequency distribution Let the given data consist of n distinct values 
Xp X, 4 X, Occurring with frequencies f, f, , ..., f, respectively. This data can be 
represented in the tabular form as given below, and is called discrete frequency 
distribution: 


хіх. 5, 


fU Һ f, 


(i) Mean deviation about mean 
First of all we find the mean x of the given data by using the formula 


x. x. 


Bit came te 
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n 
where 27 x, f, denotes the sum of ће products of observations x, with their respective 


izl 
frequencies f, and N — > f, is the sum of the frequencies. 
il 


Then, we find the deviations of observations х, from the mean x and take their 
absolute values, i.e., lx = x| for all i =1, 2,..., n. 


After this, find the mean of the absolute values of the deviations, which is the 
required mean deviation about the mean. Thus 


Xs = x| 1 Y 
M.D.(x) = 2— =H Lik Я 
УЛ іі 


iz 


(ii) Mean deviation about median To find mean deviation about median, we find the 
median of the given discrete frequency distribution. For this the observations are arranged 
in ascending order. After this the cumulative frequencies are obtained. Then, we identify 


N 
the observation whose cumulative frequency is equal to or just greater than cE where 


Nis the sum of frequencies. This value of the observation lies in the middle of the data, 
therefore, it is the required median. After finding median, we obtain the mean of the 
absolute values of the deviations from median.Thus, 


d n 
M.D(M) = X Y. 5-м 
isl 


Example 4 Find mean deviation about the mean for the following data : 
X у 2 6 8 107: 12 
А 2 8 10 7 8 2 
Solution Let us make a Table 15.1 of the given data and append other columns after 
calculations. 
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Table 15.1 


ee 1 
Х--- -х,--- x300- 7.5 
Therefore Х ШОГУ 40 


6 
and M.D. (x) == 2/7 |x -x| = 5 x 92 = 23 


Ехатіріе 5 Find the mean deviation about the median for the following data: 


CEVES et e RES 


Solution The given observations are already in ascending order. Adding a row 
corresponding to cumulative frequencies to the given data, we get (Table 15.2). 


Now, N=30 which is even. 
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Median is the mean of the 15^ and 16" observations. Both of these observations 
lie in the cumulative frequency 18, for which the corresponding observation is 13. 
15" observation +16" observation 13-13 


Therefore, Median M = - 
2 2 


15 


Now, absolute values of the deviations from median, i.e., |x; -М| аге shown in 
Table 15.3. 


Table 15.3 


8 8 
We һауе f,-30 and Y f, |х - M|-149 
ізі i=l 
8 
Therefore M.D. (M) == SS E: сі м| 
i=l 
1 
= —x149 -4.97. 
30 


(b) Continuous frequency distribution A continuous frequency distribution is a series 
in which the data are classified into different class-intervals without gaps alongwith 
their respective frequencies. 

For example, marks obtained by 100 students are presented in a continuous 
frequency distribution as follows : 


Marks obtained 10-20 | 20-30 40-50 | 50-60 


Number of Students [a | 6 | 


(i) Mean deviation about mean While calculating the mean of a continuous frequency 
distribution, we had made the assumption that the frequency in each class is centred at 
its mid-point. Here also, we write the mid-point of each given class and proceed further 
as for a discrete frequency distribution to find the mean deviation. 


Lét us take the following example. 
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Example 6 Find the mean deviation about the mean for the following data. 


Raisin Be sesso o ч 
каш [к кик эе 


Solution We make the following Table 15.4 from the given data : 
Table 15.4 


Number of 
students 


Х--- “Хх, ------45 
Therefore x N ХЛ 40 


and xtis- x|- 5400-10 


Shortcut method for calculating mean deviation about mean We can avoid the 
tedious calculations of computing x by following step-deviation method. Recall that in 
this method, we take an assumed mean which is in the middle or just close to it in the 
data. Then deviations of the observations (or mid-points of classes) are taken from the 
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assumed mean. This is nothing but the shifting of origin from zero to the assumed mean 
on the number line, as shown in Fig 15.3 


-60 —50 —40 -30 -20 -10 0 10 20 30 40 50 60«—-After 
. . . . . . . . . . . * deviations 


Ned 0 10 20 30 40 50 60 70 80 90 100 110 120 
eviatioris 

Assumed 

Mean 

Fig 15.3 


If there is a common factor of all the deviations, we divide them by this common 
factor to further simplify the deviations. These are known as step-deviations. The 
process of taking step-deviations is the change of scale on the number line as shown in 
Fig 15.4 


Step 
BO 26 25154. —3 -2 21. 01-22: 7:2. 745 9 
Deviations from deviations 
> —60 -50 -40 -30 -20 -10 0 10 20 30 40 50 60 
assumed mean e e а e e o Hago 24777428 


0 10 20 30 40 50 60 70 80 90 100 110 120 


Assumed 
Mean 


Fig 15.4 


The deviations and step-deviations reduce the size of the observations, so that the 
computations viz. multiplication, etc., become simpler. Let, the new variable be denoted 


byd. = EET. , where ‘a’ is the assumed mean and h is the common factor. Then, the 
h 


i 


mean y by step-deviation method is given by 


X. fidi 
t= 2 <n 
N 


Let us take the data of Example 6 and find the mean deviation by using step- 
deviation method. 
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' Take the assumed mean а = 45 and h = 10, and form the following Table 15.5. 
Table 15.5 


x, —45 А a 
obtained | students 
fi x, 


7 
У fi di 
Therefore xc EIE Уу 
= 45+ — х10= 45 
ANUS ц 400 _ 
and M.D. ee Dale -x|- Fy = 10 


The step deviation method is applied to compute х . Rest of the procedure 
is same. 


(ii) Mean deviation about median The process of finding the mean deviation about 
median for a continuous frequency distribution is similar as we did for mean deviation 
about the mean. The only difference lies in the replacement of the mean by median 
while taking deviations. 

Let us recall the process of finding median for a continuous frequency distribution. 

The data is first arranged in ascending order. Then, the median of continuous 
frequency distribution is obtained by first identifying the class in which median lies 
(median class) and then applying the formula 
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N 
—-C 
Median 214 2 —xh 
ij 
where median class is the class interval whose cumulative frequency is just greater 


N 
than or equal to 2” Nis the sum of frequencies, L, f, h and C are, respectively the lower 


limit , the frequency, the width of the median class and C the cumulative frequency of 
the class just preceding the median class. After finding the median, the absolute values 


of the deviations of mid-point x, of each class from the median i.e., |х; = M| are obtained. 
л 
Тһеп M.D. (M) = x 2, fi |x; т M| 
i= 


The process is illustrated in the following example: 


Example 7 Calculate the mean deviation about median for the following data : 


Solution Form the following Table 15.6 from the given data : 


ўз 
6 
7. 
15 
16 
4 


Table 15.6 


Б - Мед) 7 ls - Med] 


23 
13 
3 
7 
17 
27 
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м" Е : 2 
‘The class interval containing A or 25" item is 20-30. Therefore, 20-30 is the median 


class. We know that 
N 


—-C 
Median = / + i xh 


Here Г = 20, C = 13, f = 15, h = 10 and N = 50 


25-19 


Therefore, Median = 20+ x10 22048228 


Thus, Mean deviation about median is given by 


$ 1 
M.D. (М) = <> fils -мі = ss = 10.16 
izl 


| 
Find the mean deviation about the mean for the data in Exercises 1 and 2. 
1. 4,7,8,9,10, 12, 13, 17 
2. 38,70, 48, 40, 42, 55, 63, 46, 54, 44 
Find the mean deviation about the median for the data in Exercises 3 and 4. 
3. 13,17,16, 14, 11, 13, 10, 16, 11, 18, 12, 17 
4. 36,72, 46, 42, 60, 45, 53,46, 51, 49 
Find the mean deviation about the mean for the data in Exercises 5 and 6. 
5. x, 5 10:4//215--4120:%225 
/ 7 4 6 3 5 
6: ТОЗО ЗОЛ 7005590 
iff 4 24 28 16 8 
Find the mean deviation about the median for the data in Exercises 7 and 8. 
Лл, 5 7) 9 10:912 1 715 
T 8 6 2 2 2 6 
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Find the mean deviation about the mean for the data in Exercises 9 and 10. 
9. Income 0-100 100-200 200-300 300-400 400-500 500-600 600-700 700-800 


per day 
Number 4 8 9 10 7 5 4 3 
of persons 

10. Height 95-105 105-115 115-125 125-135 135-145 145-155 
in cms 
Number of 9 13 26 30 12 10 
boys 

11. Find the mean deviation about median for the following data : 
Marks 0-10 10-20 20-30 30-40 40-50 50-60 
Number of 6 8 14 16 4 2 
Girls 


12. Calculate the mean deviation about median age for the age distribution of 100 
persons given below: 


Age 16-20 2125 26-30 31-35 36-40 41-45 46-50 51-55 
Number 5 6 12 14 26 12 16 9 


[ Hint Convert the given data into continuous frequency distribution by subtracting 0.5 
from the lower limit and adding 0.5 to the upper limit of each class interval] 


15.4.3. Limitations of mean deviation Іп a series, where the degree of variability is 
very high, the median is not a representative central tendency. Thus, the mean deviation 
about median caleulated for such series can not be fully relied. 

The sum of the deviations from the mean (minus signs ignored) is more than the 
sum of the deviations from median. Therefore, the mean deviation about the mean is 
not very scientific.Thus, in many cases, mean deviation may give unsatisfactory results. 
Also mean deviation is calculated on the basis of absoluté values of the deviations and 
therefore, cannot be subjected to further algebraic treatment. This implies that we 
must have some other measure of dispersion. Standard deviation is such a measure of 
dispersion. 

15.5 Variance and Standard Deviation 
Recall that while calculating mean deviation about mean or median, the absolute values 
of the deviations were taken. The absolute values were taken to give meaning to the 
mean deviation, otherwise the deviations may cancel among themselves. 

Another way to overcome this difficulty which arose due to the signs of deviations, 
is to take squares of all the deviations. Obviously all these squares of deviations are 
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non-negative. Let x,, X, X, ..., x, be л observations and х be their mean. Then 
c 2 
ту тү? EVI +ү 
(а-а) + & XP ыл Ек G-X)-»0G-xY. 
і-і 


If this sum is zero, then each (x, —X) has to be zero. This implies that there is по 


dispersion at all as all observations are equal to the mean x . 


n 
If 21% -Х) is small , this indicates that the observations Xp Xy X... X, аге 


ial 
close to the mean x and therefore, there is a lower degree of dispersion. On the 
contrary, if this sum is large, there is a higher degree of dispersion of the observations 


n » 
ry H . . 
from the mean x . Can we thus say that the sum X (X; — X)" is a reasonable indicator 


i=l 
of the degree of dispersion or scatter? 
Let us take the set A of six observations 5, 15, 25, 35, 45, 55. The mean of the 
observations is x = 30. The sum of squares of deviations from x for this set is 


6 
У (2-2). (5-30)? + (15-30)? + (25-30)? + (35-30)? + (45-30)? «(55-30 


ізі 
= 625 + 225 + 25 + 25 + 225 + 625 = 1750 

Let us now take another set B of 31 observations 15, 16, 17, 18, 19, 20, 21, 22, 23, 
24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45. The 
mean of these observations is y = 30 

Note that both the sets A and B of observations have a mean of 30. 

Now, the sum of squares of deviations of observations for set B from the mean y is 
given by 


3l 
Уо, = 7) -(15-30y (16-30) + (17-30)? + ... (44-30)? +(45—30)° 


(-15) (14) + .. (CI? + 0? + 124 22+ 324 + 1424 152 
2 [15+ 14 +... + 01] 
k 2x XC DOO) 


I 


=5x 16 x 31 = 2480 


n+l) 01+) 


(Because sum of squares of first n natural numbers = 6 


. Неге n = 15) 
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n 
=\2 Ж t . а 
If > (х=). is simply our measure of dispersion or scatter about mean, we 
Т 


will tend to say that the set A of six observations has a lesser dispersion about the mean 
than the set В of 31 observations, even though the observations in set А are more 
scattered from the mean (the range of deviations being from —25 to 25) than in the set 
B (where the range of deviations is from —15 to 15). 

This is also clear from the following diagrams. 


For the set A, we have 


0 s Hoo ce Ou E 


Mean 
Fig 15.5 
For the set B, we have 


еееееееетеетееететесегеететееееее 


0 Sui AO AS ы Жала) 


Mean 
Fig 15.6 


Thus, we can say that the sum of squares of deviations from the mean is not a proper 
measure of dispersion. To overcome this difficulty we take the mean of the squares of 


Ie Eg 
the deviations, i.e., we take m SG, —X) Іп case of the set A, we have 
i=l 
1 
31 
This indicates that the scatter or dispersion is more іп set A than the scatter or dispersion 
in set B, which confirms with the geometrical representation of the two sets. 


1 
Меап - 5х 1750 = 291.67 and in case of the set В, it is =~ x 2480 = 80. 


1 ү 
Thus, we can take x > (X, —X) asa quantity which leads to a proper measure 


of dispersion. This number, i.e., mean of the squares of the deviations from mean is 
called the variance and is denoted by g^ (read as sigma square). Therefore, the 


variance of n observations x,, X,- x, is given by 
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2 Ls 
o= - Y-xy 
n i=l 

15.5.1 Standard Deviation In the calculation of variance, we find that the units of 
individual observations x, and the unit of their mean x are different from that of variance, 
since variance involves the sum of squares of (x—x ). For this reason, the proper 
measure of dispersion about the mean of a set of observations is expressed as positive 
Square-root of the variance and is called standard deviation. Therefore, the standard 
deviation, usually denoted by ø , is given by 


= 1 n 2 2 
o= |- 56 х) ЕСІ) 


Let us take the following example to illustrate the calculation of variance and 
hence, standard deviation of ungrouped data. 


Example 8 Find the Variance of the following data: 
6, 8, 10, 12, 14, 16, 18, 20, 22, 24 


Solution From the given data we can form the following Table 15.7. The mean is 
calculated by step-deviation method taking 14 as assumed mean. The number of 
observations is n = 10 

Table 15.7 


Deviations from mean 
Ө) 


9 
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$4 y 


Therefore Mean X = assumed mean + 2— x л = атн 
п 
122 BN 
and Variance (0°) = 5 05-5) E 
i=l 


Thus Standard deviation (ø ) = J33 =5.74 


15.5.2 Standard deviation of a discrete frequency distribution Let the given discrete 
frequency distribution be 
x) XS aoe sree the 


fi fy fe fef 


In this case standard deviation ( (с) = LS sc fe - xy 220 
i=l 


where N=D fe 


i=l 
Let us take up following example. 
Example 9 Find the variance and inii deviation for the following data: 
i T 271 


Table 15.8 
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7 7 
N 230, > fix 7420, Y. f (x,- x). =1374 
i=l i=l 


Therefore xd =— x420-14 
N 
1 ш 2 
Непсе variance (с?) = N Х/6- 9 
isl 
= 24 1374 = 45.8 
А IET 
and Standard deviation (о) = J45.8 = 6.77 


15.5.3 Standard deviation of a continuous frequency distribution The given 
continuous frequency distribution can be represented as a discrete frequency distribution 
by replacing each class by its mid-point. Then, the standard deviation is calculated by 


the technique adopted in the case of a discrete frequency distribution. 


If there is a frequency distribution of n classes each class defined by its mid-point 


x, with frequency f, the standard deviation will be obtained by the formula 


C= 


Ж Ло- xy T 
ігі 


2|- 


where x is the mean of the distribution and N Буу Ж. 


isl 


Another formula for standard deviation We know that 


Variance (02) 


1 n 1 n 2, 
=N AÁHO0- X)'2-— У fa. x'-2xx) 
“> х Х 


п 


| bon DE Ўз | 


іі ігі ігі 


| Yu PY Yu] 
і-і 


i=l isl 
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ас 1 5x tx! N-27. na | nens = жо Уал- “| 


i=l ізі 


“ --ұфа ЕЕ) ебе (бн) | 


ізі із! 


Thus, standard deviation (о) = кү x, (4) (3) 


Example 10 Calculate the mean, variance and standard deviation for the following 
distribution : 

Class 30-40 40-50 50-60 60-70 70-80 80-90 90-100 

Frequency 3 7 12 15 8 3 2 
Solution From the given data, we construct the following Table 15.9. 


Table 15.9 
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hE ЗЫ; 2 


1 
Mean x = — 
Thus e N £ 5 


mM- 
Жы, 


1 
Variance (с?) = x 5/6 -xy 


= + x 10050 = 201 
50 


“and Standard deviation (с) = /201 =14.18 


Example 11 Find the standard deviation for the following data : 


Solution Let us form the following Table 15.10: 


Table 15.10 


AE 


63 

80 | 64| 640 

195 2535 

180 | 324 | 3240 
sur 138 BS E 


| 9652 | 


1 2 
o = VND Six -(X Fx) 
1 | 2 
= — 448x9652- (61 
48 X Шы 
b rose Pone 
= — 4463296 — 37699 
48 xs 
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1 
= —X293.77 = 
48 6.12 


Therefore, Standard deviation (С) = 6.12 


15.5.4. Shortcut method to find variance and standard deviation Sometimes the 
values of x, in a discrete distribution or the mid points x, of different classes in a 
continuous distribution are large and so the calculation of mean and variance becomes 
tedious and time consuming. By using step-deviation method, it is possible to simplify 
the procedure. 


1 
Let the assumed mean be ‘A’ and the scale be reduced tor times (h being the 


width of class-intervals). Let the step-deviations or the new values be y,. 


xA 


i.e. у= or х=А+ һу, ES LEA 


Yn 


We know that E: ПИ Т! > 22) 


Replacing x, from (1) in (2), we get 


Y (Ah) 


Wes MS 


N 


Zoe ҚА улул») 


i=l i=l 


Y д 
on faa © because = № 
AEN Ў 
N N 
Thus x=Athy С 
2L bx za 
Now Variance of the variable x, 9x m ui X -X) 


= LA (At -А-#у)' (Using (1) and (3)) 


ігі 
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1 z 2 -—2 
Зур, у) 
=N È, fi oi») 


hes e 
- —у, fi O: — XY = х variance of the variable y, 


Nia 
x Жау? 
ie. epum h б, 
or g,- ho, 


From (3) and (4), we have 


- (4) 


e (5) 


Let us solve Example 11 by the short-cut method and using formula (5) 


Examples 12 Calculate mean, Variance and Standard Deviation for the following 


distribution. 


Solution Let the assumed mean A = 65. Here h = 10 
We obtain the following Table 15.11 from the given data : 


Table 15.11 
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Therefore x= Аа 20,8 es - 9-62 
50 50 
ГА 7 2 
Variance с2= 5% NX fie (Efi ) | 
2 
10 
E: (09) [50x105 - cis? ] 
(50) 


z Es [5250 — 225] - 201 
25 


and standard deviation (с)= /201 = 14.18 


Find the mean and variance for each of the data in Exercies 1 to 5. 
1. 6,7,10,12, 13,4,8, 12 


ә 


First п natural numbers 


3. First 10 multiples of 3 


Find the mean and variance for the following frequency distributions in Exercises 
7 and 8. 
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Classes 


[Frequencies | 5 | 


9. Find the mean, variance and standard deviation using short-cut method 


Height | 70-75| 75-80|80-85| 85-90 95-100 | 100-105}105-110] 110-115 
in cms 

children 

10. The diameters of circles (in mm) drawn in a design are given below: 


3336 
n 


Calculate the standard deviation and mean diameter of the circles. 


[E 


[ HintFirst make the data continuous by making the classes as 32.5-36.5, 36.5-40.5, 
40.5-44.5, 44.5 - 48.5, 48.5 - 52.5 and then proceed.] 


15.6 Analysis of Fi requency Distributions 
In earlier sections, we have studied about some types of measures of dispersion. The 
mean deviation and the standard deviation have the same units in which the data are 
given. Whenever we want to compare the variability of two series with same mean, 
Which are measured in different units, we do not merely calculate the measures of 
dispersion but we require such measures which are independent of the units. The 
measure of variability which is independent of units is called coefficient of variation 
(denoted as C.V.) 
The coefficient of variation is defined as 


CV.=2x100 , x «0, 
X 


where б and X are the standard deviation and mean of the data. 

For comparing the variability or dispersion of two series, we calculate the coefficient 
of variance for each series, The series having greater C. V. is said to be more variable 
than the other. The series having lesser C.V. is said to be more consistent than the 
other. 
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15.6.1 Comparison of two frequency distributions with same mean Let X, and o 
1 


be the mean and standard deviation of the first distribution, and х апас, be the 
mean and standard deviation of the second distribution. 


[ед 
Тһеп СУ. (Ist distribution) = — X100 
1 


9» 
and C. V. (2nd distribution) = X^ 100 
Given X = X, = X (say) 


Therefore C.V. (Ist distribution) = 2100 0) 
х 


с; 
апа C.V. (2nd distribution) - - x100 > (2) 


It is clear from (1) and (2) that the two C. Vs. сап be compared on the basis of values 
of б, and б, only. 

Thus, we say that for two series with equal means, the series with greater standard 
deviation (or variance) is called more variable or dispersed than the other. Also, the 
series with lesser value of standard deviation (or variance) is said to be more consistent 
than the other. 

Let us now take following examples: 


Example 13Two plants A and B of a factory show following results about the number 
of workers and the wages paid to them. 


A B 
No. of workers 5000 6000 
Average monthly wages Rs 2500 Rs 2500 
Variance of distribution 81 100 


of wages 
In which plant, A or B is there greater variability in individual wages? 


SolutionThe variance of the distribution of wages in plant A ( с> )= 81 


Therefore, standard deviation of the distribution of wages in plant A (0; )=9 
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Also, the variance of the distribution of wages in plant B ( o, )= 100 


Therefore, standard deviation of the distribution of wages in plant B (0, ) = 10 


Since the average monthly wages in both the plants is same, i.e., Rs.2500, therefore, 
the plant with greater standard deviation will have more variability. 
Thus, the plant B has greater variability in the individual wages. 


Example 14 Coefficient of variation of two distributions are 60 and 70, and their 
standard deviations are 21 and 16, respectively. What are their arithmetic means. 


Solution Given С.У. (Ist distribution) = 60, С, = 21 
С.У. (2nd distribution) = 70, О, = 16 


Let x, and x, be the means of Ist and 2nd distribution, respectively. Then 


с 
С.У. (Ist distribution) = x x 100 


Therefore 60 = E x100 or x, -2 100 239 
x 60 
б, 
апа C.V. (2nd distribution) = Xx x100 
ie. e(t ДЕ ido ee 16 ioa 22.85 
x, 70 


Example 15 The following values are calculated in respect of heights and weights of 
the students of a section of Class XI : 


Height Weight 
Mean 162.6 cm 52.36 kg 
Variance 127.69 cm? 23.1361 kg? 


Can we say that the weights show greater variation than the heights? 
Solution To compare the variability, we have to calculate their coefficients of variation. 
Given Variance of height = 127.69cm? 


Therefore Standard deviation of height = 4/127 69cm = 11.3 cm 
Also Variance of weight = 23.1361 kg? 
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Therefore Standard deviation of weight = /23.1361 kg = 4.81 kg 
Now, the coefficient of variations (C.V.) are given by 


and 


Ў қ Standard Deviati 
(С.У.) in heights = Renae. pevne x100 


Mean 
11.3 
= — x100 = 
1626 6.95 
4.81 
(C.V.) іп weights - x100 = 9.18 


52.36 


Clearly С.У. in weights is greater than the С.У. in heights 
Therefore, we can say that weights show more variability than heights. 


nN 


EXERCISE 15.3 


From the data given below state which group is more variable, A or B? 


fas fa} sf 7 


[у пов | 107 | 105 | 105 


An analysis of monthly wages paid to workers in two firms A and B, belonging to 
the same industry, gives the following results: 


Firn A Firm B 


No. of wage earners 586 648 
Mean of monthly wages Rs 5253 Rs 5253 
Variance of the distribution 100 121 
of wages 


() Which firm A or B pays larger amount as monthly wages? 


Gi) Which firm, A or B, shows greater variability in individual wages? 
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4. The following is the record of goals scored by team A in a football session: 


For the team B, mean number of goals scored per match was 2 with a standard 
deviation 1.25 goals. Find which team may be considered more consistent? 

5. Тһе sum and sum of squares corresponding to length x (in cm) and weight y 
(in gm) of 50 plant products are given below: 


50 


Ух=212, s -902.8. Xn mas. Y» = 1457.6 


i=l ігі i=l 
Which is more varying, the length or weight? 
Miscellaneous Examples 


Example 16 The variance of 20 observations is 5. If each observation is multiplied by 
2, find the new variance of the resulting observations. 


Solution Let the observations be Xp Xy ++) X, and x be their mean. Given that 
variance = 5 and n = 20. We know that 


Variance (т ')=1 LPa ,ie., Зар, LSe -xy 


nij ігі 


20 
or 3G -xY-100 mo 
i=l 


If each observation is multiplied by 2, and the new resulting observations are у» then 


742 
OM CENE үлі 1< 
"hereto dart" 73 2x = ur 
ie У-2Х or X= 17 
2 


Substituting the values of x, and x in (1), we get 
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20 (1 1 2 20 
(32-37) =100 ie. У (у- yy = 400 


i=l іі 


1 
Thus the variance of new observations - 20 x 400= 20-2? x 5 


[ав Note |The reader may note that if each ol 


k, the variance of the resulting observations becomes А times the o ginal variance. 


Ехатріе17 The mean of 5 observations is 4.4 and their variance is 8.24. If three of 
the observations аге 1, 2 and 6, find the other two observations. 


Solution Let the other two observations be x and y. 
Therefore, the series is 1, 2, 6, x, y. 


Now Mean Х-44- 1021612015 
or 2220€ xy 
Therefore x+y=13 y 
z ES UR 
Also variance = 8.24 = — SG -Х) 
n га 


ie. 8.24 = + (3.4) + (2.4)* +(1.6) + х? + у*—2х44(х+ у)+ 2x (44). 
or 41.20 = 11.56 + 5.76 + 2.56 + x? + y! -8.8 x 13 + 38.72 


Therefore x-y =97 s Q) 
But from (1), we have 

Xy! 2xy- 169 S0, 
From (2) and (3), we have 

2xy 272 FY (4) 


Subtracting (4) from (2), we get 

xy - 2x = 97 72 іе. (x-) 225 
or х-у= + 5 ЖО) 
So, from (1) and (5), we get 

x=9, y=4 when x-y-5 

or x=4,y=9 whenx-y--5 
Thus, the remaining observations are 4 and 9. 
Example 18 If each of the observation X,, Xy 1 
negative or positive number, show that the variance remains unc 


X, dS increased by ‘a’, where a is à 
hanged. 
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Solution Let x be the mean of x,, X, -әХ,. Then the variance is given by 


l1 Е 
аг = DW BSE 
nia 
If ‘a is added to each observation, the new observations will be 
y-7X-a e (1) 


Let the mean of the new observations be y. Then \ 


ll 
з | 
ie. 
M: 
E 
: 
“Ms: 
a 
11 
| = 
M 
+ 
E 
1 
кі 
+ 
a 


іе, У-Хға 0) 
Thus, the variance of the new observations 


12 MM тл LA 
„ше 0I Yer DG +a- X-a) [Using (1) and (2)] 


1X 65 
= -Y OAD eee о 
пыш 
Thus, the variance of the new observations is same as that of the original observations. 


We may note that adding (or subtracting) a positive number to (or from) 
each observation of a group does not affect the variance. 


Example 19 The mean and standard deviation of 100 observations were calculated as 
40 апа 5.1, respectively by a student who took by mistake 50 instead of 40 for one 
observation. What are the correct mean and standard deviation? 


Solution Given that number of observations (n) = 100 


Incorrect mean (x) 240, 
Incorrect standard deviation (0) 2 5.1 


1 
We know that Xm NT 
22 
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ie. Incorrect sum of observations = 4000 
Thus the correct sum of observations = Incorrect sum — 50 + 40 


= 4000 — 50 + 40 = 3990 


correct sum _ 3990 _ 


^ C t z~ ~ 
Hence ‘orrect mean 100 100 = 39.9 


Also Standard deviation o 


i.e. 
or 2601- 76 пота $ x? - 1600 
Therefore Incorrect ne = 100 (26.01 + 1600) = 162601 
isl 
Now Correct XS = Incorrect x р — (50)? + (40)? a 


ігі 
| = 162601 - 2500 + 1600 = 161701 


| Therefore Correct standard deviation 
| 


Correct x. 2 
Ea (шәй — (Correct mean)” 
n 


| 161701 À 
= — (39.9) 
100 


= ,/1617.01- 1592.01 = 4/25 =5 


380 | MATHEMATICS 


Miscellaneous Exercise On Chapter 15 


The mean and variance of eight observations are 9 and 9.25, respectively. If six 
of the observations are 6, 7, 10, 12, 12 and 13, find the remaining two observations. 
The mean and variance of 7 observations are 8 and 16, respectively. If five of the 
observations are 2, 4, 10, 12, 14. Find the remaining two observations, 

The mean and standard deviation of six observations are 8 and 4, respectively. If 
each observation is multiplied by 3, find the new mean and new standard deviation 
of the resulting observations. 

Given that x is the mean and o? is the variance of n observations Ж, n 
Prove that the mean and variance of the observations ах, ах„ ах, ...., ах, are 
ах and a^ c^, respectively, (a # 0). 

The mean and standard deviation of 20 observations are found to be 10 and 2, 
respectively. On rechecking, it was found that an observation 8 was incorrect. 
Calculate the correct mean and standard deviation in each of the following cases: 
(i) If wrong item is omitted. (ii) If it is replaced by 12. 

The mean and standard deviation of marks obtained by 50 students of a class in 
three subjects, Mathematics, Physics and Chemistry are given below: 


Subject Mathematics Physics Chemistry 


Mean 42 32 40.9 
Standard 12 15 20 
deviation 


which of the three subjects shows the highest variability in marks and which 
shows the lowest? 

The mean and standard deviation of a group of 100 observations were found to 
be 20 and 3, respectively. Later on it was found that three Observations were 
incorrect, which were recorded as 21, 21 and 18. Find the mean and standard 
deviation if the incorrect observations are omitted. 


, 


Summary 


Ф Measures of dispersion Range, Quartile deviation, mean deviation, variance, 
standard deviation are measures of dispersion. 
Range = Maximum Value — Minimum Value 

® Mean deviation for ungrouped data 


M.D.() -2e MD. (му 245- MI 
n 
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* Mean deviation for grouped data 
су ХА] X fils -М| 
M.D. (x) = =————,,_ МрДЦМ)- — AN у 
(x) N (M) N , Where № У Í 
® Variance and standard deviation for ungrouped data 
57557) A2 1 +\? 
o=- Y-xy, - QàÀG-3 
n 
* Variance and standard deviation of a discrete frequency distribution 


=i Eha- o= JEEG 


Variance and standard deviation of a continuous frequency distribution 


› 57 1 
=E Ул), ө= INE Sa (Уа), 


* Shortcut method to find variance and standard deviation. 


Ф 
> 


Ф 


2 pe 2 h 
ЖЫЛИ ОЗ NEA -Quay, 
here YOU NOE 
where у; = n 


с ub 
* Coefficient of variation (C.V.) — 271099 * 0. 


For series with equal means, the series with lesser standard deviation is more consistent 
or less scattered. 


Historical Note 

‘Statistics’ is derived from the Latin word ‘status’ which means a political 
state. This suggests that statistics is as old as human Givilisation. In the year 3050 
B.C., perhaps the first census was held in Egypt. In India also, about 2000 years 
ago, we had an efficient system of collecting administrative statistics, particularly, 
during the regime of Chandra Gupta Maurya (324-300 B.C.). The system of 
collecting data related to births and deaths is mentioned in Kautilya’s Arthshastra 
(around 300 B.C.) A detailed account of administrative surveys conducted during 
Akbar's regime is given in Ain-I-Akbari written by Abul Fazl. 
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1674) is known as father of vital 
and deaths. Jacob Bernoulli 


. Captain John Graunt of Lon 
statistics due to his studies 


(1654-1705) stated the Law of book “Ars Conjectandi’, 
published in 1713. 

The theoretical developmi during the mid seventeenth 
century and continued after th of theory of games and 
chance (i.e., probability). F n Englishman, pioneered 


] Pearson (1857-1936) 
dies with his discovery 
oratory in England (1911). 
ather of modern statistics, 
netics, Biometry, Education, 


the use of statistical metha 
contributed a lot to the di 
of Chi square test and fou 
Sir Ronald A. Fisher (1890 
applied it to various diversi 
Agriculture, etc. 


Chapter | 0 


( PROBABILITY | 


4 Where а mathematical reasoning can be had, it is as great а folly to 
make use of any other, as to grope for a thing in the dark, when 
you have a candle in your hand. - JOHN ARBUTHNOT % 


16.1 Introduction 


In earlier classes, we studied about the concept of 
probability as a measure of uncertainty of various 
phenomenon. We have obtained the probability of getting 


Зай 
an even number іп throwing а die as gi y Here the 


total possible outcomes are 1,2,3,4,5 and 6 (six in number). 
The outcomes in favour of the event of ‘getting an even 
number' are 2,4,6 (i.e., three in number). In general, to 
obtain the probability of an event, we find the ratio of the 
number of outcomes favourable to the event, to the total 
number of equally likely outcomes. This theory of probability Kolmogorov 
is known as classical theory of probability. Dd 

In Class IX, we learnt to find the probability on the basis of observations and 
collected data. This is called statistical approach of probability. | 

Both the theories have some serious difficulties. For instance, these theories can 
not be applied to the activities/experiments which have infinite number of outcomes. In 
classical theory we assume all the outcomes to be equally likely. Recall that the огош 
аге called equally likely when we have no reason to believe that one is more likely to 
occur than the other. In other words, we assume that all outcomes have equal chance 
(probability) to occur. Thus, to define probability, we used equally likely or — 
probable outcomes. This is logically not a correct definition. Thus, another le 
probability was developed by A.N. Kolmogorov, а Russian mathematician, in 1933. 
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laid down some axioms to interpret probability, in his book ‘Foundation of Probability’ 
published in 1933. In this Chapter, we will study about this approach called axiomatic 
approach of probability. To understand this approach we must know about few basic 
terms viz. random experiment, sample space, events, etc. Let us learn about these all, 
in what follows next. 


16.2 Random Experiments 


In our day to day life, we perform many activities which have a fixed result no matter 
any number of times they are repeated, For example given any triangle, without knowing 
the three angles, we can definitely say that the sum of measure of angles is 180°. 

We also perform many experimental activities, where the result may not be same, 
when they are repeated under identical conditions. For example, when a coin is tossed 
it may turn up a head or a tail, but we are not sure which one of these results will 
actually be obtained. Such experiments are called random experiments, 

An experiment is called random experiment if it satisfies the following two 
conditions: 

(i) It has more than one possible outcome. 
Gi) Itis not possible to predict the outcome in advance. 


Check whether the experiment of tossing a die is random or not? 
In this chapter, we shall refer the random experiment by experiment only unless 
stated otherwise. 


16.2.1 Outcomes and sample space А possible result of a random experiment is 
called its outcome. 

Consider the experiment of rolling a die, The outcomes of this experiment are 1, 
2, 3, 4, 5, or 6, if we are interested in the number of dots on the upper face of the die. 

The set of outcomes (1, 2, 3, 4, 5, 6} is called the sample space of the experiment. 

Thus, the set of all possible outcomes of a random experiment is called the sample 
space associated with the experiment. Sample space is denoted by the symbol S. 

Each element of the sample space is called a sample point. In other words, each 
outcome of the random experiment is also called sample point. 

Let us now consider some examples, | 


Example 1 Two coins (a опе тирее coin and a two гирее coin) are tossed once. Find 
a sample space. 


Solution Clearly the coins are distinguishable in the sense that we can speak of the 
first coin and the second coin. Since either coin can turn up Head (H) or Tail(T), the 
possible outcomes may be 
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Heads on both coins = (H,H) = HH 

Head on first coin and Tail on the other = (H,T) = HT 
Tail on first coin and Head on the other = (T,H) = TH 
Tail on both coins = (T,T) = TT 

Thus, the sample space is S = (HH, HT, TH, TT} 


[æ Note | 


sake of simplicity the comn ordered i A 
Example 2 Find the sample space associated with the experiment of rolling a pair of 


dice (one is blue and the other red) once. Also, find the number of elements of this 
sample space. 


Solution Suppose 1 appears on blue die and 2 on the red die. We denote this outcome 
by an ordered pair (1,2). Similarly, if ‘3’ appears on blue die and “5” on red, the outcome 
is denoted by the ordered pair (3,5). 

In general each outcome can be denoted by the ordered pair (x, y), where x is 
the number appeared on the blue die and y is the number appeared on the red die. 
Therefore, this sample space is given by 

S = {(x, y): x is the number on the blue die and y is the number on the red die]. 
The number of elements of this sample space is 6 x 6 = 36 and the sample space is 
given below: 

{(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (2,1), (2,2), (2,3), (2,4), (2.5), (2,6) 

(3,1), (3,2), (3,3), (3,4), (3,5), (3,6), (4,1), (4,2), (4,3), (4,4), (4,5), (4,6) 

(5,1), (5,2), (5,3), (5.4), (5,5). (5,6), (6.1), (6,2). (6,3), (6.4), (6,5), (6,6)] 
Example 3 In each of the following experiments specify appropriate sample space 

(i) A boy has a 1 rupee coin, a 2 rupee coin and a 5 rupee coin in his pocket. He 

takes out two coins out of his pocket, one after the other. 

(ii) А person is noting down the number of accidents along a busy highway 

during a year. 


Solution (i) Let Q denote a 1 rupee coin, H denotes a 2 rupee coin and R denotes a 5 
rupee coin. The first coin he takes out of his pocket may be any one of the three coins 
О, Hor R. Corresponding to Q, the second draw may be Н or К. So the result of two 
draws may be QH or QR. Similarly, corresponding to H, the second draw may be 
Qor К. 

Therefore, the outcomes may be HQ or HR. Lastly, corresponding to R, the second 
draw may be H or Q. 

So, the outcomes may be RH or RQ. 
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Thus, the sample space is S-(QH, QR, HQ. HR, RH, RQj 
(i) Тһе number of accidents along a busy highway during the year of observation 
can be either 0 (for no accident ) or 1 or 2, or some other positive integer. 
Thus, a sample space associated with this experiment is S= {0,1,2,...} 


Example 4 A coin is tossed. If it shows head, we draw a ball from a bag consisting of 
3 blue and 4 white balls; if it shows tail we throw a die. Describe the sample space of 
this experiment. 

Solution Let us denote blue balls by B,, В„ В, and the white balls by W,, W, W, W, 
Then a sample space of the experiment is 

S = { НВ, HB, HB, HW, HW,, HW, HW, Т1, T2, T3, Т4, T5, T6]. 

Here HB, means head on the coin and ball B, is drawn, HW, means head on the coin 
and ball W, is drawn. Similarly, Ti means tail on the coin and the number i on the die. 


Example 5 Consider the experiment in which a coin is tossed repeatedly until a head 
comes up. Describe the sample space. 


SolutionIn the experiment head may come up on the first toss, or the 2nd toss, or the 
ard toss and so on till head is obtained. Hence, the desired sample space is 


S- (H, TH, TTH, TTTH, TTT TH,...) 


In each of the following Exercises 1 to 7, describe the sample space for the indicated 
experiment. 
. A coin is tossed three times. 
. A die is thrown two times. 
. A coin is tossed four times. 
. A coin is tossed and a die is thrown. 
. A coin is tossed and then a die is rolled only in case a head is shown on the coin. 
. 2 boys апа 2 girls are in Room X, and 1 boy and 3 girls in Room Y. Specify the 
sample space for the experiment in which a room is selected and then a person. 
7. One die of red colour, one of white colour and one of blue colour are placed in a 
bag. One die is selected at random and rolled, its colour and the number on its 
uppermost face is noted. Describe the sample space. 
8. An experiment consists of recording boy-girl composition of families with 2 
children. 
(i) What is the sample space if we are interested in knowing whether it is a boy 
or girl in the order of their births? 


с Un RU ы к 
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(ii) What is the sample space if we are interested in the number of girls in the 
family? 

9. A box contains 1 red and 3 identical white balls. Two balls are drawn at random 

in succession without replacement. Write the sample space for this experiment. 

10. An experiment consists of tossing a coin and then throwing it second time if a 
head occurs. If a tail occurs on the first toss, then a die is rolled once. Find the 
sample space. 

11. Suppose 3 bulbs are selected at random from a lot. Each bulb is tested and 
classified as defective (D) or non - defective(N). Write the sample space of this 
experiment. 

2. A coin is tossed. If the out come is a head, a die is thrown. If the die shows up 
an even number, the die is thrown again. What is the sample space for the 
experiment? 

13, The numbers 1, 2, 3 and 4 are written separatly on four slips of paper. The slips 
are put in a box and mixed thoroughly. A person draws two slips from the box, 
one after the other, without replacement. Describe the sample space for the 
experiment. 

14, Anexperiment consists of rolling a die and then tossing a coin once if the number 
on the die is even. If the number on the die is odd, the coin is tossed twice. Write 
the sample space for this experiment. 

15. Acoinis tossed. If it shows a tail, we draw a ball from a box which contains 2 red 
and 3 black balls. If it shows head, we throw a die. Find the sample space for this 
experiment. 

16. A die is thrown repeatedly untill a six comes up. What is the sample space for 
this experiment? 


16.3, Event 

We have studied about random experiment and sample space associated with an 
experiment. The sample space serves as an universal set for all questions concerned 
with the experiment. 

Consider the experiment of tossing a coin two times. An associated sample space 
is S = (HH, HT, TH, TT}. 

Now suppose that we are interested in those outcomes which correspond to the 
occurrence of exactly one head. We find that HT and TH are the only elements of S 
corresponding to the occurrence of this happening (event). These two elements form 
the set Е = ( HT, TH] 

We know that the set E is a subset of the sample space S . Similarly, we find the 
following correspondence between events and subsets of S. 
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Description of events Corresponding subset of ‘5° 
Number of tails is exactly 2 А-(ТТ) 

Number of tails is atleast опе B = (HT, TH, TT} 

Number of heads is atmost one OFS THT/TH; ET) 

Second toss is not head D-THT,TT) 

Number of tails is atmost two S - (HH, HT, TH, TT] 
Number of tails is more than two ф 


The above discussion suggests that a subset of sample space is associated with 
an event and an event is associated with a subset of sample space. In the light of this 
we define an event as follows. 


Definition Any subset E of a sample space S is called an event. 


16.3.1 Occurrence of an event Consider the experiment of throwing a die. Let E 
denotes the event “ а number less than 4 appears". If actually “17 had appeared on the 
die then we say that event E has occurred. As a matter of fact if outcomes are 2 or 3, 
we say that event E has occurred 

Thus, the event E of a sample space S is said to have occurred if the outcome 
в of the experiment is such that о € Е. If the outcome о is such that о ¢ E, we say 
that the event E has not occurred. : 


16.3.2 Types of events Events can be classified into various types on the basis of the 
elements they have. 


1. Impossible and Sure Events The empty set ф and the sample space S describe 
events. In fact ф is called an impossible event and S, i.e., the whole sample space is 
called the sure event. 

To understand these let us consider the experiment of rolling a die. The associated 
sample space is 

S={1, 2,3, 4, 5, 6} 

Let E be the event “ the number appears on the die is a multiple of 7”. Can you 
write the subset associated with the event E? 

Clearly no outcome satisfies the condition given in the event, i.e., no element of 
the sample space ensures the occurrence of the event E. Thus, we say that the empty 
set only correspond to the event E. In other words we can say that it is impossible to 
have a multiple of 7 on the upper face of the die. Thus, the event E = $ is an impossible 
event. 

Now let us take up another event F "the number turns up is odd or even". Clearly 
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Е-11,2,3,4,5,6,) = S, i.e., all outcomes of the experiment ensure the occurrence of 
the event F. Thus, the event F = S is a sure event. 


2. Simple Event If an event E has only one sample point of a sample space, it is 
called a simple (or elementary) event. 
In a sample space containing п distinct elements, there are exactly n simple 
events. 
For example in the experiment of tossing two coins, a sample space is 
S={HH, HT, TH, TT} 
There are four simple events corresponding to this sample space. These are 
= (HH), E={HT}, E= ( TH) and Е,-(ТТ). 
3. Compound Event If an event has more than one sample point, it is called a 
Compound event. 
For example, in the experiment of “tossing a coin thrice” the events 
E: ‘Exactly one head appeared’ 
F: ‘Atleast one head appeared’ 
С: ‘Atmost one head appeared’ etc. 
are all compound events. The subsets of S associated with these events are 
E={HTT,THT,TTH} 
F={HTT,THT, TTH, HHT, HTH, THH, HHH} 
G= {TTT, THT, HTT, TTH} 
Each of the above subsets contain more than one sample point, hence they are all 
compound events. 


16.3.3 Algebra of events In the Chapter on Sets, we have studied about different 
ways of combining two or more sets, viz, union, intersection, difference, complement 
of a set etc. Like-wise we can combine two or more events by using the analogous set 
notations. 

Let A, B, C be events associated with an experiment whose sample space is S. 


1. Complementary Event For every event A, there corresponds another event 
A'called the complementary event to A. It is also called the event ‘not A’. 

For example, take the experiment *of tossing three coins'. An associated sample 

space is 
S = (HHH, HHT, HTH, THH, HTT, THT, TTH, ТТТ) 

Let A={HTH, HHT, THH} be the event ‘only one tail appears’ 

Clearly for the outcome HTT, the event A has not occurred. But we may say that 
the event ‘not A’ has occurred. Thus, with every outcome which is not in A, we say 
that ‘not A’ occurs. 
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Thus the complementary event ‘not A’ to the event A is 
A’ = (HHH, HTT, THT, TTH, TTT} 


or A’={@:@e Sand оғА)-5-А. 


2. The Event ‘A or B^ Recall that union of two sets А and B denoted by A U B 
contains all those elements which are either in A or in B or in both. 

When the sets A and B are two events associated with a sample space, then 
‘A UB’ is the event ‘either A or B or both’. This event “А U B’ is also called “А or B’. 
Therefore Event ‘A or B = AU B 

-(0:0€ Aorwe Bj 

3. The Event ‘A and B’ We know that intersection of two sets A A B is the set of 
those elements which are common to both A and B. i.e., which belong to both 
“А and В’. 
If A and B аге two events, then the set А A B denotes the event “А and В’. 
Thus, AnBzí(0:0e Aand oe В) 

For example, in the experiment of ‘throwing a die twice’ Let A be the event 
‘score on the first throw is six’ and B is the event ‘sum of two scores is atleast 117 then 

A= {(6,1), (6,2), (6,3), (6,4), (6,5), (6,6)}, and B = {(5,6), (6,5), (6,6)} 

so AMB= ((6,5),(6,6)) 
Note that the set A > B = {(6,5), (6,6)} may represent the event ‘the score on the first 
throw is six and the sum of the scores is atleast 11’. 


4, The Event ‘A but not B’ We know that A—B is the set of all those elements 
which аге іп A but not in B. Therefore, the set А-В may denote the event “А but not 
Ве know that 

A-B=ANB’ 


Example 6 Consider the experiment of rolling a die. Let A be the event ‘getting a 
prime number’, B be the event ‘getting an odd number’. Write the sets representing 
the events (i) Aor B (ii) A and B (iii) A but not B (iv) ‘not A’. 
Solution Here S= {1,2, 3,4,5,6}, A= {2, 3,5} and B= (1,3, 5) 
Obviously 
dG) ‘AorB’=AUB= (1, 2, 3, 5} 

(i) “АапаВ -А/В- {3,5} 

(ші) ‘A but not B’= А-В = {2} 

(iv) ‘not A’=A’= {1,4,6} 
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16.3.4 Mutually exclusive events In the experiment of rolling a die, a sample space is 
S = (1, 2, 3, 4, 5, 6}. Consider events, A ‘an odd number appears’ and В ‘an even 
number appears’ 

Clearly the event A excludes the event B and vice versa. In other words, there is 
no outcome which ensures the occurrence of events A and B simultaneously. Here 

А = {1,3,5} and B = {2, 4, 6} 

Clearly A A B = д, i.e., A and B are disjoint sets. 

In general, two events A and B are called mutually exclusive events if the 
occurrence of any one of them excludes the occurrence of the other event, i.e., if they 
can not occur simultaneously. In this case the sets A and B are disjoint. 

Again in the experiment of rolling a die, consider the events A ‘an odd number 
appears’ and event B ‘a number less than 4 appears’ 

Obviously А = (1,3,5) and = (1,2, 3} 

Now Зе A as well as 3 є B 
Therefore, A and B are not mutually exclusive events. 
Remark Simple events of a sample space are always mutually exclusive. 
16.3.5 Exhaustive events Consider the experiment of throwing a die. We have 
S= (1,2, 3, 4, 5, 6}. Let us define the following events 

A: ‘a number less than 4 appears’, 

B: ‘a number greater than 2 but less than 5 appears’ 
and C: ‘a number greater than 4 appears’. 
Then A = {1, 2, 3}, В = {3,4} and C = (5, 6}. We observe that 

AUBUC={1, 2, 3} U {3, 4} v {5,6} = S. 
Such events A, B and C are called exhaustive events. In general, if E,, E, ..., E, are n 
events of a sample space S and if 
E, VE, VE; v...VE, ,=UE,= =5 

then E,, E,, ...., E, are called exhaustive events.In other words, events ЕСЕТ 
аге said to be pues if atleast one of them necessarily occurs whenever the 
experiment is performed. 

Further, if E, ^ Б, = ф for i  j ie. events E, and E, are pairwise disjoint and 


n 
VE, =S, then events E,, E, ..., E, are called mutually exclusive and exhaustive 


events. 
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We now consider some examples. 


Example 7 Two dice are thrown and the sum of the numbers which come up on the 
dice is noted. Let us consider the following events associated with this experiment 
A: ‘the sum is even’. 
B: ‘the sum is a multiple of 37. 
C: ‘the sum is less than 4’. 
D: ‘the sum is greater than 11’. 
Which pairs of these events are mutually exclusive? 


Solution There are 36 elements in the sample space S = {(x, y): x, y = 1, 2, 3, 4, 5, 6}. 
Then 
А = {(1,1), (1,3), (1, 5), (2, 2), (2,4), (2, 6), (3, 1), (3, 3), (3, 5), (4, 2), (4,4), 
(4, 6), (5, 1), (5, 3), (5, 5), (6, 2), (6, 4), (6, 6)} 
B = {(1, 2), (2, 1), (1, 5), (5, 1), (3, 3), (2, 4), (4, 2), (3, б), (6, 3), (4, 5), (5, 4), 


(6, 6)) 
C={(1, 1), (2, D, (1, 2)} and D = {(6, 6)} 
We find that 


Аг\В = {(1, 5), (2, 4), (3, 3), 4, 2), (5, 1), (6, 6)} #ф 

Therefore, A and B are not mutually exclusive events. 
Similarly ANC #6, An D$, Bo C£0and Br D £0. 
Thus, the pairs, (A, C), (A, D), (B, C), (B, D) are not mutually exclusive events. 
Also C ^ D = 6 and so C and D are mutually exclusive events. 
Example 8 A coin is tossed three times, consider the following events. 

A: ‘No head appears’, B: “Exactly one head appears’ and C: ‘Atleast two heads 
appear'. 
Do they form a set of mutually exclusive and exhaustive events? 
Solution The sample space of the experiment is 

S = (HHH, HHT, HTH, THH, HTT, THT, TTH, TIT} 
and А = {ТТТ}, B = (HTT, THT, ТІН), C= {HHT, HTH, THH, HHH} 


Now 
A UB uU C = {TTT, HTT, ТНТ, ТТН, HHT, HTH, THH, HHH} ES 


Therefore, A, B and C are exhaustive events. 

Also, ANB=6,ANC=6andBOC=6 

Therefore, the events are pair-wise disjoint, i.e., they are mutually exclusive. 
Hence, A, B and C form a set of mutually exclusive and exhaustive events. 


„л 
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EXERCISE 16.2 


- A die is rolled. Let E be the event “die shows 4" and F be the event “die shows 


even number". Are E and F mutually exclusive? 


- A die is thrown. Describe the following events: 


(i) A: a number less than 7 (i) В: a number greater than 7 
(ii) C: a multiple of 3 (v) D:a number less than 4 
(v) E: an even number greater than 4 (vi) F:a number not less than 3 


Also find A UB, ANB, BUC, EQF, DAE, A-C, D-E, En F,F 


- An experiment involves rolling a pair of dice and recording the numbers that 


come up. Describe the following events: 

A: the sum is greater than 8, B: 2 occurs on either die 
C: the sum is at least 7 and a multiple of 3. 

Which pairs of these events are mutually exclusive? 


- Three coins are tossed once. Let A denote the event ‘three heads show", B 


denote the event “two heads and one tail show", C denote the event" three tails 
show and D denote the event ‘a head shows on the first coin". Which events are 


(i) mutually exclusive? (11) simple? (iii) Compound? 


· Three coins are tossed. Describe 


(i) Two events which are mutually exclusive. 

(ii) Three events which are mutually exclusive and exhaustive. 
(ій) Two events, which are not mutually exclusive. 
(іу) Two events which are mutually exclusive but not exhaustive. 
(v) Three events which are mutually exclusive but not exhaustive. 


- Two dice are thrown. The events A, B and C are as follows: 


A: getting an even number on the first die. 
B: getting an odd number on the first die. 
C: getting the sum of the numbers on the dice « 5. 


Describe the events 


() A’ (ii) not B (ii) AorB 
(iv) A and B (v) A but not C (vi) BorC 
(vii) B and C (уш) АлВаС 


- Refer to question 6 above, state true or false: (give reason for your answer) 


(i) A and В are mutually exclusive 
(i) А and B are mutually exclusive and exhaustive 
ш) А-В” 
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(v) A and C are mutually exclusive 
(v) A and B’ are mutually exclusive. 
(vi) A’, B^, C are mutually exclusive and exhaustive. 


164 Axiomatic Approach to Probability 


In earlier sections, we have considered random experiments, sample space and 
events associated with these experiments. In our day to day life we use many words 
about the chances of occurrence of events. Probability theory attempts to quantify 
these chances of occurrence or non occurrence of events. 

Tn earlier classes, we have studied some methods of assigning probability to an 
event associated with an experiment having known the number of total outcomes. 

Axiomatic approach is another way of describing probability of an event. In this 
approach some axioms or rules are depicted to assign probabilities. 

Let S be the sample space of a random experiment. The probability P is a real 
valued function whose domain is the power set of S and range is the interval [0,1] 
satisfying the following axioms 

(i) For any event E, P(E) > 0 di) P(S)=1 

(ii) If E and Е are mutually exclusive events, then P(E U F) = P(E) + P(F). 

It follows from (iii) that Р(ф) = 0. To prove this, we take F = ф and note that E and ф 
are disjoint events. Therefore, from axiom (iii), we get 

Р(Ечф)=Р(Е) +Р(ф)о P(E) = P(E) + P (0) ie. P (0) = 0. 

Let S be a sample space containing outcomes ® Өҙ,... On, 168 

5-(о, 0, ..., @,} 
It follows from the axiomatic definition of probability that 
(i) 0<Р (0) < 1 for each € S 
(ii) P(@,)+P@)+..+P(@)=1 
(iii) For any event A, P(A) = Y P(o), о є А. 


It may be noted that the singleton {@,} is called elementary event and 
for notational convenience, we write P(@, ) for P(o, }). 


For example, in ‘a coin tossing’ experiment we can assign the number ; to each 
of the outcomes H and T. 
1 
2 а) 

Clearly this assignment satisfies both the conditions i.e., each number is neither 
less than zero nor greater than 1 and 


1 
Le P(H) = 2 and P(T) = 
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IET 
PH)*PD- 7475-1 


Piso 1 1 
Therefore, in this case we can say that probability of H = БЕ and probability of T = 2 


1 3 
If we take P(H) = 2 and P(T) = 7 0) 


Does this assignment satisfy the conditions of axiomatic approach? 


1 
Yes, in this case, probability of H = 4 and probability of T= : у 


We find that both the assignments (1) and (2) are valid for probability of 
H and T. 

In fact, we can assign the numbers p and (1 — p) to both the outcomes such that 
0<p<1and P(H) + T) 2p*(1— р) = 1 

This assignment, too, satisfies both conditions of the axiomatic approach of 
probability. Hence, we can say that there are many ways (rather infinite) to assign 
probabilities to outcomes of an experiment. We now consider some examples. 
Example 9 Let a sample space be S = (0, ®,,..., €]. Which of the following 
assignments of probabilities to each outcome are valid? 


Outcomes o, о, ON ©, 0; 06 
18* {align ал +8] 
(a) Gini Sot ed sodas dio SG 
(b) і Жа аА Bre 
eee eT 
о а 
i. Fagg ae 
€Q & 4 dod АША; 


(e) 01 02) 703. 004 951.200 


Solution (a) Condition (i): Each of the number p(o) is positive and less than one. 
Condition (ii): Sum of probabilities 
Tuoi anb: alo ga) 


2—4—4-4—4—4-7-] 
6.16.56. 16, 6; 6 
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Therefore, the assignment is valid 

(b) Condition (i): Each of the number p(à) is either 0 or 1. 
Condition (ii) Sum of the probabilities = 1+0+0+0+0+0= 1 
Therefore, the assignment is valid 

(c) Condition (i) Two of the probabilities p(@,) and p(@,) are negative, the assignment 
is not valid 


3 
(d) Since p(@,) = 37 1, the assir;/nment is not valid 


(e) Since, sum of probabilities = 0.1 + 0.2 +0.3 + 0.4 + 0.5 + 0.6 2 2.1, the assignment 
is not valid. 

16.4.1 Probability of an event Let S be a sample space associated with the experiment 

‘examining three consecutive pens produced by a machine and classified as Good 

(non-defective) and bad (defective)'. We may get 0, 1, 2 or 3 defective pens as result 

of this examination. 

A sample space associated with this experiment is 


S = (ВВВ, BBG, BGB, GBB, BGG GBG, СОВ, GGG}, 
where B stands for a defective or bad pen and G for a non — defective or good pen. 
Let the probabilities assigned to the outcomes be as follows 
Sample point: ВВВ BBG BGB GBB BGG ОВС СОВ GGG 


Probability: EU UMS Ж. a — 


Let event A: there is exactly one defective pen and event B: there are atleast two 
defective pens. 

Hence А = (BGG, GBG, СОВ) and B = {BBG, BGB, GBB, BBB} 

Now P(A) = XP(o,), Vo, e А 


= P(BGG) + P(GBG) + P(GGB) = su 


з 
8 8 
апа P(B) = XP(o;),Vo,e B 
Jte n NM 
= P(BBG) + P(BGB) + P(GBB) + P(BBB)= Жї ТӨТ 
Let us consider another experiment of ‘tossing a coin “twice” 
The sample space of this experiment is S = {HH, HT, TH, TT} 


Let the following probabilities be assigned to the outcomes 
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1 1 2 9 
Р(НН) = д, PHD = 2: РТН) = 7 PUT) = > 


Clearly this assignment satisfies the conditions of axiomatic approach. Now, let 
us find the probability of the event E: ‘Both the tosses yield the same result’. 
Here E = {HH, TT} 


Now P(E) = > P(w), for all w, e E 
ПӘРИ 
= = —+—=— 
P(HH) + P(TT) 412877 


For the event Е: ‘exactly two heads’, we have F = {HH} 
1 
and P(F) = P(HH) = A 


16.4.2 Probabilities of equally likely outcomes. Let a sample space of an 


experiment be 

S = (0, 0,...., €]. 
Let all the outcomes are equally likely to occur, i.e., the chance of occurrence of each 
simple event must be same. 


Le. Р(о)) = p, for all œ е S where 0< р<1 
Since УР(о,)=1 ie, p+ p+... +p (n times) = 1 
i=l 
or cp 5 
np-lie,p-- 


Let S be a sample space and E be an event, such that n(S) = n and п(Е) = m. If 
each out come is equally likely, then it follows that 


Numberof outcomes favourable to E 
Total possible outcomes 


р(Е)= = 
n 


16.4.3 Probability of the event ‘A or В” Let us now find the probability of event 
A or B’, ie., P(A UB) 

Let A= {HHT, HTH, THH} and B = (HTH, THH, HHH} be two events associated 
with ‘tossing of a coin thrice’ 


Clearly A U B = (HHT, HTH, THH, HHH} 
Now P (A U B) = P(HHT) + Р(НТН) + P(THH) + Р(ННН) 
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If all the outcomes are equally likely, then 


Ve IA 
P(AUB)=2+5 +373 8 2 
3 
Also P(A) = P(HHT) + P(HTH) + P(THH) = 3 
3 
and P(B) = P(HTH) + P(THH) + P(HHH) = 5 


941206 
Therefore P(A) + P(B) = Ж Us x 


It is clear that P(A UB) # P(A) + Р(В) 

The points HTH and THH are common to both A and B . In the computation of 
P(A) + P(B) the probabilities of points HTH and THH, i.e., the elements of A OB are 
included twice. Thus to get the probability P(A u В) we have to subtract the probabilities, 
of the sample points іп A A B from P(A) + P(B) 
ie. P(AUB) = P(A) + Р(В)-ХР(о;), Vh € ANB 

= P(A) + P(B) -P (АВ) 
Thus we observe that, P(A UB) = P(A) + P(B) -P (A B) 

Tn general, if A and B are any two events associated with a random experiment, 
then by the definition of probability of an event, we have 


P(AUB) = Ур(о;), Уәде AUB. 


Since AUB = (А-В) u (A © B)u (B-A), 

we have 

P(A UB) = [ZP(9,) Уфе(А-В)Ң ЕР(о)) Vo; e An B]|H[XP(,) V € B - A] 
(because А-В, А A B and B — A are mutually exclusive) (1). 


Also Р(А)+ P(B) 2 [X р(о,) Vae A]+[¥ ро) Voc 5] 
= [EP(o) va (А-В) (Ағ {Рао є B- A) (An B)] 
= [ZP(@,)Vo, € (А - B)]| «[X F(o;) Vo; € (А ^ B)] + [EP(0,) Vc, e (B-A)] + 
[X Ro) Yo; є (A. B)] 


= FAUB)«[XP(o)Vo,e ANB] [using (1)] 
= P(AUB)+P(AMB). 
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Hence P(AUB)=P(A)+P(B) -P(A AB). 
Alternatively, it can also be proved as follows: 
AU B =A U (B- A) where A and B — A are mutually exclusive, 
and B = (A A B) u (B - A), where A A B and B – A are mutually exclusive. 
Using Axiom (iii) of probability, we get 
P (AUB) =P (A) + P (B - A) ECA 
and P(B) = P ( A A B) +P (B - A) (3) 
Subtracting (3) from (2) gives 
P (A UB) - P(B) = P(A) - P (A A B) 
or P(A UB) = P(A) + P (B) - P (A ^ B) 
The above result can further be verified by observing the Venn Diagram (Fig 16.1) 


S 


Fig 16.1 
If A and B are disjoint sets, i.e., they are mutually exclusive events, then AnBz6 
Therefore Р(А В) =Р(ф) =0 
Thus, for mutually exclusive events А and B, we have 
P(A Y B) = PCA) * P(B)» 

which is Axiom (iii) of probability. 
16.4.4 Probability of event ‘not A’ Consider the event A = (2. 4, 6, 8} associated 
with the experiment of drawing a card from a deck of ten cards numbered from 
1 to 10. Clearly the sample space is S = (1,2, 3, ...,10} 

If all the outcomes 1, 2,....,10 are considered to be equally likely, then the probability 


of each outcome is 20 
10 
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P(A) = P2) + P(4) + P(6) + P(8) 
Topo St а ANT SD 


раа 
10 10 10 10 10 5 
Also event ‘not А” = A’ = (1,3, 5, 7, 9, 10} 


Now 


Now P(A’) = P(1) + Р(3) + Р(5) + P(7) + PO) + P(10) 
ба 
ЕТО 
МЕ ge ME 
Thus, PA) ed г 1- P(A) 


Also, we know that А” and А аге mutually exclusive and exhaustive events i.e., 
ANA’=oandAUA’=S 


or P(A VA’) = P(S) 
Now P(A) + P(A’) = 1, by using axioms (ii) and (iii). 
or P( A^) = P(not A) = 1 - P(A) 


We now consider some examples and exercises having equally likely outcomes 
unless stated otherwise. 
Example 10 One card is drawn from a well shuffled deck of 52 cards. If each outcome 
is equally likely, calculate the probability that the card will be 

(i) adiamond (i) not an ace 

(ii) а black card (i.e., a club or, a spade) (iv) nota diamond 

(v) not a black card. 
Solution When a card is drawn from a well shuffled deck of 52 cards, the number of 
possible outcomes is 52. 
(i) Let A be the event "е card drawn is a diamond' 

Clearly the number of elements in set A is 13. 


Therefore, P(A) = == 


ie. Probability of a diamond card = 1 


(ii) We assume that the event ‘Card drawn is an ace’ is B 
Therefore ‘Card drawn is not an ace’ should be B’. 


4 
We kn that РВ)-1- Р(В) = 1-— -і----- 
eine at EM BUE 13 18 
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(ii) Let C denote the event ‘card drawn is black card’ 
Therefore, number of elements in the set C = 26 
26 


1 
ie. Р(С) = 32 > 


1 
Thus, Probability of a black card - 2 2 
(iv) We assumed іп (i) above that A is the event ‘card drawn is a diamond’, 
so the event ‘card drawn is not a diamond’ may be denoted as A' or ‘not A’ 


Now Р А)-1- P(A m с. 
ow P(not A) = 1 — P(A) = ДЯ 


(v) The event ‘card drawn is not a black card’ may be denoted as С” ог ‘not C’. 


1d 
We know that P(not C) = 1 — Р(С) = TAR 


1 
Therefore, Probability of not a black card = 2 


Example 11 À bag contains 9 discs of which 4 are red, 3 are blue and 2 are yellow. 
The discs are similar in shape and size. A disc is drawn at random from the bag. 
Calculate the probability that it will be (i) red, (ii) yellow, (iii) blue, (iv) not blue, 
(v) either red or blue. 


Solution There are 9 discs in all so the total number of possible outcomes is 9. 
Let the events A, B, C be defined as 


A: ‘the disc drawn is red” 
B: ‘the disc drawn is yellow’ 
C: ‘the disc drawn is blue’. 
(i) The number of red discs = 4, i.e., n (A) = 4 
4 
Hence P(A) = 9 


(ii) The number of yellow discs = 2, i.e., n (B) = 2 


2 
Therefore, P(B) = 9 
(iii) The number of blue discs = 3, i.e., n(C) = 3 
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ome 
Therefore, Res 


95 
(iv) Clearly the event ‘not blue’ is ‘not С”. We know that P(not С) = 1 – P(C) 
ne 
Therefore P(not C) = 95 = з 


(v) The event ‘either red or blue’ may be described by the set “A or С” 
Since, A and C are mutually exclusive events, we have 


Sja 


P(A or C) = P (A U C) = P(A) + P(C) = 24 5 
Example 12 Two students Anil and Ashima appeared in an examination. The probability 
that Anil will qualify the examination is 0.05 and that Ashima will qualify the examination 
is 0.10. The probability that both will qualify the examination is 0.02. Find the 
probability that | ) 

(a) BothAnil and Ashima will not qualify the examination. 


(b) Atleast one of them will not qualify the examination and 
(c) Only one of them will qualify the examination. 
Solution Let E and F denote the events that Anil and Ashima will qualify the examination, 
respectively. Given that 
P(E) = 0.05, P(F) = 0.10 and P(E 4 F) = 0.02. 
Then 
(a) The event ‘both Anil and Ashima will not qualify the examination’ may be 
expressed as E^ F’. 
Since, E^ is ‘not E’, i.e., Anil will not qualify the examination and F^ is ‘not F’, i.e., 
Ashima will not qualify the examination. 
Also E/ OF’ = (Е UP)’ (by Demorgan's Law) 
Now P(E U F) = P(E) + Р(Е)- PŒ AF) 
or P(E UF) = 0.05 + 0.10 — 0.02 = 0.13 
Therefore P(E’ ^ F = P(E UF) =1- PEUF)= i- — 0.13 = 0.87 
(b) P (atleast one of them will not qualify) 


= 1 - P(both of them will qualify) 
-1- 0.02 = 0.98 
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(c) The event only one of them will qualify the examination is same as the event 
either (Anil will qualify, and Ashima will not qualify) or (Anil will not qualify and Ashima 
will qualify) i.e., ЕЕ or E^  F, where E A F’ and E A F are mutually exclusive. 
Therefore, P(only one of them will qualify) = Р(Е ^ F’ or E' ^ F) 

= P(E ^ F^ + PE’ с\ Е) =P (B) - PEF) + P(F) - P EAF 

= 0.05 — 0.02 + 0.10 — 0.02 = 0.11 


Example 13 A committee of two persons is selected from two men and two women. 
What is the probability that the committee will have (a) no man? (b) one man? (c) two 
men? 


Solution The total number of persons = 2 + 2 = 4. Out of these four person, two can 
be selected in “С, ways. 
(a) Nomen inthe committee of two means there will be two women in the committee. 


Out of two women, two can be selected in 2С, =1 way. 


25 ХОИ 


Therefore Р(по man)= 
С, 4х 6 


(b) One man in the committee means that there is one woman. One man out of 2 


сап be selected in ^C, ways and one woman out of 2 can be selected in ^C, ways. 


Together they can be selected in Де. © ways. 
Therefore Р(Опе тап) = —51——- ты 


(c) Two men сап be selected in °C, way. 


2C; жі 1 
Hence P(Two шеп)-----4- == 
С, Саб 


1. Which of the following сап not be valid assignment of probabilities for outcomes 


of sample Space S = 10,05, 0, O4, 05,09, ,0; J 
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Assignment o, o, о, o, Ф, %, Ф, 
(а) 0.1 0.01 0.05 0.03 0.01 0.2 0.6 

(b) qnd dua xb l dod 

7 7 7 T 7 7 7 
(c) 0.1 0.2 0.3 0.4 0.5 0.6 0.7 
(d) -0.1 0.2 0.3 0.4 – 0.2 0.1 0.3 
ЭЛЕКТР 5 MES S 
(е) TA ETT LR 14 ШУДА 


2. А coin is tossed twice, what is the probability that atleast опе tail occurs? 
- Adie is thrown, find the probability of following events: 
(i) A prime number will appear, 
(ii) А number greater than or equal to 3 will appear, 
(іі) А number less than or equal to one will appear, 
(іу) А number more than 6 will appear, 
(v) Anumber less than 6 will appear. 
- A card is selected from a pack of 52 cards. 
(a) How many points are there in the sample space? 
(b) Calculate the probability that the card is an ace of spades. 
(c) Calculate the probability that the card is (i) an ace (ii) black card. 
A fair coin with 1 marked on one face and 6 on the other and a fair die are both 
tossed. find the probability that the sum of numbers that turn up is (1) 3 (ii) 12 
6. There are four men and six women on the city council. If one council member is 
selected for a committee at random, how likely is it that it is a woman? 
. A fair coin is tossed four times, and a person win Re 1 for each head and lose 
Rs 1.50 for each tail that turns up. 
From the sample space calculate how many different amounts of money you can 
have after four tosses and the probability of having each of these arnounts. 
8. Three coins are tossed once. Find the probability of getting 


ә 


с 


өл 


ES] 


() 3 heads (ii) 2 heads (ii) atleast 2 heads 
(iv) atmost 2 heads (v) no head (vi) 3tails 
(уі) exactly two tails (viii) no tail (ix) atmost two tails 


2 
9, If 11 is the probability of an event, what is the probability of the event ‘not A’. 


A letter is chosen at random from the word ‘ASSASSINATION’. Find the 
probability that letter is (i) a vowel (ii) a consonant 


10. 


© 
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- Ina lottery, a person choses six different natural numbers at random from 1 to 20, 


and if these six numbers match with the six numbers already fixed by the lottery 

committee, he wins the prize. What is the probability of winning the prize in the 

game? [Hint order of the numbers is not important.] 

Check whether the following probabilities P(A) and P(B) are consistently defined 
(i) P(A) = 0.5, Р(В) = 0.7, P(A ^ B) = 0.6 

(ii) P(A) = 0.5, P(B) = 0.4, P(A U B) = 0.8 


- Fill in the blanks in following table: 


P(A) P(B) P(A aB) P(A UB) 
А 1 1 1 
ШҰ 5 15 
(i) 0.35 ry 0.25 0.6 
(ш) 0.5 0.35 Ore 0.7 


3 1 
Given P(A) = 5 and P(B) = 5 . Find P(A or B), if A and B are mutually exclusive 


events. 


1 1 1 
If E and F are events such that P(E) = 2 Р(Е) = 2 and P(E and F) = $8 find 


(i) PŒ or F), (ii) P(not E and not F). 
Events E and F are such that P(not E or not F) = 0.25, State whether E and F are 


mutually exclusive. 
A and B are events such that P(A) = 0.42, P(B) = 0.48 and P(A and B) = 0.16. 


Determine (i) P(not A), (ii) P(not B) and (iii) P(A or B) 


- In Class XI of a school 40% of the students study Mathematics and 30% study 


Biology. 10% of the class study both Mathematics and Biology. If a student is 
selected at random from the class, find the probability that he will be studying 
Mathematics or Biology. 


- Inan entrance test that is graded on the basis of two examinations, the probability 


ofa randomly chosen student passing the first examination is 0.8 and the probability 
of passing the second examination is 0.7. The probability of passing atleast one of 
them is 0.95. What is the probability of passing both? 


- The probability that a student will pass the final examination in both English and 


Hindi is 0.5 and the probability of passing neither is 0.1. If the probability of 
passing the English examination is 0.75, what is the probability of passing the 
Hindi examination? 
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21. Ina class of 60 students, 30 opted for NCC, 32 opted for NSS and 24 opted for 
both NCC and NSS. If one of these students is selected at random, find the 
probability that 

(i) The student opted for NCC or NSS. 
(ii) Тһе student has opted neither NCC nor NSS. 
(i) The student has opted NSS but not NCC. 


Miscellaneous Examples 


Example 14 On her vacations Veena visits four cities (A, B, C and D) in a random 
order. What is the probability that she visits 
(i) A before B? (ii) А before В and B before C? 
(іі) А first and Blast? (iv) А either first or second? 
(v) A just before B? 
Solution The number of arrangements (orders) in which Veena can visit four cities A, 
B, C, or D is 4! i.e., 24. Therefore, n (S) = 24. 
Since the number of elements in the sample space of the experiment is 24 all of these 
outcomes are considered to be equally likely. A sample space for the 
experiment is 
5 = (ABCD, ABDC, ACBD, ACDB, ADBC, ADCB 
BACD, BADC, BDAC, BDCA, BCAD, BCDA 
CABD, CADB, CBDA, CBAD, CDAB, CDBA 
DABC, DACB, DBCA, DBAC, DCAB, DCBA} 
(i) Let the event ‘she visits A before В” be denoted by E 
Therefore, E - (ABCD, CABD, DABC, ABDC, CADB, DACB 
ACBD, ACDB, ADBC, CDAB, DCAB, ADCB} 
vi n(E) wae 71 


P = КЖ еш 
Thus ( ) n(S) 24 2 
(ii) Let the event ‘Veena visits A before B and B before С” be denoted by Е. 
Неге Е = (ABCD, DABC, ABDC, ADBC} 
n(F) 4 1 
Therefore, . P(F)= n(S) 24 6 


Students are advised to find the probability in case of (iii), (iv) and (v). 
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ple 15 Find the probability that when a hand of 7 cards is drawn from a well 
ed deck of 52 cards, it contains (i) all Kings (ii) 3 Kings (iii) atleast 3 Kings. 


ion Total number of possible hands = 52 G 


Number of hands with 4 Kings = “С, x “С, (other 3 cards must be chosen 
from the rest 48 cards) 


ce P (a hand will have 4 Kings) = ~ sn ==> 
ja 


Number of hands with 3 Kings and 4 non-King cards = * C, x C, 


Кее iC, eG ae 
Lheretore INS) =" 277% 2а ULT ES 
| 8 СУУ 101547 
P(atleast 3 King) =Р(3 Kings or 4 Kings) 
= P(3 Kings) + P(4 Kings) 
9 1 46 


7 1547 7135 7135 
à 15 If A, B, C are three events associated with a random experiment, 
ve that 
P(AUBUC) = P(A)+P(B)+P(C)—P(AMB)-P(ANC) 
-P(BoOC)-*P(AnBnC) 


t Consider E = B U C so that 
С PIAUBUC)-P(AUE) 


= P(A)* P(E)- P(A nE) Hay 


- P(E)=P(BUC) 
=P(B)+P(C)—P(BAC) n (2) 
АлһЕ-Ас(вос) = (АсВ)<(Ас С) [using distribution property of 


ection of sets over the union]. Thus 


P(ANE)=P(ANB)+P(ANC)= P[(AnB)on(AncC)] 
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= P(AMB)+P(ANC)- P[AnBaC] жы) 
Using (2) and (3) in (1), we get 
P[AUBUC]=P(A)+P(B)+P(C)-P(BOC) 

- P(ANB)-P(ANC)+P(ANBNOC) 


Example 17 Jp a relay race there are five teams A, B, C, D and E. 


(a) What is the probability that A, B and C finish first, second and third, 


respectively. 
(b) What is the probability that A, B and C are first three to finish (in any order) 
(Assume that all finishing orders are equally likely) 


SolutionTf we consider the sample space consisting of all finishing orders in the first 


5! 


(5-3) =5 х4 х3 = 60 sample points, each with 


three places, we will have ?P, , i.e., 


i 
E ability of — . 
à probability o 60 


(a) A,B and C finish first, second and third, respectively. There is only one finishing 
order for this, i.e., ABC. 


Thus P(A, B and C finish first, second and third respectively) = 2 0 3 


(b) A, B and C are the first three finishers. There will be 3! arrangements for A, B 
and С. Therefore, the sample points corresponding to this event will be 3! in 
number. 


GAST 


3! 
So P(A, B and C are first three to finish) = 60 не 6 z 10 


Miscellaneous Exercise om Chapter 16 


1. A box contains 10 red marbles, 20 blue marbles and 30 green marbles. 5 marbles 
are drawn from the box, what is the probability that 
(i) all will be blue? (ii) atleast one will be green? 

2. 4cards are drawn from a well — shuffled deck of 52 cards. What is the probability 
of obtaining 3 diamonds and one spade? 


10. 
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· A die has two faces each with number ‘1’, three faces each with number 27 and 


one face with number “37, If die is rolled once, determine 


(i) P(2) (ii) P(1 or 3) (iii) P(not 3) 


+ In a certain lottery 10,000 tickets are sold and ten equal prizes are awarded. 


What is the probability of not getting a prize if you buy (a) one ticket (Б) two 
tickets (c) 10 tickets. 


- Out of 100 students, two sections of 40 and 60 are formed. If you and your friend 


are among the 100 students, what is the probability that 


(a) you both enter the same section? 
(b) you both enter the different sections? 


: Three letters are dictated to three persons and an envelope is addressed to each 


of them, the letters are inserted into the envelopes at random so that each envelope 
contains exactly one letter. Find the probability that at least one letter is in its 
proper envelope. 


- A and B are two events such that P(A) = 0.54, P(B) = 0.69 and P(A. A B) = 0.35. 


Find (i) P(A О B) (ii) P(A ^ B^) (iii) PAQB^) (iv) «Bn А?) 


- From the employees of a company, 5 persons are selected to represent them in 


the managing committee of the company. Particulars of five persons are as follows: 


S. No. Name Sex Age in years 
1. Harish M 30 
2; Rohan M 23 
3: Sheetal F 46 
4. Alis Е 28 
Sh Salim M 4l 


A person is selected at random from this group to act as a spokesperson. What is 
the probability that the spokesperson will be either male or over 35 years? 


. If 4-digit numbers greater than 5,000 are randomly formed from the digits 


0, 1, 3, 5, and 7, what is the probability of forming a numiber divisible by 5 when, 
(i) the digits are repeated? (ii) the repetition of digits is not allowed? 


The number lock of a suitcase has 4 wheels, each labelled with ten digits i.e., 
from 0 to 9. The lock opens with a sequence of four digits with no repeats. What 
is the probability of a person getting the right sequence to open the suitcase? 
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Summary 


In this Chapter, we studied about the axiomatic approach of probability. The main 
features of this Chapter are as follows: 

Sample space: The set of all possible outcomes 

Sample points: Elements of sample space 

Event: A subset of the sample space 

Impossible event : The empty set 

Sure event: The whole sample space 

Complementary event or ‘not event’ : The set A’ or 5 – А 

Event A or B: The set AU B 

Event А and B: The set A A B 

Event А and not B: The set А-В 

Mutually exclusive event: A and B are mutually exclusive if A © B = ф 


Exhaustive and mutually exclusive events: Events Е, E,,..., E, are mutually 
exclusive and exhaustive if E, UE,U..UE, = S and E, т E, =o Уіж/ 


Probability: Number Р (œ) associated with sample point 0), such that 
(i) 0€ P(o) «1 (i) Y:P(o;)foraloe 5-1 


996 9 %%999%%% 


% 


(іі) P(A)= = P ( 0; ) for all 0), c A. The number P (œ) is called probability 
of the outcome 0). 
* Equally likely outcomes: All outcomes with equal probability 


* Probability of an event: For a finite sample space with equally likely outcomes 
(y= 
Probability of an event 3 n(S)* where n(A) = number of elements in 


the set A, n(S) = number of elements in the set S. 
* If A and B are any two events, then 
P(A or B) = P(A) + P(B) - P(A and B) 
equivalently, P(A U B) = P(A) + P(B) - P(A A B) 
* If A and B are mutually exclusive, then P(A or B) = P(A) + P(B) 


© If A is any event, then 
P(not A) = 1 -- P(A) 
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Historical Note 

Probability theory like many other branches of mathematics, evolved out of 
practical consideration. It had its origin in the 16th century when an Italian physician 
and mathematician Jerome Cardan (1501-1576) wrote the first book on the subject 
"Book on Games of Chance" (Biber de Ludo Aleae). It was published in 1663 
after his death. 

In 1654, a gambler Chevalier de Metre approached the well known French 
Philosopher and Mathematician Blaise Pascal (1623-1662) for certain dice 
problem. Pascal became interested in these problems and discussed with famous 
French Mathematician Pierre de Fermat (1601-1665). Both Pascal and, Fermat 
solved the problem independently. Besides, Pascal and Fermat, outstanding 
contributions to probability theory were also made by Christian Huygenes (1629— 
1665), a Dutchman, J. Bernoulli (1654-1705), De Moivre (1667-1754), a 
Frenchman Pierre Laplace (1749-1827), the Russian P.L Chebyshev (1821-1897), 
A. A Markov (1856-1922) and A. М Kolmogorove (1903-1987). Kolmogorov is 
credited with the axiomatic theory of probability. His book ‘Foundations of 
Probability’ published in 1933, introduces probability as a set function and is 
considered a classic. 


Appendi 


INFINITE SERIES 


А.Л, Introduction 
As discussed in the Chapter 9 on Sequences and Series, a sequence а, а,, ..., а, ... 
having infinite number of terms is called infinite sequence and its indicated sum, i.e., 
ata, +a, +.. +a, +... is called ап infinte series associated with infinite sequence. 
This series can also be expressed in abbreviated form using the sigma notation, i.e., 


Ut. Cate ain кай. = Я 


In this Chapter, we shall study about some special types of series which may be 
required in different problem situations. 


A.1.2 Binomial Theorem for any Index 
In Chapter 8, we discussed the Binomial Theorem in which the index was a positive 
integer. In this Section, we state a more general form of the theorem in which the 
index is not necessarily a whole number. It gives us a particular type of infinite series, 
called Binomial Series. We illustrate few applications, by examples. 

We know the formula 

(= ЛС СЕ eeu ae 

Here, л is non-negative integer. Observe that if we replace index n by negative 
integer or a fraction, then the combinations "C, do not make any sense. 

We now state (without proof), the Binomial Theorem, giving an infinite series in 
which the index is negative or a fraction and not a whole number. 


Theorem The formula 


m(m-l) , 2 OSEE TE) 3 М 


т 
+x) =l+mx+ 
Gy? 1.2.3 


holds whenever |x| «1. 
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Remark 1. Note carefully the condition | x | < 1, i.e, — I< x € 1 is necessary when m 
is negative integer or a fraction. For example, if we take x = – 2 and m = — 2, we 
obtain 


G 2С 3) 


(1-2)? =1+ C22) =)? + 


or =1+4+12+... 
This is not possible 


2. Note that there are infinite number of terms in the expansion of (1+ x)", when m 
is a negative integer or a fraction 


& 
к. 
42 
| 
NA 
E] 
Ш 
с 
= 
a 
alc 
TT 


5 b 
Consider (а+ by" = | 2 


EMIT ME teme EOD 8) +... 
E a 1:2 а 


mancus 


m 


а" + та" + а"? + 


b 
This expansion is valid when i <1 or equivalently when | b |< lal. 


The general term in the expansion of (a + 8)” is 


mm —1)у(т — 2)...(m — r - 1)a" "b^ 
123-7 
We give below certain particular cases of Binomial Theorem, when we assume 


|х|<1, these are left to students as exercises: 
1. += leet Port... 
2. (l-x)'=1lt+xtrert... 
3. (1423)7?21-2x43X = 42%... 
4 (1 -= х)72=1+2х+ 352 +40 +... 


2 
Example 1 Expand (-2) , when | x1 < 2. 
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Solution We have 


REO 
= 1+=+——+.. 
4 32 


А3 Infinite Geometric Series 
From Chapter 9, Section 9.5, a sequence а, а„ а, ..., a, is called G.P., if 


акы 
а; 


= r (constant) for k = 1, 2, 3, ..., n-1. Particularly, if we take a, =a, then the 


resulting sequence a, ar, ar’, ..., ағ"! is taken as the standard form of G.P., where a is 
first term and r, the common ratio of G.P. 

Earlier, we have discussed the formula to find the sum of finite series 
a+ar+ar +... жағ”! which is given by 


ir) 


S,= 
1-ғ 


In this section, we state the formula to find the sum of infinite geometric series 
à ar * ar! +... + ат ж... and illustrate the same by examples. 


Let us consider the G.P. 1, 3 <a 


2 
Here.a e T, r= 3: We have 


Eb) 


27 
Let us study the behaviour of E | as n becomes larger and larger. 
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e O^ ^ — o. — 
; 0.00030072866 


n 
2v 
3 0.6667 0.1316872428 | 0.01734152992 
2 
We observe that as n becomes larger and larger, (2) becomes closer and closer to 


n 


zero. Mathematically, we say that as n becomes sufficiently large, (3) becomes 


sufficiently small. In other words, as 7 = -(3) — 0. Consequently, we find that 


the sum of infinitely many terms is given by S = 3. 
Thus, for infinite geometric progression a, ar, ar”, ..., if numerical value of common 
ratio r is less than 1, then 


" 
a(l-r Qatar 


а үн Лү tee 


ағ" 
In this case, +” Q as n оо since |r|«1 and then ТҮП — 0. Therefore, 


a 
S СЕ as no. 
-р 


Symbolically, sum to infinity of infinite geometric series is denoted by S. Thus, 


we have S=—— 
l-r 
For example 
m I 1 
l+—+—+—4..=— =2 
0 Мат "n 
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Example 2 Find the sum to infinity of the GP. ; 


AAA 
47166477 
-5 1 
Solution Here VE and r=—7. Also |r|<l. 
D сасы 
Hence, the sum to infinity is 2222-2227 
1+= = 
4 4 


A.1.4 Exponential Series 
Leonhard Euler (1707 — 1783), the great Swiss mathematician introduced the number 
ein his calculus text in 1748. The number e is useful in calculus as тіп the study of the 
circle. 
Consider the following infinite series of numbers 
E a EL d 

Dr pu Buc 
1! 221 3! 4! 
The sum of the series given in (1) is denoted by the number e 
Let us estimate the value of the number e. 


Since every term of the series (1) is positive, it is clear that its sum is also positive. 
Consider the two sums 


ЕТ port rq 


1 
and aztatat tot.. 


Observe that 


i ЭА у 1 
ЕТЕГІ апа 32 = 4° Which gives 3S 2 


Dol os NI 
y 24 ае рие sus 


EE on ip 
3! 120 я “Те, Which gives = 5! <>. 
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Therefore, by analogy, we can say that 


1 1 


I RN 
ET gra When л 02 
We observe that each term in (2) is less than the corresponding term in (3), 
oe (| íi] b. M 
Therefore 30 Ale ssp T < of eda -“ (4) 
iy al 
Adding er Gey on both sides of (4), we get, 
| 1 а Е eri 1 ) 
ї+—+—|+|—+—+—+..+—+.. 
ШЕ ea 217-412 51 n! 
< pine + неар І P б) 
ИО Р 21 or 


Left hand side of (5) represents the series (1). Therefore e < 3 and also e > 2 and 
hence 2 « e « 3. 
Remark The exponential series involving variable x can be expressed as 
2 п 
= ЖАУУ x 
=14+=-4+—+—+..4— +t... 
mA oles. ТС 
Example 3 Find the coefficient of x? in the expansion of e^"? as a series in 
powers of x. 


Solution In the exponential series 


replacing x by (2x + 3), we get 
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2 
(2х+3) ,Ur*9 à 
1! 2! 


е? = 1+ 


. This can be expanded by the 


3)". (3+2x)" 
Here, the general term is oe E ES 


n 


Binomial Theorem as 


-[ + C37 (2x) +" C3" Q9! +...+ e». 
n! 


10:312: 


ар . Therefore, the coefficient of х? in the whole 


Here, the coefficient of д? is 


series is 


СЗ чы 
po ay 


р" һ-2 


m 144 2 
- QT [using n! =n (n – 1) (n — 2)!] 


2 3 
СЕС 


m. 2e 5 
Thus 2e’ is the coefficient of x^ in the expansion of e, 
Alternatively e = e? , e? 
2 3 
e eee +2) «| 
- Ib 21 3! 


y 
Thus, the coefficient of x? in the expansion of e™ is ee 


Example 4Find the value of е?, rounded off to one decimal place. 


Solution Using the formula of exponential series involving x, we have 


Putting х= 2, we get 


ымы А ЕН 
3 "303 "45 


> the sum of first seven terms > 7.355. 
- On the other hand, we have 


ЖК ы. 
е (EM Sz l+=+ S++... 


a TAN 21 1 2 
= jc hal ie n Fc жет estu елік 
4 ny (5) + | Tess e" 7474. 

3 


1 Thus, е? lies between 7.355 and 7.4. Therefore, the value of е?, rounded off to one 
- decimal place, is 7.4. 


‘Logarithmic Series 
Another very important series is logarithmic series which is also in the form of infinite 
Series. We state the following result without proof and illustrate its application with an 


If 1x 1« 1, then 


223 
Ж 

l l+x)=x-—+—-... 

og, (I+ x) 2 x ts 


418 MATHEMATICS 


2 
(2х--3) " (2x +3) ^ 
1! 2! 


eu = 1+ 


Qx43' | (3+2х)" 


Here, the general term is 
n! n! 


. This can be expanded by the 


Binomial Theorem as 
lw жа Йа (ОА а ee ағу | 
п. 


nc 24-222 
Here, the coefficient of x? is m m . Therefore, the coefficient of 22 in the whole 
n! 


: : | 
Series 15 


оо (037352 оо ы 2 
алысы, орнаса 


п-2 n! 


L3 2 
Е ТЕРІ [using n! =n (n - D (n - 2)!] 


! 
N 
VERE RIS 
ЧЕ 

Ре 
d 
|ә 
+ 
L| 
+ 
LL 


= 281. 
Thus 2е? is the coefficient of х? in the expansion of e^. 
Alternatively e? = e , ез 


2 3 
e [ 19 DOTEM NES. + 
= 1! 2! 3! 


i h І 315903. E 
Thus, the coefficient of x? in the expansion of e2 is © 72e 


Example 4Find the value of е?, rounded off to one decimal place. 


Solution Using the formula of exponential series involving x, we have | 
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Putting х= 2, we get 


7 2,2 2 ОА Р 005 


e ЕЕ 
TZ Sato AE stot gt 
ЖҮЗДІ эы 
3/32 315: 745 


» the sum of first seven terms » 7.355. 
On the other hand, we have 


Т | 2-32 OA H 2l «02 723 | 
e <| 1+—4+—+—+4+— |+—] 14+=4+54+5H... 
АТАК 2 


Thus, е? lies between 7.355 and 7.4. Therefore, the value of e°, rounded off to one 
decimal place, is 7.4. 


ATS Logarithmic Series 


Another very important series is logarithmic series which is also in the form of infinite 
series. We state the following result without proof and illustrate its application with an 
example. 


Theorem If |x| <1, then 
9,4523 
ЕТЕК 
log, d+x)=x-—+—-~... 
в. (ex) ВАГ 
The series on the right hand side of the above is called the logarithmic series. 


The expansion of log, (14x) is valid for x = 1. Substituting x = 1 in the 
expansion of log, (1+х), we get 


iIe БАТ 
li pers p 5 
Ea 2:3 4 


420 MATHEMATICS 


Example 5If о, В are the roots of the equation x? — px+q=0, prove that 


c Ps ор, 
2 3 


log, (1+ px qx? ) - (o. B) - 


пора pui pue 
— Ó 2 + Um + ered an —... 


= log, (1+ ax)+log(1+Bx) 
= log, (1 +(0+В)х+ ax?) 
= log, (1 + px+ qx’) = Left hand side. 


Here, we have used the facts о--В-р and of=q . We know this from the 
given roots of the quadratic equation. We have also assumed that both 1®%х1< 1 and 
IBxl<1. 


2, 
— 4 — 


Appendix 


MATHEMATICAL MODELLING 


A.2.1 Introduction 


Much of our progress in the last few centuries has made it necessary to apply 
mathematical methods to real-life problems arising from different fields — be it Science, 
Finance, Management etc. The use of Mathematics in solving real-world problems 
has become widespread especially due to the increasing computational power of digital 
computers and computing methods, both of which have facilitated the handling of 
lengthy and complicated problems. The process of translation of a real-life problem 
into a mathematical form can give a better representation and solution of certain 
problems. The process of translation is called Mathematical Modelling. 

Here we shall familiaries you with the steps involved in this process through 
examples. We shall first talk about what a mathematical model is, then we discuss the 
steps involved in the process of modelling. 


А.2,2 Preliminaries 


Mathematical modelling is an essential tool for understanding the world. In olden days 
the Chinese, Egyptians, Indians, Babylonians and Greeks indulged in understanding 
and predicting the natural phenomena through their knowledge of mathematics. The 
architects, artisans and craftsmen based many of their works of art on geometric 
prinicples. 

Suppose a surveyor wants to measure the height of a tower. It is physically very 
difficult to measure the height using the measuring tape. So, the other option is to find 
out the factors that are useful to find the height. From his knowledge of trigonometry, 
he knows that if he has an angle of elevation and the distance of the foot of the tower 
to the point where he is standing, then he can calculate the height of the tower. 

So, his job is now simplified to find the angle of elevation to the top of the tower 
and the distance from the foot of the tower to the point where he is standing. Both of 
which are easily measurable. Thus, if he measures the angle of elevation as 40° and 
the distance as 450m, then the problem can be solved as given in Example 1. 
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Example 1 The angle of elevation of the top of a tower from a point O on the ground, 
which is 450 m away from the foot of the tower, is 40°. Find the height of the tower. 


Solution We shall solve this in different steps. 


Step T We first try to understand the real problem. In the problem a tower is given and 
its height is to be measured. Let Л denote the height. It is given that the horizontal 
distance of the foot of the tower from a particular point O on the ground is 450 m. Let 
d denotes this distance. Then d = 450m. We also know that the angle of elevation, 
denoted by 0, is 40°. 

The real problem is to find the height Л of the tower using the known distance d 
and the angle of elevation 0. 


Step 2 The three quantities mentioned in the problem are height, 
distance and angle of elevation. 

So we look for a relation connecting these three quantities. 
This is obtained by expressing it geometrically in the following 
way (Fig 1). 

AB denotes the tower. OA gives the horizontal distance 
from the point O to foot of the tower. ZAOB is the angle of 
elevation. Then we have 

h о A A 
tan Ө = — огл =d tan Ө xen) 450 m 
d Fig 

This is an equation connecting Ө, h and d. 

Step 3 We use Equation (1) to solve /. We have Ө = 40°. and d = 450m. Then we get 
h = tan 40? x 450 = 450 x 0.839 = 377.6m 


Step 4 Thus we got that the height of the tower approximately 378m. 

Let us now look at the different steps used in solving the problem. In step 1, we 
have studied the real problem and found that the problem involves three parameters 
height, distance and angle of elevation. That means in this step we have studied the 
real-life problem and identified the parameters. 

In the Step 2, we used some geometry and found that the problem can be 
represented geometrically as given in Fig 1. Then we used the trigonometric ratio for 
the "tangent" function and found the relation as 


h-dtan 8 


So, in this step we formulated the problem mathematically. That means we found 
an equation representing the real problem. 
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In Step 3, we solved the mathematical problem and got that h = 377.6m. That is 


we found 


Solution of the problem. 
In the last step, we interpreted the solution of the problem and stated that the 


height of the tower is approximately 378m. We call this as 


Interpreting the mathematical solution to the real situation 
In fact these are the steps mathematicians and others use to study various real- 


life situations. We shall consider the question, “why is it necessary to use mathematics 
to solve different situations." 


Here are some of the examples where mathematics is used effectively to study 


various situations. 


l. 


Proper flow of blood is essential to transmit oxygen and other nutrients to various 
parts of the body in humanbeings as well as in all other animals. Any constriction 
in the blood vessel or any change in the characteristics of blood vessels can 
change the flow and cause damages ranging from minor discomfort to sudden 
death. The problem is to find the relationship between blood flow and physiological 
characteristics of blood vessel. 


In cricket a third umpire takes decision of a LBW by looking at the trajectory of 
a ball, simulated, assuming that the batsman is not there. Mathematical equations 
are arrived at, based on the known paths of balls before it hits the batsman’s leg. 
This simulated model is used to take decision of LBW. 


Meteorology department makes weather predictions based on mathematical 
models. Some of the parameters which affect change in weather conditions are 
temperature, air pressure, humidity, wind speed, etc. The instruments are used to 
measure these parameters which include thermometers to measure temperature, 
barometers to measure airpressure, hygrometers to measure humidity, 
anemometers to measure wind speed. Once data are received from many stations 
around the country and feed into computers for further analysis and interpretation. 


Department of Agriculture wants to estimate the yield of rice in India from the 
standing crops. Scientists identify areas of rice cultivation and find the average 
yield per acre by cutting and weighing crops from some representative fields. 
Based on some statistical techniques decisions are made on the average yield of 
rice. 


How do mathematicians help in solving such problems? They sit with experts in 
the area, for example, a physiologist in the first problem and work out a 
mathematical equivalent of the problem. This equivalent consists of one or more 
equations or inequalities etc. which are called the mathematical models. Then 
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solve the model and interpret the solution in terms of the original problem. Before 
we explain the process, we shall discuss what a mathematical model is. 


A mathematical model is a representation which comprehends a situation. 
An interesting geometric model is illustrated in the following example. 


Example 2 (Bridge Problem) Konigsberg is a town on the Pregel River, which in the 
18th century was a German Island С 

town, but now is Russian. Within River Bank B. 
the town are two river islands 
that are connected to the banks 
with seven bridges as shown 
in (Fig 2). 

People tried to walk around 
the town in a way that only 
crossed each bridge once, but it 
proved to be difficult problem. 
Leonhard Euler, a Swiss 
mathematician in the service of 
the Russian empire Catherine the Great, heard about the problem. In 1736 Euler proved 
that the walk was not possible to do. He proved this by inventing a kind of diagram 
called a network, that is made up of vertices River bank 
(dots where lines meet) and arcs (lines) (Fig3). A 

He used four dots ( vertices) for the two 
river banks and the two islands. These have 
been marked A, B and C, D. The seven lines Island C Island D 
(arcs) are the seven bridges. You can see that 
3 bridges (arcs) join to riverbank, A, and 3 join 


Island D 


to riverbank B. 5 bridges (arcs) join to island River bank 
C, and 3 join to island D. This means that all B 
the vertices have an odd number of arcs, so Fig3 


they are called odd vertices (An even vertex 
would have to have an even number of arcs joining to it). 

Remember that the problem was to travel around town crossing each bridge only 
once. On Euler's network this meant tracing over each arc only once, visiting all the 
vertices. Euler proved it could not be done because he worked out that, to have an odd 
vertex you would have to begin or end the trip at that vertex. (Think about it). Since 
there can only be one beginning and one end, there can only be two odd vertices if you 
are to trace over each are only once. Since the bridge problem has 4 odd vertices, it 
just not possible to do! 
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After Euler proved his Theorem, much 
water has flown under the bridges in Konigsberg. 
In 1875, an extra bridge was built in Konigsberg, 
joining the land areas of river banks A and B 
(Fig 4). Is it possible now for the Konigsbergians 
to go round the city, using each bridge only once? 

Here the situation will be as in Fig 4. After 
the addition of the new edge, both the vertices 
A and B have become even degree vertices. Fig4 
However, D and C still have odd degree, So, it 
is possible for the Konigsbergians to go around the city using each bridge exactly once. 

The invention of networks began a new theory called graph theory which is now 
used in many ways, including planning and mapping railway networks (Fig 4). 


A.2.3 What is Mathematical Modelling? 
Here, we shall define what mathematical modelling is and illustrate the different 
processes involved in this through examples. 


River bank 
B 


Definition Mathematical modelling is an attempt to study some part (or form) of the 
real-life problem in mathematical terms. 

Conversion of physical situation into mathematics with some suitable 
conditions is known as mathematical modelling. Mathematical modelling is 
nothing but a technique and the pedagogy taken from fine arts and not from the 
basic sciences. Let us now understand the different processes involved in Mathematical 
Modelling. Four steps are involved in this process, As an illustrative example, we 
consider the modelling done to study the motion of a simple pendulum. 


Understanding the problem 

This involves, for example, understanding the process involved in the motion of simple 
pendulum. All of us are familiar with the simple pendulum. This pendulum is simply a 
mass (known as bob) attached to one end of a string whose other end is fixed at a 
point. We have studied that the motion of the simple pendulum is periodic. The period 
depends upon the length of the string and acceleration due to gravity. So, what we need 
to find is the period of oscillation, Based on this, we give a precise statement of the 
problem as 


Statement How do we find the period of oscillation of the simple pendulum? 
The next step is formulation. 


Formulation Consists of two main steps. 
l. Identifying the relevant factors In this, we find out what are the factors/ 
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solve the model and interpret the solution in terms of the original problem. Before 
we explain the process, we shall discuss what a mathematical model is. 


A mathematical model is a representation which comprehends a situation. 


An interesting geometric model is illustrated in the following example. 


Example 2 (Bridge Problem) Konigsberg is a town on the Pregel River, which in the 


18th century was a German 
town, but now is Russian. Within 
the town are two river islands 
that are connected to the banks 
with seven bridges as shown 
in (Fig 2). 

People tried to walk around 
tlie town in a way that only 
crossed each bridge once, but it 
proved to be difficult problem. 
Leonhard Euler, a Swiss 
mathematician in the service of 


Island C 
River Bank B 


Island D 


River Bank A 


the Russian empire Catherine the Great, heard about the problem. In 1736 Euler proved 
that the walk was not possible to do. He proved this by inventing a kind of diagram 


called a network, that is made up of vertices 


River bank 


(dots where lines meet) and arcs (lines) (Fig3). A 
He used four dots (vertices) for the two 
river banks and the two islands. These have 


been marked A, B and C, D. The seven lines Island C 
(arcs) are the seven bridges. You can see that 

ridges (arcs) join to riverbank, A, and 3 join 

iverbank B. 5 bridges (arcs) join to island 

nd 3 join to island D. This means that all B 
vertices have an odd number of arcs, so Fig3 
€y are called odd vertices (An even vertex 

would have to have an even number of arcs joining to it). 


Island D 


River bank 


Remember that the problem was to travel around town crossing each bridge only 
once. On Euler's network this meant tracing over each arc only once, visiting all the 
vertices. Euler proved it could not be done because he worked out that, to have an odd 
vertex you would have to begin or end the trip at that vertex. (Think about it). Since 
there can only be one beginning and one end, there can only be two odd vertices if you 
are to trace over each arc only once. Since the bridge problem has 4 odd vertices, it 


just not possible to do! 
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After Euler proved his Theorem, much River bank 
water has flown under the bridges in Konigsberg. A 
In 1875, an extra bridge was built in Konigsberg, 
joining the land areas of river banks A and B kim 
(Fig 4). Is it possible now for the Konigsbergians Island С Island D 
to go round the city, using each bridge only once? ie” 
Here the situation will be as in Fig 4. After 


the addition of the new edge, both the vertices elgg a 
A and B have become even degree vertices. Fig 4 


However, D and C still have odd degree. So, it 
is possible for the Konigsbergians to go around the city using each bridge exactly once, 

The invention of networks began a new theory called graph theory which is now 
used in many ways, including planning and mapping railway networks (Fig 4). 


A.2.3 What is Mathematical Modelling? 
Here, we shall define what mathematical modelling is and illustrate the different 
processes involved in this through examples. 


Definition Mathematical modelling is an attempt to study some part (or form) of the 
real-life problem in mathematical terms. 

Conversion of physical situation into mathematics with some suitable 
conditions is known as mathematical modelling. Mathematical modelling is 
nothing but a technique and the pedagogy taken from fine arts and not from the 
basic sciences. Let us now understand the different processes involved in Mathematical 
Modelling. Four steps are involved in this process. As an illustrative example, we 
consider the modelling done to study the motion of a simple pendulum. 


Understanding the problem 

This involves, for example, understanding the process involved in the motion of simple 
pendulum. All of us are familiar with the simple pendulum. This pendulum is simply a 
mass (known as bob) attached to one end of a string whose other end is fixed at a 
point. We have studied that the motion of the simple pendulum is periodic. The period 
depends upon the length of the string and acceleration due to gravity. So, what we need 
to find is the period of oscillation. Based on this, we give a precise statement of the 
problem as 


Statement How do we find the period of oscillation of the simple pendulum? 
The next step is formulation. 


Formulation Consists of two main steps. 
l. Identifying the relevant factors In this, we find out what are the factors/ 
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parameters involved in the problem. For example, in the case of pendulum, the factors 
are period of oscillation (Т), the mass of the bob (ул), effective length (Г) of the pendulum 
which is the distance between the point of suspension to the centre of mass of the bob. 
Here, we consider the length of string as effective length of the pendulum and acceleration 
due to gravity (а), which is assumed to be constant at a place. 

So, we have identified four parameters for studying the problem. Now, our purpose 
is to find T. For this we need to understand what are the parameters that affect the 
period which can be done by performing a simple experiment. 

We take two metal balls of two different masses and conduct experiment with 
each of them attached to two strings of equal lengths. We measure the period of 
oscillation. We make the observation that there is no appreciable change of the period 
with mass. Now, we perform the same experiment on equal mass of balls but take 
strings of different lengths and observe that there is clear dependence of the period on 
the length of the pendulum. 

This indicates that the mass m is not an essential parameter for finding period 
whereas the length / is an essential parameter. 

This process of searching the essential parameters is necessary before we go 
to the next step. 


2, Mathematical description This involves finding an equation, inequality or a 
geometric figure using the parameters already identified. 

In the case of simple pendulum, experiments were conducted in which the values 
of period T were measured for different values of /. These values were plotted on a 
graph which resulted in a curve that resembled a parabola. It implies that the relation 
between T and / could be expressed 


PEK FAG) 


2 
It was found that k= m This gives the equation 
8 


1 
Т-2л/- 


Equation (2) gives the mathematical formulation of the problem. 


Finding the solution The mathematical formulation rarely gives the answer directly. 
Usually we have to do some operation which involves solving an equation, calculation 
orapplying a theorem etc. In the case of simple pendulums the solution involves applying 
the formula given in Equation (2). 
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The period of oscillation calculated for two different pendulums having different 
lengths is given in Table 1 
Table 1 


[ee ome] 


The table shows that for / = 225 cm, T = 3.04 sec and for | = 275 cm, T = 3.36 sec. 


Interpretation/Validation 


А mathematical model is an attempt to study, the essential characteristic of a real life 
problem. Many times model equations are obtained by assuming the situation in an 
idealised context. The model will be useful only if it explains all the facts that we would 
like it to explain. Otherwise, we will reject it, or else, improve it, then test it again. In 
other words, we measure the effectiveness of the model by comparing the results 
obtained from the mathematical model, with the known facts about the real 
problem. This process is called validation of the model. Тп the case of simple 
pendulum, we conduct some experiments on the pendulum and find out period of 
oscillation. The results of the experiment are given in Table 2. 
Table 2 


Periods obtained experimentally for four different pendulums 


Mass (gms) Length (cms) [ Time (secs) | 
275 


385 3.371 
225 3.056 


Now, we compare the measured values in Table 2 with the calculated values given in 
Table 1. 

The difference in the observed values and calculated values gives the error. For 

example, for l = 275 cm, and mass т = 385 gm, 
error = 3.371 — 3.36 = 0.011 
which is small and the model is accepted. 

Once we accept the model, we have to interpret the model. The process of 
describing the solution in the context of the real situation is called interpretation 
of the model. In this case, we can interpret the solution in the following way: 

(a) The period is directly proportional to the square root of the length of the 


pendulum. 
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(b) It is inversely proportional to the square root of the acceleration due to gravity. 

Our validation and interpretation of this model shows that the mathematical model 
is in good agreement with the practical (or observed) values. But we found that there 
is some error in the calculated result and measured result. This is because we have- 
neglected the mass of the string and resistance of the medium. So, in such situation we 
look for a better model and this process continues. 

This leads us to an important observation. The real world is far too complex to 
understand and describe completely. We just pick one or two main factors to be 
completely accurate that may influence the situation. Then try to obtain a simplified 
model which gives some information about the situation. We study the simple situation 
with this model expecting that we can obtain a better model of the situation. 

Now, we summarise the main process involved in the modelling as 
(a) Formulation (b) Solution (c) Interpretation/Validation 


The next example shows how modelling can be done using the techniques of finding 
graphical solution of inequality. 


Example 3 А farm house uses atleast 800 kg of special food daily. The special food is 
a mixture of corn and soyabean with the following compositions 


Table3 


Material | Nutrients present per Kg} Nutrients present per Kg | Cost per Kg 
Protein Fibre 

Corn .09 .02 Rs 10 

Soyabean .60 Ў 06 Rs 20 


The dietary requirements of the special food stipulate atleast 3096 protein and at most 
5% fibre. Determine the daily minimum cost of the food mix. 


Solution Step 1 Here the objective is to minimise the total daily cost of the food which 
is made up of corn and soyabean. So the variables (factors) that are to be considered 
are 


x = the amount of corn 
y = the amount of soyabean 
2 = the cost 
Step 2 The last column in Table 3 indicates that 2, X, y are related by the equation 


z= 10x + 20у noU 
The problem is to minimise z with the following constraints: 
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(a) The farm used atleast 800 kg food consisting of corn and soyabean 
i.e., x + y 2 800 540) 
(b) The food should have atleast 30% protein dietary requirement in the proportion 
as given in the first column of Table 3. This gives 
0.09x + 0.6y > 0.3 (x + у) dT) 
(c) Similarly the food should have atmost 5% fibre in the proportion given in 
2nd column of Table 3. This gives 
0.02x + 0.06 y € 0.05 (x + у) -- (4) 
We simplify the constraints given in (2), 3) and (4) by grouping all the coefficients 
of x, y. 
Then the problem can be restated in the following mathematical form. 
Statement Minimise z subject to 


x+ y 2 800 
021х-.30у<0 
0.03x – 01у>0 


This gives the formulation of the model. 

Step 3 This can be solved graphically. The shaded region in Fig 5 gives the possible 
solution of the equations. From the graph it is clear that the minimum value is got at the 
point (470.6,329.4) i.e., x= 470.6 and y = 329.4. 


Y 


Minimise z 


E 0х+20у 


0 500 1000 1500 
Optimum: x = 470.6 kg 
y73294kg 

z=Rs 11294 


Fig5 
This gives the value of z as z = 10 x 470.6 + 20 x 329.4 = 11294 


This is the mathematical solution. 
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Step 4 The solution can be interpreted as saying that, “The minimum cost of the 
special food with corn and soyabean having the required portion of nutrient contents, 
protein and fibre is Rs 11294 and we obtain this minimum cost if we use 470.6 kg of 
corn and 329.4 kg of soyabean.” 

Inthe next example, we shall discuss how modelling is used to study the population 
of a country at a particular time. 


Example 4 Suppose a population control unit wants to find out *how many people will 
be there in a certain country after 10 years” 


Step 1 Formulation. We first observe that the population changes with time and it 
increases with birth and decreases with deaths. 

We want to find the population at a particular time. Let t denote the time in years. 
Then / takes values 0, 1, 2, ..., т = 0 stands for the present time, f= 1 stands for the next 
year etc. For any time г, let p (f) denote the population in that particular year. 

Suppose we want to find the population in a particular year, say t, = 2006. How 
will we do that. We find the population by Jan. Ist, 2005. Add the number of births in 
that year and subtract the number of deaths in that year. Let В(/) denote the number of 
births in the one year between / and t + 1 and D(r) denote the number of deaths 
between f and г + 1. Then we get the relation 

P (t 1) 2 P (b +В (2) - D (0 
Now we make some assumptions and definitions 


B (t) 
1. P (I) is called the birth rate for the time interval ttot4 1. 


D (t) 
2. P(t) is called the death rate for the time interval (07 + 1. 


Assumptions 


1. The birth rate is the same for all intervals. Likewise, the death rate is the same 
for all intervals. This means that there is a constant Р, called the birth rate, and a 
constant d, called the death rate so that, for all t 20, 


zB) BD 


2. There is no migration into or out of the population; i.e., the only source of population 
change is birth and death. 


As a result of assumptions 1 and 2, we deduce that, for г > 0, 
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P (t + 1) = P(t) + B() -D@) 
= P(t) + bP(t) — dP(t) 
=(1+b-d) P(t) ЕЩ?) 
Setting г = 0 in (2) gives 
Р(1) = (1 + b — ФР (0) 350) 
Setting г = 1 in Equation (2) gives 
P(2) = (1 + b — d) P (1) 
=(1+b-d)(1+b-d)P (0) (Using equation 3) 
= (14 b — dy P(0) 
Continuing this way, we get 
P(t) = (1+ b- d) P (0) (4) 
for t = 0, 1, 2, ... The constant 1 + b — d is often abbreviated Бу r and called the growth 
rate or, in more high-flown language, the Malthusian parameter; in honor of Robert 
Malthus who first brought this model to popular attention. In terms of r, Equation (4) 
becomes 
P(t) = P(0)r' pestis D 2a EN 
P(t) is an example, of an exponential function. Any function of the form cr ', where c 


and r are constants, is an exponential function. 
Equation (5) gives the mathematical formulation of the problem. 


Step 2 — Solution 
Suppose the current population is 250,000,000 and the rates are b = 0.02 and d = 0.01. 
What will the population be in 10 years? Using the formula, we calculate P(10). 
Р(10) = (1.01)? (250,000,000) 
= (1.104622125) (250,000,000) 
=276,155,531.25 
Step 3 Interpretation and Validation 


Naturally, this result is absurd, since one can't have 0.25 of a person. 
So, we do some approximation and conclude that the population is 276,155,531 
(approximately). Here, we are not getting the exact answer because of the assumptions 
that we have made in our mathematical model. 

The above examples show how modelling is done in variety of situations using 
different mathematical techniques. 

Since a mathematical model is a simplified representation of areal problem, by its 
very nature, has built-in assumptions and approximations. Obviously, the most important 
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question is to decide whether our model is a good one or not i.e., when the obtained 
results are interpreted physically whether or not the model gives reasonable answers. 
If a model is not accurate enough, we try to identify the sources of the shortcomings. 
It may happen that we need a new formulation, new mathematical manipulation and 
hence a new evaluation. Thus mathematical modelling can be a cycle of the modelling 
process as shown in the flowchart given below: 


Т 
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EXERCISE 1.1 


(iv), (v), (vi), (vii) and (viii) are sets. 
» (ii) е (iie (vi)e (у)е (v) € 
-(-3,-2,-1,0,1,2,3,4,5,6) (ii) B 
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(x:x eR, -3«x«0] 
бу) {x Е:-23<х<5) 9. (iii) 


(х:х €R,6<xS12) 
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(0 XUYs[1,2/3557 ü) AUB={a b,c, e,i o, u} 
(ii) AUB={x:x=1,2,4,5 ora multiple of 3 } 
(iv) AUB={x:1<x< 10, хє №) (v) AU B= {12,3} 
Ye, AUB={abc} 3 B 
(i) (1,2,3,4,5,6) (i) {1,2,3,4,5,6,7,8} (й) {3, 4,5, 6,7, 8 } 
(iv) {3,4,5, 6,7, 8,9, 10) (v) {1, 2, 3, 4,5, 6, 7,8} 
(vi) {1,2,3,4,5,6,7, 8,9, 10} (vii) { 3,4, 5,6, 7, 8, 9, 10 } 
@ ХаҮ-(1,3) @ An B={a} ш (3) (ім) ф (у) ф 
i) (7,9,11) бі) (11,13) (іі) ф (iv) { 11} 
(у) ф (vi) (7,9,11) (vii) ф 
(уш) {7,9,11} (ix) (7,9, 11} (x) (7,9,11,15) 
(i) B (ii) C (ш) D (iv) $ 
(v) (2) (vi) { x: xis an odd prime number} — *. (iii) 
G) (3,6,9,15,18,21) (їй) (3,9,15, 18,21] (iii) (3,6,9, 12, 18,21] 
(iv) (4,8,16,20) (у) (2,4,8,10,14, 16) (vi) ( 5,10, 20] 
(уі) (20) (viii) | 4, 8, 12, 16 ) (ix) (2,6, 10, 14} 
(х) (5,10,15) (xi) (2, 4, 6, 8, 12,14, 16} (xii) (5, 15,20} 


@ {ас} (i) {в} Gii) {Ь,4 ) 
Set of irrational numbers 12. (i) F Gi)F (iii) T (іу) T 


= 


O {5,6,7,8,9} i) (1,3,5,7,9) (іі) (7,8,9) 
(iv) (5,7,9) (у) (1,2,3,4) (vi) (1,3,4,5,6,7,9) 
O (defgh) i) (abc) (ii) {b,d, fh} 


бу) { b,c, d,e) 
(i) { x: xis an odd natural number } 
Gi) { x: х is an even natural number } 
(iii) (x:x е Nandxis nota multiple of 3 } 
(iv) {x:xisa positive composite number and x = 1] 


6. 


un 


= 


л 
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(у) (x:xisa positive integer which is not divisible by 3 or not divisible by 5} 


(vi) { x: хє N and x is not a perfect square } 
(уй) { x: хє N and x is not a perfect cube } 


(уш) { x: хє Nand x #3} (ix) (x:xe Nandx 2 2] 


9 
(х) {x:xe Nand x «7] (xi) {x: xe Nandx < 3! 


A' is the set of all equilateral triangles. 


EXERCISE 1.6 


б) 0 (і) А ш) ф у) 6 


2 2.55 3. 50 4. 42 
30 6 19 7. 25,35 8. 60 
Miscellaneous Exercise on Chapter 1 
“AC BAEC HB ЕС ЮЕ; DEB Dee 
(i) False (ii) False (iii) True (iv) False (v) False 
(vi) True 
False 12. We may take А-|1,2),В-(1,3),С-(2.,3) 
„325 14. 125 15. (1) 52, (ii) 30 ig H 


.x-2andys]1 2, The number of elements in A x B is 9. 


G xH = (07, 5), (7, 4), (7, 2), (8, 5), (8, 4), (8, 2)} 
H xG = ((5, 7), (5, 8), (4, 7), (4, 8), (2, 7), (2, 8)} 
(i) False 
Px Q= {(m, n), (т, m), (n, n), (n, m)) 
(ii) True 
Gii) True 
AxA={(-1,-D, C L, D, (1, 1), (1, D) 
АХАХА = (CI, -1, 1), C1, -1, 1), C1, 1, 21), C1, 1, D). C 
(1, 1, 2D, (1, 1, D] 
, A = (a, b), B= {x,y} 
‚ AxB 7 (1,3), (1, 4), (2, 3), (2, 4)] 
A x B will have 24 = 16 subsets. 
A = (x, y. z) and B = {1,2} 


1, -1, -1), (1, -1, 1), 
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10. A= {-1, 0, 1}, remaining elements of 
A x A are (-1, —1), (-1, 1), (0, —1), (0, 0), (1, —1), (1, 0), (1, 1) 


EXERCISE 2.2 


1. Rz {(1, 3), (2, б), (3, 9), (4, 12)} 
` Domain of R = {1, 2, 3, 4} 
Range of R = {3, 6, 9, 12} 
Co domain of R = (1,2, ..., 14} 
2. R= {(1, 6), (2, 7), (3, 8)} 
Domain of R = {1, 2, 3} 
Range of R = {6, 7, 8} 
‚ Rz ((1,4), (1, 6), (2, 9), (3, 4), (3, 6), (5, 4), (5, 6)} 
4. (i) R={(x,y) :1у=х-2 forx=5, 6, 7} 
(ii) R= (05,3), (6,4), (7,5)). Domain of = (5,6,7), Range of R = {3,4,5} 
5. @ К-((1,1), (1,2), (1, 3), (1, 4), (1, 6, (2 4), (2, 6), (2, 2), (4, 4), (6, 6), 
(3, 3), (3, 6)} 
(ii) Domain of R = {1, 2, 3, 4, 6} 
(ii), Range of R = (1, 2, 3, 4, 6} 
6. Domain of R = {0, 1, 2, 3, 4, 5,} 7. R={(2,8), (3, 27), (5, 125), (7, 343)} 
Range of R = (5, 6, 7, 8, 9, 10} 
8. Мо. of relations from A into B = 2° 9. Domain of R = Z 
Range of R = Z 


EXERCISE 2.3 


1. (1) yes, Domain = (2, 5, 8, 11, 14, 17}, Range = {1} 
Gi) yes, Domain = (2, 4, 6, 8, 10, 12, 14}, Range = (1,2, 3,4, 5, 6, 7} 
(іі) Мо. 
2, (i) Domain = R, Range = (- о, 0] 
(ii) Domain of function = іх:-3<х<3) 
Range of function = {x: 0 < x < 3} 


» 0 /(0)--5 Gi) fM=9 G) Fe 

х 412 
4. @ 100) =32 (ii) (028) = SER: (i) ^ t(-10) = 14 (iv) 100 
5. (i) Range = (- оо, 2) Gi) Range = [2, о) (ш) Range - R 


MOD Un sw 


t2 
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Miscellaneous Exercise on Chapter 2 


24 3. Domain of function is set of real numbers except 6 and 2. 
Domain = [1, оо), Range = [0, оо) 

Domain = R, Range = non-negative real numbers 

Range = Any positive real number x such that 0 € x « 1 

(f+ а) х= 3х- 2 8.а-2,5--1 9.(і) № (ii) No (іш) No 
(f-g)x=-x+4 


G) Yes, (ii) No 11. No 12. Range of f= (3,5, 11,13} 


ee: =, _19% NE: "mt: 
O 56 E, 09 5 109 
(i) 399227307 (ii) 229° 5°29” (іш) 300° (iv) 210° 
20% 

127 4. 12° 36" 5, 3 6. 5:4 

КОБУ M SN 

(i) 15 (ii) 5 (iii) 25 

EXERCISE 3.2 

: 3 2 1 
sin x =——, co’ =- sec x =—2, tan x= V3, cotx=—= 

nox 2 Sec x B B 


Ur 


4 : tan x 2 cot x= 
совесх--,с05Х---,5есх---, ш--, E 
5 4 4 3 


w 


5 3 5 
sin x=—2,oosee x=—7, caecis oci an x= 


12 13 5 12 5 
1 ---- =—— (== =-—,cotx=-— 
sin x EE cosec x 1 , COS X 13! tan x 5 x 1 


; 5 „ 2 n 12 
s. meson amr: mat E IL Із: n0 G з 


«$ „2 * ,2 №. ! 


%. T ш:- 3 


жалыны 2 3 j "1 "ez 
re nek Ж! ЕСА 
s I armo E “ хине еле = ne 
» ЖАК Н 
а zl Tex >. 2-77, LL, 
Miw ellmoots Eyercive on Chapter 1 
4M, 
ы $2.5 


7 
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ings с m ODE 7 Soma сойуш i 
nds, оѕес x = а STe D 5 

1 Уз 

2 7, 2 8. V3 ew 10. 1 


т 4n T п 5л T 

=, пъ Zea 2mt-, 

3'3 nn 37162 2! 3'3 n 3 neZ 

5n lix 5л 7л lix 7n 

——— mic ULL) — 

S uw Ei nez 4: Gere арәте Z 
x огул пе 2 в. х= One D or2nnt ne Z 


xem (7 190 (028+) ne z 
6 2 
х=”, Bro Ne 9. х='узогпп& ne z 


Miscellaneous Exercise on Chapter 3 


V5 25 
СЕРІГІ 
№ 4% 6 
o 
V8+2Vvi5 Jg 
V15 (8-2,5 A 


4, EE 
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5 2,74 3 d 4, 14281 
2 E ША 
7% 6:45 лон а e NE 
22,2 -22 107 4 3 ES. 
26 йт ЕН БАҚЫ Ho 
Zo 749. 78 ол, Шу ҒА CI MEE 
-72 
; 14; Tout 


[езг sn | 5. osten wt) 


Еее, 22476; qma ur 
3 (cos x + i sin л) 7. ос 8. с; +івіп > 


БЕЗ -3:35i -1£ Vii 
жузі 2 4 34 E i 4. -2 
-34 Vili 1tV7i -l+ үлі р +i 
2 6. 2 7; 2/2 8. 245 
-1+ (4-42)! -14V7i 
= 62 10. 25 


2 


зю MATHEMATIC 
Müvcelianems Exercise on Chapter 5 
Mn «sni 
Im 2-24 х. “2 


7 
7, 1 


-2 1 
12. Ө-г.000 |) Aa. 
ік 0 


14. х= 3, у= - 3 
20. 4 


1, 9 (1234) 
2 0) Мока 
& ӨІ--2-һө1 


а @ (4.0123) 
5.4% 06-9 
$ C9 0, 69-9 
13, d M, 6m 2] 


17, «3 4m 
" э 9—0 


11. Отан іе or орі wo 35 
n dno» 
м. toe 


0) [7372,00 12:34] 


6 |--4-М 

w (9 2) 

@ (-2, ж) 

7. (= -3 Жы 

п. 6m 2) 12, (=, 120) 
uae 16. 6, 2] 
ік 12-1, Se 


29. 12-3; Mrd 


21. Cromer thus or equal to K2 
м. ж (ало, 0012) 


5%. Gresser dum ow equal to È but leve (aun or equal to 22 
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Miscellaneous Exercise on Chapter 5 


307+599i 
442 


3r 4.3т 38... 3x 
(i) ftm) (ii) Bett sa) 


ЖТА 1202, А 2.6, 
6 33. 7 2 ПЛ 1-21 
445 2 а; 21 3a ae 
10.5 12, 07,000 13, 2:4 14. х-3,у--3 
15. 2 ie t 18, 0 20. 4 
1. @ (123,4) (ii) (..-3,-2,-1;0,1,2,3,4,) 
2. (i) NoSolution G) 1..-4,-3) 
à © {..-2,-1,0, 1) (ii) (+, 2) 
4..0жісі,0,1,2,3,5.4 (й) (-2, ) 
5, C4, о) 6. C ө,-3) 7. (0, -3] 8. Co» 4] 
9, C96) 10. Co» -6) 11. (=, 2] 12, © ®, 120] 
13. (4 ) 14. Coo, 2) 15. (4,9) 16. Coo, 2] 
3 x«3 f х>-І 
<3, e—a =h аа 
17. * 01234 18. * -101 
1 х>-і % 2 
19, 25 теме 20,52 c0 TI > 
21. Greater than or equal to 35 33. Greater than or equal to 82 
23. (5,7), (7,9) 24, (6,8), (8,10), (10,12) 


. 9cm 


26. Greater than or equal to 8 but less than or equal to 22 
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ANSWERS 


Miscellaneous Exercise on Chapter 6 


[2, 3] 2. (0,1 з. [-42] 
28,2 5 i өлі [ = 
(~ 23, 2] 5. ava 6. |3 
(-5,5) 
Е (55,5) ҚҰРЫШЫН were iene 
-6-5-4-3-2-1 0 VADES ATS 1607/78 79 
(1,7) 
‚ (1,7) Loo € eee è © 
warr ЕСЕДЕН ЕЕ ОТЫ» a0 
(5, ©) 
. (5, о) Loo tm 00 
-i 0 12 2%4;5 678 
MEE NH 
ы ————T ID 
9% “6 -5 4-3 -2-1 0 142227147506; T 8 910111213 


. Between 20°C and 25°C 
_ More than 320 litres but less than 1280 litres. 
. More than 562.5 litres but less than 900 litres. 


. 9.6 <МА €16.8 
EXERCISE 7.1 
. (i) 125, Gi) 60. 2. 108 3. 5040 4. 336 
8 6. 20 


445 


446 


A = 


© 2 


MATHEMATICS 


(i) 40320, (ii) 18 2. 4. 
(1) 30, (ii) 15120 
| EA R CIS] 
` 504 2. 4536 3. 60 4. 120,48 
56 6. 9 7.. @3, (i)4 8. 40320 
(1) 360, (ii) 720, (iii) 240 10. 33810 
(1) 1814400, (ii) 2419200, (iii) 25401600 
45 2. (05,G)6 з, 210 4. 40 
2000 6. 778320 7. 3960 8. 200 
35 
Miscellaneous Exercise on Chapter 7 
3600 2. 1440 3. (0504, (ii) 588, (iii) 1632 
907200 5. 120 . 50400 7. 420 
Сх: 9. 2880 10. "C,-?C. 11 151200 
1-10x + 40:2 — 80.3 + 80 — 325 
32 40 20 SENDA 
т (елаты Othe те 
ЖИК ГЫС 8 32 
64 x° -576 x5 + 2160 x4 — 4320 3+ 4860 x? — 2916 x + 729 
24810811427 Ox 539 2 
жб +157 20+ 5.6.1 
X x x 
884736 7. 11040808032 8. 104060401 
9509900499 10. (LD'?" 21000 11, gg, ab’); 40/6 


206 + 15x! + 1532 + 1), 198 
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— 101376 3 (01 eut 


1512 2. 
(iy "edid 5, —1760 y 6. 18564 
-105 23) 
=& AR 8. 61236 xy 10. n2 75rz3 
m=4 

Miscellaneous Exercise on Chapter 8 

9 

a=3;b=5;n=6 2. а= 7 З 171 
396 4/6 6. 2d + 12а – 10а – 40 + 2 
0.9510 8. n 210 
16 8 32 16 xb X ТЕТ 
атала eue ШОР 
X- xTM POM 2 o IG 


275 — 54аҳ + 117a?x* — 116a? + 117a*? — 54a°x + 27a° 


3,8, 15, 24, 35 3. 2,4,8, 16 and 32 
1 d s e 
== and 125,625, 3125, 15625 
66276. 6 5. 25, 
3921 75 49 
2323 n 7, 65,93 8. 158 
360 
729 10. 23 


3, 11, 35, 107, 323; 3 11 4 35 + 107+ 323 +... 


-1-і1-1 -1 =1 zx i! =i 
-Ll—,—,—,— ; -l+ Er m Б Не 
2 6 24120 E 5) lx] (2% 
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13; 


11. 


27. 
32. 


MATHEMATICS 


BUS 8 
2, 2, 1, 0, -1; 2+2+1+0+ (1) +... "FOE 239007 
1002001 2. 98450 4. 50г20 6. 4 
n 179 
=(Sn+7 aS 
5 (+7) 8. 24 9. o 10. 0 
27 14. 11,14, 17,20 and 23 15. 1 
14 17. Rs245 18. 9 
5 
28 y 2. 3072 4. —2187 
1 20 
th th th қ 
2 (а) 13", (b) 12%, (суд 6. +1 7. ¢[1-(0.1)"] 
a n 3 
ea i-i 4 [Cay] | pee) 
3 l+a I2 
3 5242 De GU EON 
224 — (3! -1 =-0г2; =1,-0г>,1,2 
a ) 1» т Л АЦЕ 
16. 16/,, 
4 14. T2 -1) 15. 2059 
-4- 80 
—,—,—.,...or 4,-8, 16, -32, 64... 
7$ T „or 64, 18. 4119 1)- 
496 20. rR 21. 3,-6,12,-24 26. 0 and 27 
n= 30. 120,480,30 (2%) 31. Rs 500 (1.1) 
x -16х+ 25 =0 
© (41) n2) n(n+1)(n+2)(n+3) 
4 


DE 
p" 


6. 
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«rn (л? +5n+1) 4. T 5. 2840 


n (n +1)" (n+2) 


Зп (n + 1) (n + 3) 7i x 


2o) (л?  23n +34) 
«012 (2-1) 10. 5 2n+1)Qn-1) 


Miscellaneous Exercise on Chapter 9 


5,8, 11. 210. 4.018729 5. 3050 6. 1210 
4 8. 1606 9. +3 10. 8,16,32 
4 12. fi 
50 5n 2n 2 
i) —(10" -1]- fy om 22. 
Ob E кыр oe 2. 1680 
Z (n? +3п+5) 25. 2. (2n? +9n+13) 
3 24 - 


Rs 16680 28. Rs39100 29. Rs43690 30. Rs 17000; 295000 | 
Rs 5120 32. 25 days 


| EXERCISE 10.1 
nm square unit. 
2 
(0, a), (0, — a) and (-V3a,0) or (0, a), (0, — a), and (УЗа,0) 
(i) |»; -»]. @) |»  x| 4. ЕП s. -i 
-v43 S. x 10. 135° 


1 1 
1 and 2, or ; and 1, or — 1 and 2, or ч and-1 14. 2 104.5 Crores 


Bre 
5. 2х+у+6=0 
7. 5x43y42-0 


10. 5х-у+20=0 
12. Xtyz5 


15. 2xy-9y. 85-0 


19. 2kx + hy = 3kh. 


; and no intercept with x-axis. 
xcos 90° + y sin 90° = 2, 2, 90°; 
4. 5 units 


әрт UR 
PHT) units 


9. 30° and 150° 


+((+23)у CERENA 


Ut G9 m 
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68- 49 
2x4y-5 14. E ыле 
2 9 


. y-x=1, 42 


(a) 3, (b) + 2, (с) 6 or 1 2 vut 
8 32 
TEMAS. = ы 0,-= ||0,— 
2х-3у-6,-3х%2у-6 4. | 3i al 
[sin (6 — 6) 5 
4|. e-6| NIESE 7. 2x-3y+18=0 
alsin ® " : 22 
2 
К? square units 9. 5 li. 3x-y=7, x+3y=9 
2345 . 
13x + 13y 2 6 14. 1:2 15. -ig units 
Slope of the line is zero i.e. line is parallel to x - axis 
11542 
б xz], уі. 18. CL -4) 19. 1 
13 2125 
18x+12y+11=0 22. 37 24. 119x+ 102у = 1 
EXERCISE 1.1 


ER. eme 
Xy -4yz0 2. д +y +4x-6y-3 : 4 
36e + 3бу? — 36х — 18у + 11 20 4. ито 
X +y? + 2ax + 2by + 2b = 0 6. с(-5,3,г- 


1 1 
cQ, 4), r= 4/65 в. є@ 5). = 5a 9. CCG OT =] 


P+ у? бх 8у + 15=0 11. хау-7х%5у-14-0 


4y44x-2120& x «y 107+ 1-0 


450 | MATHEMATICS 
1. y=Oandx=0 2-х-2у410-0 3. у-тх 
4. (v3+1)x-(V3-1)y=4(v3 -1) 5.'2x4 y «620 
6. x-4J3y4 243 20 7. 5x+3y+2=0 
8. JB3x+y=10 — 93x-4y48-0 10. 5x -y 20-0 
1. (l+n)x+ 3(1 + п)у=п +11 12. x+y=5 
13. x c 2у-6= 0, 2х+у-6=0 
14. 3x+ y-2=Oand V3x+ y+2=0 15. 2x-9y+ 85-0 
16. =" (C- 20) «124942 17. 1340litres. 19. 2kx + hy = 3kh. 
45270 PLNS vs 0; (ii у= DRE =2 3. ái = 0x 4 0,0,0 
«ps yes 7 T ; (ii) ) 3” a? Gl) y= , 0, 
5 пау 5 T SARIL 20. 
2. (i) жастық Gi) 3 D 
2 
i 2, Р З 2 : г 5 
(ш) у= “3 intercept with y-axis = 54 and no intercept with x-axis. 
3. (i) xcos 120? + y sin 120° = 4, 4, 120? (ii) x cos 90° + y sin 90° = 2, 2, 90°; 
Gii) x cos 315° + y sin 315° = 242, 2/2, 315? 4. 5 units 
АУАЛЫ Bde ed id 
5, G2 6. (i) -- units, (ii) — ts. 
(— 2, 0) and (8, 0) (i) 17 n ERA 1 units 
7. 3x 4у+ 1820 8. y 47x =21 9. 30? and 150° 
10. E 
9 


12. (482) (248 -1)y «843 +1 or (/3-2)x« (1 243)y 2 1-83 
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2x+y=5 14 68- TA 4 1 5 
OE к 25° 25 15. TR eres 
y-x=1, 42 
Miscellaneous Exercise on Chapter 10 
Tm 
(a) 3, (b) + 2, (c) 6 or 1 2 ul 


2Х-3у-6,-3х%2у-6 


4 
T IE 
> 
| 
чә [оо 
—— 
HIE 
> 

w 
|8 
с. еч = 


[sin (ф —9)| 5 
= 6. == 7: - = 
ЕС 0 Mints 2x -3y + 1820 
2 
К? square units 425 11. 3х-у-7, x+3y=9 
23 ; 
13x + 13y 2 6 14. 1:2 15. M5 ais 
Slope of the line is zero i.e. line is parallel to x - axis 
1%5/2 
xzl, yz 18. (-І,- 4). 19. = 
13 
18х+12у+11=0 22. p 24. 119x+ 102у = 125 
r+y—-4y=0 2. 3 +y +4x-6y-3=0 
36x + 3бу? – 36х — 18y + 11-0 4, x»4y-2x-2y20 
Xy! +2ax + 2by + 2b 20 6. c(-5, 3),r=6 
1 1 
cQ, 4), r= J65 8. с4,-5,ғ- 453 9. cC Or =] 
xy-6x-8y41520 11. Xy -7x45y-1420 


X4yc4x-2120& x «y - Dx SO 


452 MATHEMATICS 
13. дау-ах-ӛу 20 14.3 y? - Ax - 4y -5 
15. Inside the circle; since the distance of the point to the centre of the circle is less 


than the radius of the circle. 


EXERCISE 11.2 


F (3, 0), axis - x - axis, directrix x =— 3, length of the Latus rectum = 12 


3 3 
SERIO 3 ), axis - y - axis, directrix y 2— 2 length of the Latus rectum = 6 


. F C2, 0), axis - x - axis, directrix x= 2, length of the Latus rectum — 8 


F (0,—4), axis - y - axis, directrix y = 4, length of the Latus rectum = 16 


5 5 
3 ER 2 0) axis - x - axis, directrix х-- PE length of the Latus rectum — 10 


-9 9 
6. Е(0, |) axis - y - axis, directrix y= q length of the Latus rectum = 9 
7. y! = 24x 8. x2 =- 12у Ө уле 12Х 
10. y? = -8x 11. 2y? = 9x 12. 2:29. 25у 
EXERCISE 11,3 
1. F (E4200); V (+ 6, 0); Major axis = 12; Minor axis = 8, e = E 
16 
Latus rectum = 3 
2. Е (0, £421); V (0, + 5); Major axis = 10; Minor axis-4,e = m 
8 
Latus rectum = 5 
+ NE f ^ v7 
SE (4/7 , 0); V (+ 4, 0); Major axis = 8; Minor axis = 6, е = V 


Latus rectum — 


|ж 
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„ Fo %,75); У (0, 10); Major axis = 20; Minor axis = 10, e = :: г 
Latus rectum - 5 
5. Е(%.Д3.0); V (€ 7, 0); Major axis -14 ; Minor axis = 12,е = XS. 
72 
Latus rectum = — 
7 
OMM Bond Уз 
. Е (0, +10V3 ); У (0,+ 20); Major axis =40 ; Minor axis = 20,e = 15 А 
Latus rectum = 10 
dort : 242 
. F (0, € 442 ); V (0,€ 6); Major axis =12 ; Minor axis 24, e = an? 
4 
Latus rectum zd 


БА 


a F (0,15); V (0,+ 4); Major axis = 8; Minor axis = 2, e = mid 


1 
Latus rectum => 


2 
Ө ҢА 45 
СЕ (+ 4/5 ,0); V (+ 3, 0); Мајог ахіѕ = 6 ; Minor axis = 4,e= Ears 
8 
Latus rectum =з 
DEN 2 2 PV: 
X og п. 2+2=1 12. 2+2=1 
25°19 144 169 36 20 
2 2 2 2 P у? 
x" Xy vn e AL ie 
pb за ЕИ 15. 169 144 
2) 2 УД 2 x? у? 
а. E ecce Ber 
`64 7100 Vg 25,47 
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19; 
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guns юзада 
NS. 42 
кешеп =52 =—=1 
10 40^ 1 20. x 44y or == g Б 


2 9 
Foci (+ 5, 0), Vertices (+ 4, 0); e= 7; Latus rectum = 5 


Foci (0 + 6), Vertices (0, + 3); е= h Latus rectum = 18 


; 13 
Foci (0, ЕЗГЕ ), Vertices (0, 2); e = af, Latus rectum =9 


5 64 
Foci (+ 10, 0), Vertices (+ 6, 0); е 2 ; Latus rectum = — 


3 
2414 6: 14 445 
Foci ETC. ), Vertices Qs ye а ; Latus rectum = m 
Е /65 49 
Foci (0, + /65 ), Vertices (0, + 4); e = w ; Latus rectum = 5 
oM ae ЕЗ! 8 de 23%. 
4 5 25/839 9 16 
2 2 2 2 2 2 
dai y yd ЖУУ 
£2- MIA jeeps 
16: 9 i 25 144 E 25 20 
2 2 2 2 2 2 
ZR EA jg с А Ж Us Жыны, 
4. 12 49 343 Sr tS 
Miscellaneous Exercise on Chapter 11 
Focus is at the mid-point of the given diameter. 
2.23 m (approx.) 3. 9.11 m(approx) 4. 1.56m (approx.) 
2 2 4 2 
x dM 2 Ту 
азга E 
ue 6. 18654 units Lori 1 


8 3a 


л 
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y and z - coordinates are zero 2. y- coordinate is zero 


1, IV, УШ, V, VI, IT, Ш, УП 


. (i) XY - plane (ii) (x,y, 0) (iii) Eight 


. (92/5 @ VB Qi) 2/26 (iv) 2,5 


х-22-0 5, ROS UE. 225-0 


ШЕН = (ii) (-8,17,3) PA TS 
2:3 5. (6, -4, - 2), (8, — 10, 2) 


Miscellaneous Exercise on Chapter 12 


16 
- (1,-2, 8) 2. ТАВА 3. а= ора с=2 
‚ (0, 2, 0) and (0, — 6, 0) 
k? -109 
. (4,-2, 6) 6. vay te? -2х-1у+22= 2 
am 
6 s 
108 
E 8. — 
2 7 
12 i 
b 10. 2 п. 1 ds 
E ins 16. = 
Я 14:7- du E 
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ағ 

4 18. т 19. 0 20: 1 

0 22.2 23. 13,6 

Limit does not exist at x = 1 

Limit does not exist at x = 0 26. Limit does not exist at x = 0 

0 28. a=0,b=4 

li A 

4m fQ)-0and lim у(х) =(@-a) (а-а)... (а-а) 

lim f(x) exists for all a #0. 31-05 

For lim f (x) to exists, we need m = п; lim f (x) exists for any integral value 
of m and n. 

EXERCISE 13.2 

20 2. 99 SET 

КҮ “2 p 
(i) 332 ü) 2х-3 (iii) Es (iv) (x- y 
nx"! +a(n—1)x"? £a! (n- 2) +... +a" 

3 кей 

@2х-а-ь @ 4ax(ax'+b) GD уу 

nx" –апх" — x" +a" 

(x-aj 
| 2 р ES 24 
O 2 @ 200-159 +6x-4 (ш) —(5*2x) (у) 1564 ^ 
x X 
-12 -2 E x(3x = 2) 

Шер + 10 (уі) (x1! Gx—1)? 10. —sinx 

() cos 2x (i) sec x tan x 
(iii) 5ѕес x tan x — 4sin x (iv) — cosec x cot x 


(v) - 3cosec? x — 5 cosec x cot x (vi) Scos x+ 6sin x 
(УШ) 2sec? x — 7sec x tan x 


ui 
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Miscellaneous Exercise on Chapter 13 


1 

8)-1 (i) E» (iii) cos (x + 1) (iv) —sin (5) а 

-qr 

d * ps 4. 2c (ax+b) (cx + d) + a (cx + а) 

ad —be 23 -Qax +b) 
D 6. Tu х#01 gm 7 
(сх+а) ^o(x-1) Ў (ах +bx+c) 
—apx^ — 2bpx + ar—bq арх? +2bpx+bq -ar -4а 2b . 

= 5 Я 5 s boy шл 
(px? +ах+г) (ax+b) ROS 


12. na(ax+ by 


£e 


(ах b) (ex d) [me(ax b) na (ex *d)] 


— cosec? x — cosec x cot? x 


-2 2sec x tan x 
- Р 18. —————; 
(sin x— cos х) (sec x +1) 
bc cos x +ad sin x+bd cosa 
E A 
(c+d cos x) cos^x 


X (5x cos x+3x sin x 4-20 sin х-12сов x) 
02 3 
=x" sin x—sin x 2x cos x 
-q sin x(ax* +sin х)+(р+ cos x)(2a x+cos x) 
—(ап?х(х+ сов x)+(x-— tan х)(1-5іп x) 


35+15x cos x+ 28 cos x+ 28x sin x—15sin x 
(3x7 cos x 


14. cos (x+a) 


-1 
1+sin x 


16. 


. nl 
19. nsin xcosx 
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qi 5 2 
хсов 7 (2sin x-xcos x) 1+ tanx — x sec^ x 
28 2 
END 28. (1+ tanx) 
sin^x 


| 
(x+sec x) (1 –ѕес?х)+ (& — tan x). (1+ ес x tan x) 


sin x— n x cos x 
sin"*'x 


EXERCISE 14.1 


(i) This sentence is always false because the maximum number of days in a 
month is 31. Therefore, it is a statement. 

(ii) This is not a statement because for some people mathematics can be easy 
and for some others it can be difficult. 

(iii) This sentence is always true because the sum is 12 and itis greater than 10. 
Therefore, it is a statement. 

(iv) This sentence is sometimes true and sometimes not true. For example the 
square of 2 is even number and the square of 3 is an odd number. Therefore, 

қ it is not a statement. 

(v) This sentence is sometimes true and sometimes false. For example, squares 
and rhombus have equal length whereas rectangles and trapezium have 
unequal length. Therefore, it is not a statement. 

(vi) It is an order and therefore, is not a statement. 

(vii) This sentence is false as the product is (-8). Therefore, it is a statement. 
(viii) This sentence is always true and therefore, it is a statement. 

(ix) Itis not clear from the context which day is referred and therefore, it is not 
a statement. 

(x) This is a true statement because all real numbers can be written in the form 
а+іх 0. 

The three examples сап be: 

(i) Everyone in this room is bold. This is not a statement because from the 
context it is not clear which room is referred here and the term bold is not 
precisely defined. 

(ii) She is an engineering student. This is also not a statement because who 
‘she’ is. ‘ 

(ii) “сов?Ө is always greater than 1/2". Unless, we know what Ө is, we cannot 
say whether the sentence is true or not. 


Г] 


(ii) 


(ш) 


(iv) 


(i) 
Gi) 


(іі) 
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Chennai is not the capital of Tamil Nadu. 

J2 isa complex number. 

All triangles are equilateral triangles. 

The number 2 is not greater than 7. 

Every natural number is not an integer. 

The negation of the first statement is "the number X is a rational number." 
which is the same as the second statement" This is because when a number 
is not irrational, it is a rational. Therefore, the given pairs are negations of 
each other. 

The negation of the first statement is ^X is an irrational number” which is 
the same as the second statement. Therefore, the pairs are negations of 
each other. 

Number 3 is prime; number 3 is odd (True). 

All integers are positive; all integers are negative (False). 

100 is divisible by 3,100 is divisible by 11 and 100 is divisible by 5 (False). 


“And”. The component statements are: 

АП rational numbers аге real. 

All real numbers are not complex. 

“Or”. The component statements are: 

Square of an integer is positive. 

Square of an integer is negative. 

“And”, the component statements are: 

The sand heats up quickily in the sun. 

The sand does not cool down fast at night. 

“Апа”. The component statements are: 

x= 2 is a root of the equation 3x -x-1020 

Жез is а root of the equation 32-х-10-0 

“There exists". The negation is 

There does not exist a number which is equal to its square. 
“Бог every”. The negation is 

There exists a real number x such that х is not less than x + 1. 
“There exists". The negation is 

There exists a state in India which does not have a capital. 


- 


MATHEMATICS 


(ii) 


(iv) 


(у) 


G) 
(i) 


No. The negation of the statement in (i) is "There exists real number x and 
y for which x+y 9 y + x", instead of the statement given in (ii). 
Exclusive 

Inclusive 

Exclusive 4 

А natural number is odd implies that its square is odd. 

A natural number is odd only if its square is odd. 

For a natural number to be odd it is necessary that its square is odd. 

For the square of a natural number to be odd, it is sufficient that the number 
is odd 

If the square of a natural number is not odd, then the natural number 
is not odd. 

The contrapositive із 

If a number x is not odd, then x is not a prime number, 

The converse is 

If a number x in odd, then it is a prime number. 

The contrapositive is 

If two lines intersect in the same plane, then they are not parallel 

The converse is 

If two lines do not interesect in the same plane, then they are parallel 

The contrapositive is j 

If something is not at low temperature, then it is not cold 

The converse is 

If something is at low temperature, then it is cold 

The contrapositive is 

If you know how to reason deductively, then you can comprehend geometry. 
The converse is 

If you do not know how to reason deductively, then you can not comprehend 
geometry. 

This statement can be written as "If x is an even number, then x is 
divisible by 4". 

The contrapositive is, If x is not divisible by 4, then x is not an even number. 
The converse is, If x is divisible by 4, then x is an even number. 

If you get a job, then your credentials are good. 

If the banana tree stays warm for a month, then it will bloom. 


(iii) 
(iv) 


4. a (i) 


5. 


(ii) 
b (i) 
(ii) 


(i) 
(ii) 
(iii) 
(iv) 
(v) 


(i) 
(ii) 
(iii) 
(iv) 

(i) 


(ii) 


(ш) 
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If diagonals of а quadrilateral bisect each other, then it is a parallelogram. 
If you get A* in the class, then you do all the exercises in the book. 
Contrapositive 

Converse 

Contrapositive 

Converse 


False, By definition of the chord, it should intersect the circle in two points. 
False. This can be shown by giving a counter example. A chord which is not 
a dimaeter gives the counter example. 

True. In the equation of an ellipse if we put a = b, then it is a circle 
(Direct Method) 

True, by the rule of inequality 


False. Since 11 is a prime number, therefore ,/11 is irrational. 


Miscellaneous Exercise on Chapter 14 


There exists a positive real number x such that x-1 is not positive. 

There exists a cat which does not scratch. 

There exists а real number x such that neither x > 1 nor x € I. 

There does not exist a number x such that 0 < x < 1. 

The statement сап be written as "If a positive integer is prime, then it has no 
divisors other than 1 and itself. 

The converse of the statement is 

If a positive integer has no divisors other than 1 and itself, then it is a prime. 
The contrapositive of the statement is 

If positive integer has divisors other than 1 and itself then it is not prime. 
The given statement can be written as “If it is a sunny day, then 1 go 
to a beach. 

The converse of the statement is 

If I go to beach, then it is a sunny day. 

The contrapositive is 

If I do not go to a beach, then it is not a sunny day. 

The converse is 

If you feel thirsty, then it is hot outside. 

The contrapositive is 

If you do not feel thirsty, then it is not hot outside. ^ 


3, (i) 17 you log on to the server, then you have a password. 
Gi) M it rains, then there is traffic jam. 
(шй) M you can access the website, then you pay a subscription fee. 
4. (0) You watch television if and only if your mind in free, 
(н) You get an A grade if and only if you do all the homework regularly. 
(iii) А quadrilateral is equiangular if and only if it is a rectangle. 
28. ‘The compound statement with "And" is 25 is a multiple of 5 and 8 
This is a false statement. 
‘The compound statement with "Or" is 25 is a multiple of 5 or 8 
‘This is true statement. 
7. Same as QI in Exercise 14.4 


1. 3 ^ ЖА 32 4. 7 
5. 632 6. 16 7. 323 8. 51 
% 15792 10. 11.28 1. 1034 12. 7.35 
+) r- 
1. 9,925 2. E rr Э, 165,7425 4. 19,434 
5. 100,29.09 6 64,169 7. 107,2276 B. 27,132 
9. 93,108.52, 10.27 10. $55,435 
LB 2. ү 3. @B, GB 
aA 5. Weight 
Miscellaneous Exercise on Chapter 15 
1. 48 1. 68 52442 


5. (001011, 199 Gi) 102, 19% 
6. Highest Chemistry and lowest Mathematics 7. 20,3036 


1. (HHH, HHT, HTH, THH, ТТН, HTT, THT, ТТТ) 
2. (cyte ym 12,34,5,6) 
or. (0,0, 01,2), 053), (1,6), (2,1), (2,2),.... (2,6),..., (6, 1), (6, 2)... (6,6)] 
(HHHH, HHHT, HHTH, HTHH, THHH, HHTT, HTHT, HTTH, THHT, THTH, 
TTHH, HTTT, THTT, TTHT, TTTH, ТТТТ) 

4. ІНІ, H2, НЗ, H4, H5, H6, ТІ, T2, T3, Т4, 15, T6) 

5. (H1, H2, НЗ, H4, H5, H6, Т) 

6, (XB, XB, ХО, XG, YB, YG, YG, YG,} 

7. (КІ, R2, R3, R4, RS, R6, W1, W2, W3, W4, WS, W6, ВІ, B2, B3, B4, BS, B6] 
в. (i) (BB, BG, GB, GG] (ii) (0, 1,2) 

9. (RW, WR, WW) 
10. Інн, HT, TI, T2, T3, T4, 75, T6] 

(DDD, DDN, DND, мор, омм, NDN, NND, NNN} 

(T, H1, H3, H5, H21, H22, H23, H24, H25, H26, H41, H42, НАЗ, H44, H45, H46, 
Нот, H62, H63, H64, H65, H66) 

101.2), (1,3), (1.4), (2,1), (2,3), 2,4). (3,1), (3,2), 3,4), (4,1), (4,2), (4,3)] 

(ІНЕ, IHT, ITH, ITT, 2H, 2T, ЗНН, 3HT, 3TH, 3TT, 4H, 4T, SHH, SHT, STH, 
STT, 6H, 6T] 
15. (TR, TR, ТВ, TB, TB, НІ, H2, НЗ, H4, HS, H6) 
16. (6, (16), (2,6), (3,6), (4,6), (5,6), (1.1.6), (1,2,6), n (1,5,6), (2,1,6). (2,2,6), sn 


(2,56)... (5,1,6), (5,2,6), ... | 


1. No. 


E (0 (12932458 бі) (i) (3,6) Gv (123) (У) (6) 
(vi) {3,4,5,6}, AUB = (1,2,3,4,5,6], ANB we, BUC = (3,6), ВАР = (61. 
DAE = 9. 
А -C= (1,245), 0-Е = (123), BOF =@ F = (1,2) 
3. А = (03,6), (4,5). (5, 4), (6,3), (4,6), (5.5). (6,4), (5,0), (6,5). (6,6)) 
В = (01,2), (2,2), (3, 2). (4,2), (5,2), (6,2), (2,1), (2.3), (2,4), (2,5), 2,60] 
С-((3,6), (6,3), (5, 4), (4,5), (6.6)) 
А and В, B and С are mutually exclusive, 
4.) Aand B; A and C; B and C; C and D (ii) A and C (iii) B and D 
E- 0 "Getting at least two heads", and “getting at least two tails 
Gi) "Getting no heads", “getting exactly one bead" and "getting at-least two 
heads" 
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(i) If you log on to the server, then you have a password. 
(i) If it rains, then there is traffic jam. 


(iii) If you can access the website, then you pay a subscription fee. 


(i) You watch television if and only if your mind in free. 


(i) You get an A grade if and only if you do all the homework regularly. 
(i) А quadrilateral is equiangular if and only if it is a rectangle. 


This is a false statement. 


* The compound statement with *And" is 25 is a multiple of 5 and 8 


The compound statement with “Or” is 25 is a multiple of 5 or 8 


This is true statement. 


* Same as QI in Exercise 14.4 


1593 2. 
5. 6.32 6 
9. 157.92 10 
1. 9,925 2. —, 3, б 
2 12 16.5, 74.25 

5. 100,29.09 6. 64,1.69 7. 107,2276 
9. 93, 105.52, 10.27 10. 5.55,43.5 
1. Б ү: 3. (i) B, Gi) B 
4. A 5. Weight 

Miscellaneous Exercise on Chapter 15 
1. 4,8 2. 6,8 3. 24,12 
5. (і) 1011, 1.99 (i) 10.2, 1.98 : 
6. Highest Chemistry and lowest Mathematics 


® ь 


12. 735 


7. 20,3.036 


> 
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EXERCISE 16.1 
(HHH, HHT, HTH, THH, TTH, HTT, THT, TIT} 
{(x, y) :x у = 1,2,3,4,5,6} 
{(1,1), (1,2), (1,3), ..., (1,6), (2,1), (2,2), ..., (2,6), .... (6, 1), (6, 2), .... (6,6)} 
(HHHH, HHHT, HHTH, HTHH, THHH, HHTT, HTHT, HTTH, THHT, THTH, 
TTHH. HTTT, THTT, ТТНТ, ТТТН, ТТТТ) 
(Hl, H2, НЗ, H4, H5, H6, ТІ, T2, T3, T4, T5, T6] 
(НІ, H2, НЗ, H4, H5, H6, T] 
(XB, XB,, XG, XG, YB, YG, үс, YG,} 
(R1, R2, R3, R4, R5, R6, W1, W2, W3, W4, W5, W6, ВІ, B2, B3, B4, B5, B6} 
(i) (ВВ, BG, GB, GG} (ii) (0, 1, 2} 
{RW, WR, WW} 
(HH, HT, T1, T2, T3, Т4, T5, T6] 
(DDD, DDN, DND, NDD, DNN, NDN, NND, NNN} 
(T, H1, H3, H5, H21, H22, H23, H24, H25, H26, H41, H42, H43, H44, H45, H46, 
H61, H62, H63, H64, H65, H66} 
(01,2), (1,3), (1,4), (2,1), (2,3), (2,4), (3.1), (3,2), (3,4), (4,1), (4,2), (4,3)} 
(ІНН, IHT, 1TH, ІТТ, 2H, 2T, 3HH, 3HT, 3TH, 3TT, 4H, 4T, 5HH, 5HT, 5TH, 
5TT, 6H, 6T} 
{TR,, ТК, TB,, ТВ, TB, НІ, H2, H3, H4, H5, H6] 
(6, (1,6), (2.6). (3.6), (4,6), (5,6), (1,1,6), (1,2,6), ..., (1,5,6), (2,1,6). (222,0), 0 
(2,5,6), ..., (5.1.6). (5,2,6), ...) 


No. 
(i) 11,2,3,4,5,6) (ii) Gi) {3,6} (iv) {1,2,3} (У) {6} 
(vi) {3,4,5,6}, AUB={ 1,2,3,4,5,6}, АсВ-ф, BUC= (3,6), ЕРЕ = {6}, 
DoE = 9, 
A-C=({1,2,4,5},D-E= (1,2,3), EQF 26, Е = {1, 2} 
А = ((3,6), (4,5), (5, 4), (6.3), (4,6), (5,5), (6.4). (5,6), (6,5). (6,6)} 
B= {(1,2), (2,2). (3,2), (4.2), (5,2), (6.2), (2,1), (2,3), (2,4), (2,5), (2,6)} 
С-((3.6), (6,3), (5,4), (4,5), (6,6)} 
A and B, B and C are mutually exclusive. 
(i) A and B; A and C; В and C; C and D (ii) A and C (iii) B and D 
() “Getting at least two heads", and "getting at least two tails" 
(ii) "Getting no heads”, “getting exactly one head” and “getting atleast two 
heads” 
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(ш) "Getting at most two tails", and “getting exactly two tails” 

(iv) "Getting exactly one head" and "getting exactly two heads" 

(v) "Getting exactly one tail", "getting exactly two tails", and getting exactly 
three tails" 


Саша. There ; may be other events also as answer to the above question. 


A= (0,1), (2,2), (2,3), (2.4), (2,5), (2,6), (4,1), (4,2), (4,3), (4,4), (4,5), (4.6). 
(6,1), (6,2), (6,3), (6,4), (6,5), (6,6)} 
B= (01, D, (1,2), (1,3), (1,4), (1,5), (1,6), (3,1), (3,2), (3,3), (3,4), (3,5), (3,6), 
(5,1), (5,2), (5,3), (5,4), (5,5), (5,6)} 
C= {(1, 1), (1,2), (1,3), (1,4), (2,1), (2,2), (2,3), (3,1), (3,2), (4,1) 
© A'- {(1,), (1,2), (1,3), (1,4), (1,5). (1,6), (3,1), (3,2), (3,3), (3.4), (3,5), (3,6), 
(5,1), (5,2), (5,3), (5,4), (5,5), (5,6)} = B 
G) B’={(2,1), (2,2), (2,3), (2.4), (2,5), (2,6), (4,1), (4.2), (4,3), (4.4), (4,5). (4,6), 
(6,1), (6,2), (6,3), (6,4), (6,5), (6,6)} =A 
(i) AUB = {(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (3,1), (3,2), (3,3), (3,4), (3,5), 
(3,6), (5.1), (5,2), (5,3), (5,4), (5,5), (5,6), (2,1), (2,2), (2,3), (2,5), 
(2.6), (4,1), (4,2), (4,3), (4,4), (4,5), (4.6), (6.1), (6.2), (6,3), (6,4), 
(6,5), (6,6)} =S 


(i) ANB=6 
(v) A-C={(2,4), (2,5), (2,6), (4,2), (4,3), (4,4), (4,5), (4,6), (6,1), (6,2), (6.3), 
(6,4), (6,5), (6,6)} 


(vi) B UC= {(1,1), (1,2), (1,3), (1,4), (1,5), (1,6), (2,1), (2,2), (2,3), (3,1), (3,2), 
(3,3), (3,4), (3,5), (3,6), (4,1), (5,1), (5,2), (5,3), (5,4), (5,5), (5.6)) 
(vii) BOC={(1,1), (1,2), (1,3), (1,4), (3,1), (3,2)} 
(viii) A AB’ AC = (24), (2,5), (2,6), (4,2), (4,3), (4,4), (4,5), (4,6), (6,1), (6,2), 
(6,3), (6,4), (6,5), (6,6)} 
7. (i) True (ii) True (iii) True (iv) False (v) False (vi) False 


EXERCISE 16.3 
1. (а) Yes (b)Yes (с) Мо (а) Мо (е) Мо 2. Қас 
d E 1 
3. @ 2 (ii) 3 (ii) + (iv) 0 (v) 7 4. (a) 52 O ; (с) ШЕ 341807 


sa) АҒЫС 
5: О 6915 6 


ml сіл 


9. 


99 m Ж 
қ 05 095 ШЕ 4. @— Ome (©) тйс) 


NO Me 
д 05 Wz 10. 5040 


ANSWERS 465 
Rs 4.00 gain, Rs 1.50 gain, Re 1.00 loss, Rs 3.50 loss, Rs 6.00 loss. 


z 
P ( Winning Rs 4.00) = c; POlining Rs 1 50) =F д, P (Losing Re. 1.00) = 
P (Losing Rs 3.50) = 7 ‚Р (Losing Rs 6. 00) = 


ND i oaa А qui cu 
(i) 8 (ii) 8 Gii) 2 (iv) 8 (v) 8 (vi) 8 (vii) 8 (viii) 8 ix) 8 


9 216. okai 1 
TI 10. 913 (4) 4; 1l. 38760 


. (i) No, because P(ACB) must be less than or equal to P(A) and P(B), (ii) Yes 


(i) 7 (ii) 0.5 iii) 0.15 14 A 
; 15 ii)0.5 (aii) 0. “5 

5 ee 7 Ж He 
80) 3 (ii) $ 16. No 17. (00.58 (ii) 0.52 (iii) 0.74 
. 06 19. 0.55 20. 0.65 


ж 19 0 
‘ % 50 Gi) 50 (iii) 14 


Miscellaneous Exercise on Chapter 16 


zc с ЕС 5 C 


"EM or 5 
-0 wc. Gi) "we, 2i nC 


1000 
17 16 2 
—. b eR = 
. (a) 33 ( )33 6. 3 
4 
. ()0.88 Gi) 0.12. (iii) 0.19 (iv) 0.34 8. 5 
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BE A STUDENT OF STUDENTS 

A teacher who establishes rapport with the taught, becomes 
one with them, learns more from them than he teaches them. 
He who learns nothing from his disciples is, in my opinion, 
worthless. Whenever I talk with someone I learn from him. I 
take from him more than I give him. In this way, a true 
teacher regards himself as a student of his students. If you 


will teach your pupils with this attitude, you will benefit 
much from them. 


' Talk to Khadi Vidyalaya Students, Sevagram 
Harijan Seva, 15 February 1942 (CW 75, p. 269) 


USE ALL RESOURCES TO BE CONSTRUCTIVE AND CREATIVE 

What we need is educationists with originality, fired with true 
zeal, who will think out from day to day what they are going to 
teach their pupils. The teacher cannot get this knowledge 
through musty volumes. He has to use his own faculties of 
observation and thinking and impart his knowledge to the 
children through his lips, with the help ofa craft. This means 
a revolution in the method of teaching, a revolution in the 
teachers' outlook. Up till now you have been guided by 
inspectors reports. You wanted to do what the inspector 
might like, so that you might get more money yet for your 
institutions or higher salaries for yourselves. But the new 
teacher will not care for all that. He will say, "1 have done my 
duty to my pupil ifI have made him a better man and in doing 
so I have used all my resources. That is enough for me’. 
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